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Abstract

In this paper, we characterize the Fourier-Lebesgue type wave front set by using
the wave packet transform. We apply this to the propagation of singularities for the
first order hyperbolic partial differential equations with constant coefficient.
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1 Introduction

The notion of wave front set, introduced by Hörmander [9], is a main tool of mi-
crolocal analysis. There are many kinds of wave front sets such as C∞ type, analytic
type, Sobolev type, Fourier-Lebesgue type and so on (see, for example, Sato-Kawai-
Kashiwara [18], Hörmander [10], [11], Trèves [19], Pilipović-Teofanov-Toft [15], [16]).
In this paper, we focus on the Fourier-Lebesgue type wave front sets.

For 1 ≤ q ≤ ∞ and s ∈ R, the Fourier-Lebesgue space FLq
s(Rn) is the set

of all distributions u ∈ S ′(Rn) such that û(ξ) =
∫

Rn u(x)e−ix·ξdx is a function
and ‖〈ξ〉sû(ξ)‖Lq

ξ
< ∞ (see [8, Definition 2.2.1]). In the last several years, the

Fourier-Lebesgue spaces have been studied extensively (Cordero-Nicola-Rodino [2],
Okoudjou [14], Ruzhansky-Sugimoto-Toft-Tomita [17]). The Fourier-Lebesgue type
wave front set WFFLq

s
is defined as follows.

Definition 1.1. (Pilipović-Teofanov-Toft [15]) Let 1 ≤ q ≤ ∞, s ∈ R, (x0, ξ0) ∈
Rn × (Rn\{0}) and u ∈ S ′(Rn). Then (x0, ξ0) /∈ WFFLq

s
(u) means that there exist

a conic neighborhood Γ of ξ0 and a function a ∈ C∞
0 (Rn) with a(x0) 6= 0 satisfying

that

‖χΓ(ξ)〈ξ〉sâu(ξ)‖Lq
ξ

< ∞, (1)

where 〈ξ〉 = (1 + |ξ|2)1/2 and χΓ is a characteristic function of Γ.
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For u ∈ S ′(Rn), WFFL2
s
(u) coincides with Sobolev type wave front set WFHs(u).

Pilipović, Teofanov and Toft have shown that WFFLq
s
(u) coincides with modulation

type wave front set WFMp,q
s

(u) ([15, Proposition 6]). We refer to Feichtinger [4] and
Gröchenig [7] for the definition and basic properties on modulation spaces.

On the other hand, the wave packet transform has been introduced by Córdoba-
Fefferman [1]. Let u ∈ S ′(Rn) and φ ∈ S(Rn) with φ(0) 6= 0. The wave packet
transform Wφu of u with respect to φ is defined by

Wφu(x, ξ) =
∫

Rn

φ(y − x)u(y)e−iy·ξdy, (2)

which has the information of frequency of u around x. Folland [5, Theorem 3.22]
and Ōkaji [13, Theorem 2.2] gave a characterization of C∞ type wave front set and
Sobolev type wave front set in terms of the wave packet transform, respectively. In
Gérard [6, Proposition 1.1], similar a characterization of Sobolev type wave front
set is given by using the FBI transform (see also Delort [3, Theorem 1.2]). By using
the wave packet transform, we give a characterization of the Fourier-Lebesgue type
wave front set.

Proposition 1.2. Let 1 ≤ p, q ≤ ∞, s ∈ R, (x0, ξ0) ∈ Rn × (Rn \ {0}) and
u ∈ S ′(Rn). The following conditions are equivalent.
(i) (x0, ξ0) /∈ WFFLq

s
(u)

(ii) There exist a neighborhood K of x0, a conic neighborhood Γ of ξ0 and a func-
tion φ ∈ C∞

0 (R) with φ(0) 6= 0 satisfying that

‖‖χK(x)χΓ(ξ)〈ξ〉sWφu(x, ξ)‖Lp
x
‖Lq

ξ
< ∞. (3)

Using the above proposition, we obtain the following theorem concerning the
propagation of singularity in the framework of Fourier-Lebesgue type wave front
set.

Theorem 1.3. Let 1 ≤ q ≤ ∞, r ∈ R. Suppose that u ∈ C(R;S ′(Rn)) satisfies{
(∂t ± i|D|)u(t, x) = 0, (t, x) ∈ Rn+1,

u(0, x) = u0(x), x ∈ Rn,
(4)

where i =
√
−1 and |D| = F−1|ξ|F . If (x0, ξ0) /∈ WFFLq

r
(u0), then (x0 ± ξ0

|ξ0| t, ξ0) /∈
WFFLq

r
(u(t, ·)) for all t ∈ R.

Remark 1.4. (i) Let a(ξ) ∈ C∞(Rn \ {0}) be a homogeneous function of degree
1, i.e., a(λξ) = λa(ξ) for λ > 0. For the equation (∂t ± ia(D))u(t, x) = 0, the
conclusion of Theorem 1.3 holds if we replace (x0 ± ξ0

|ξ0| t, ξ0) /∈ WFFLq
r
(u(t, ·)) with

(x0 ±∇a(ξ0)t, ξ0) /∈ WFFLq
r
(u(t, ·)) (refer to Appendix A).

(ii) Since the wave operator is factorized as ∂2
t −

∑n
i=1 ∂2

xi
= (∂t − i|D|)(∂t + i|D|),

we can apply Theorem 1.3 to the wave equation.
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This paper is organized as follows. In Section 2, we prepare several lemmas to
prove Proposition 1.2 and Theorem 1.3. In Section 3, we prove Proposition 1.2. In
Section 4, we prove Theorem 1.3.

Notation. For x ∈ Rn and r > 0, Br(x) stands {y ∈ Rn; |y − x| ≤ r}. F [f ](ξ) =
f̂(ξ) =

∫
Rn f(x)e−ix·ξdx is the Fourier transform of f . For a subset A of Rn, we

denote the complement of A by Ac, the set of all interior points of A by A◦ and
the closure of A by A. χA is the characteristic function of A, that is, χA(x) = 1 for
x ∈ A and χA(x) = 0 for x ∈ Ac. Throughout this paper, C and Ci (i = 1, 2, 3, . . .)
serve as positive constants, if the precise value of which is not needed and CN denote
positive constants depending on N .

2 Preliminaries

In this section, we give some lemmas to prove Proposition 1.2 and Theorem 1.3.

Lemma 2.1. Let ζ be a measurable function on Rn such that 〈·〉kζ ∈ L1(Rn) for all
k ∈ R, F ∈ S ′(Rn), 1 ≤ q ≤ ∞, and Γ,Γ′ be open conic sets satisfying Γ′ ⊂ Γ ⊂ Rn.
Assume that ‖χΓ(ξ)〈ξ〉sF (ξ)‖Lq

ξ
< ∞ and ‖〈ξ〉−NF (ξ)‖Lq

ξ
< ∞ for some s ∈ R and

N ∈ N. Then we have

‖χΓ′(ξ)〈ξ〉s(ζ ∗ F )(ξ)‖Lq
ξ
≤ Cs,N,ζ

(
‖χΓ(ξ)〈ξ〉sF (ξ)‖Lq

ξ
+

∥∥∥∥F (ξ)
〈ξ〉N

∥∥∥∥
Lq

ξ

)
(5)

for some positive constant Cs,N,ζ .

Proof. To prove (5), we set

χΓ′(ξ)〈ξ〉s(ζ ∗ F )(ξ)

= χΓ′(ξ)〈ξ〉s
∫

Γ
ζ(ξ − η)F (η)dη + χΓ′(ξ)〈ξ〉s

∫
Γc

ζ(ξ − η)F (η)dη ≡ I1 + I2.

For any ξ, η ∈ Rn and s ∈ R, 〈ξ〉s〈ξ − η〉−|s|〈η〉−s ≤ Cs holds and thus Young’s
inequality yields

‖I1‖Lq
ξ
≤

∥∥∥∥∫
Rn

〈ξ〉s

〈ξ − η〉|s|〈η〉s
〈ξ − η〉|s||ζ(ξ − η)|χΓ(η)〈η〉s|F (η)|dη

∥∥∥∥
Lq

ξ

≤ Cs

∥∥〈ξ〉|s|ζ(ξ)
∥∥

L1
ξ
‖χΓ(ξ)〈ξ〉sF (ξ)‖Lq

ξ
.

If η /∈ Γ and ξ ∈ Γ′, then |ξ − η| ≥ C|ξ| and |ξ − η| ≥ C|η| for some C > 0. So we
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have by Young’s inequality

‖I2‖Lq
ξ
≤ Cs,N

∥∥∥∥∥χΓ′(ξ)〈ξ〉s
∫

Γc

|ζ(ξ − η)| 〈ξ − η〉|s|+N

〈ξ〉|s|〈η〉N
|F (η)|dη

∥∥∥∥∥
Lq

ξ

≤ Cs,N

∥∥∥〈ξ〉|s|+Nζ(ξ)
∥∥∥

L1
ξ

∥∥∥∥F (ξ)
〈ξ〉N

∥∥∥∥
Lq

ξ

.

Therefore we obtain the conclusion.

Lemma 2.2. Let 1 ≤ p, q ≤ ∞, s ∈ R, u ∈ S ′(Rn) and (x0, ξ0) ∈ Rn × (Rn\{0}).
Assume that

‖‖χK(x)χΓ(ξ)〈ξ〉sWφu(x, ξ)‖Lp
x
‖Lq

ξ
< ∞

for a neighborhood K of x0, a conic neighborhood Γ of ξ0 and a function φ ∈ C∞
0 (Rn)

with φ(0) 6= 0. If ψ ∈ C∞
0 (Rn) and Γ′ is a conic neighborhood of ξ0 such that

ψ(0) 6= 0, suppψ ⊂ (suppφ)◦ and Γ′ ⊂ Γ, then

‖‖χK(x)χΓ′(ξ)〈ξ〉sWψu(x, ξ)‖Lp
x
‖Lq

ξ
< ∞.

Proof. Since |φ(x)| ≥ C > 0 on supp ψ, we have

Wψu(x, ξ) =
∫

Rn

χsuppψ(y − x)
(

ψ(y − x)
φ(y − x)

)
φ(y − x)u(y)e−iy·ξdy

=
∫

Rn

ζ(ξ − η)Wφu(x, η)dη, (6)

where ζ(ξ) = Fy→ξ[χsuppψ(y − x)ψ(y − x)/φ(y − x)](ξ). By Lemma 2.1 and (6), we
have

‖‖χK(x)χΓ′(ξ)〈ξ〉sWψu(x, ξ)‖Lp
x
‖Lq

ξ

≤
∥∥∥∥∥∥∥∥χΓ′(ξ)〈ξ〉s

∫
Rn

|ζ(ξ − η)| ‖χK(x)Wφu(x, η)‖Lp
x
dη

∥∥∥∥
Lp

x

∥∥∥∥
Lq

ξ

≤ Cs,N,ζ

(∥∥∥∥χK(x)χΓ(ξ)〈ξ〉sWφu(x, ξ)
∥∥

Lp
x

∥∥
Lq

ξ
+

∥∥∥∥ 1
〈ξ〉N

∥∥χK(x)Wφu(x, ξ)
∥∥

Lp
x

∥∥∥∥
Lq

ξ

)
.

We note that the support of χK is compact and |Wφu(x, ξ)| is majored by a constant
times 〈ξ〉N0 for sufficiently large N0. By taking N > N0 sufficiently large, we have
the conclusion.

Lemma 2.3. Let 1 ≤ q ≤ ∞, s ∈ R, u ∈ S ′(Rn) and (x0, ξ0) ∈ Rn × (Rn\{0}).
Assume that (x0, ξ0) /∈ WFFLq

s
(u), i.e., ‖χΓ(ξ)〈ξ〉sâu(ξ)‖Lq

ξ
< ∞ for some open

conic set Γ and a function a satisfying the condition of Definition 1.1. If b ∈ C∞
0 (Rn)

satisfies b(x0) 6= 0 and supp b ⊂ (supp a)◦, then ‖χΓ(ξ)〈ξ〉sb̂u(ξ)‖Lq
ξ

< ∞.

We can prove Lemma 2.3 in the same way as in the proof of Lemma 2.2, but we
give a proof in Appendix B for reader’s convenience.
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3 Proof of Proposition 1.2

In this section, we prove Proposition 1.2.

Proof of Proposition 1.2. We prove (i) implies (ii). Since (x0, ξ0) /∈ WFFLq
s
(u),

there exist a function a ∈ C∞
0 (Rn) with a(x0) 6= 0 and a conic neighborhood Γ of

ξ0 satisfying that ‖χΓ(ξ)〈ξ〉sâu(ξ)‖Lq
ξ

< ∞. Take r > 0 and b ∈ C∞
0 (Rn) satisfying

supp b ⊂ B4r(x0) ⊂ supp a and b ≡ 1 in B2r(x0). It follows from Lemma 2.3 that
‖χΓ(ξ)〈ξ〉sb̂u(ξ)‖Lq

ξ
< ∞. Take a neighborhood K of x0 and a function φ ∈ C∞

0 (Rn)
satisfying K ⊂ Br(x0), φ(0) 6= 0 and suppφ ⊂ Br(0). Note that x ∈ K and
y − x ∈ Br(0) imply y ∈ B2r(x0). So χK(x)φ(y − x)u(y) = χK(x)φ(y − x)b(y)u(y).
Let Γ′ be a conic neighborhood of ξ0 such that Γ′ ⊂ Γ. Since Wφ(bu)(x, ξ) =
(e−ix·ξF [φ](ξ)) ∗

ξ
F [bu](ξ) we have by Lemma 2.1

‖‖χK(x)χΓ′(ξ)〈ξ〉sWφu(x, ξ)‖Lp
x
‖Lq

ξ

= ‖‖χK(x)χΓ′(ξ)〈ξ〉sWφ(bu)(x, ξ)‖Lp
x
‖Lq

ξ

≤
∥∥∥∥∥∥χK(x)χΓ′(ξ)〈ξ〉s(|F [φ]| ∗ |F [bu]|)(ξ)

∥∥∥
Lp

x

∥∥∥
Lq

ξ

≤ Cs,N,φ ‖χK(x)‖Lp
x

( ∥∥∥χΓ(ξ)〈ξ〉sb̂u(ξ)
∥∥∥

Lq
ξ

+
∥∥∥∥ b̂u(ξ)
〈ξ〉N

∥∥∥∥
Lq

ξ

)
.

Since |b̂u(ξ)| has at most polynomial growth we obtain the desired result if we take
an integer N sufficiently large.

Conversely, we prove (ii) implies (i). By Lemma 2.2, we can choose Γ being a
conic neighborhood of ξ0, R ∈ R and φ ∈ C∞

0 (Rn) which satisfy φ ≡ 1 in B2R(0)
and ‖‖χBR(x0)(x)χΓ(ξ)〈ξ〉sWφu(x, ξ)‖Lp

x
‖Lq

ξ
< ∞. Put K = BR(x0) and take a ∈

C∞
0 (Rn) satisfying a(x0) 6= 0 and supp a ⊂ BR(x0). Since φ(y − x) ≡ 1 for x ∈ K

and y ∈ supp a, we have

χK(x)âu(ξ) = χK(x)
∫

Rn

φ(y − x)a(y)u(y)e−iy·ξdy

= χK(x)
∫

Rn

â(ξ − η)Wφ(x, η)dη.

So we obtain by Lemma 2.1

‖χK(x)‖Lp
x
‖χΓ′(ξ)〈ξ〉sâu(ξ)‖Lq

ξ

≤
∥∥∥∥χΓ′(ξ)〈ξ〉s

∫
Rn

|â(ξ − η)| ‖χK(x)Wφu(x, η)‖Lp
x
dη

∥∥∥∥
Lq

ξ

≤ Cs,N,a

(
‖‖χK(x)χΓ(ξ)〈ξ〉sWφu(x, ξ)‖Lp

x
‖Lq

ξ
+

∥∥∥∥ 1
〈ξ〉N

‖χK(x)Wφ(x, ξ)‖Lp
x

∥∥∥∥
Lq

ξ

)
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for a conic neighborhood Γ′ of ξ0 satisfying Γ′ ⊂ Γ. Since χK has compact support
and |Wφu(x, ξ)| is majored by a constant times 〈ξ〉N0 for sufficiently large N0, we
obtain the desired result if we take an integer N > N0 sufficiently large. ¤

4 Proof of Theorem 1.3

In the sequel, for a function f(t, x) on R×Rn, we denote f̂(t, ξ) =
∫

Rn f(t, x)e−ix·ξdx
and Wφf(t, x, ξ) = Wφ(f(t, ·))(x, ξ).

Proof of Theorem 1.3. Here, we only treat the initial value problem{
(∂t − i|D|)u(t, x) = 0, (t, x) ∈ Rn+1,

u(0, x) = u0(x), x ∈ Rn,
(7)

since we can treat the case (∂t + i|D|)u(t, x) = 0 in the same way. Let φ ∈ C∞
0 (Rn)

with φ(0) 6= 0. Since |η| = |ξ|+(η− ξ) · ξ/|ξ|+ |η| − η · ξ/|ξ|, we have by integration
by parts

Wφ(|D|u)(t, x, ξ) =
∫

Rn

φ(y − x)
∫

Rn

|η| û(t, η)eiy·ηdη e−iy·ξdy

=
(
|ξ| + ξ

i|ξ|
· ∇x

)
Wφu(t, x, ξ) + Rφ(u; t, x, ξ),

where dη = (2π)−ndη and

Rφ(u; t, x, ξ) =
∫∫

R2n

φ(y − x)
(
|η| − ξ · η

|ξ|

)
û(t, η)eiy·(η−ξ)dηdy.

So the initial value problem (7) is transformed to
(

∂t −
ξ

|ξ|
· ∇x − i|ξ|

)
Wφu(t, x, ξ) = iRφ(u; t, x, ξ),

Wφu(0, x, ξ) = Wφu0(x, ξ).
(8)

It is easy to see that (8) is equivalent to the integral equation

Wφu(t, x, ξ) = eit|ξ|Wφu0

(
x +

ξ

|ξ|
t, ξ

)
+ i

∫ t

0
ei(t−θ)|ξ|Rφ

(
u; θ, x +

ξ

|ξ|
(t − θ), ξ

)
dθ. (9)

Let T be a positive number. We show by induction (x0 − ξ0
|ξ0| t, ξ0) /∈ WFFLq

r
(u(t, ·))

for t ∈ [−T, T ].
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Since u(t, ·) ∈ S ′(Rn), there exists s ∈ Rn such that ‖〈·〉sâu(t, ·)‖Lq < ∞ for all
a ∈ C∞

0 (Rn) and t ∈ [−T, T ]. Thus (x0 − ξ0
|ξ0| t, ξ0) /∈ WFFLq

s
(u(t, ·)) holds for all

t ∈ [−T, T ].
Next we show (x0 − ξ0

|ξ0| t, ξ0) /∈ WFFLq
σ+1

(u(t, ·)) for all t ∈ [−T, T ] and s ≤ σ ≤
r − 1 under the assumption (x0 − ξ0

|ξ0| t, ξ0) /∈ WFFLq
σ
(u(t, ·)) for all t ∈ [−T, T ]. It

is clear that there exist a neighborhood K of x0 − ξ0
|ξ0| t, a conic neighborhood Γ of

ξ0, φ ∈ C∞
0 (Rn) with φ(0) 6= 0 such that

‖‖χK(x)χΓ∩{|ξ|≤1}(ξ)〈ξ〉σ+1Wφu(t, x, ξ)‖Lp
x
‖Lq

ξ
< ∞.

Put Γ̃ = Γ ∩ {|ξ| ≥ 1}. From the equation (9), it is enough to show that

I
(1)

K,eΓ,φ
≡

∥∥∥∥∥∥∥∥χK(x)χ
eΓ
(ξ)〈ξ〉σ|ξ|Wφu0

(
x +

ξ

|ξ|
t, ξ

)∥∥∥∥
Lp

x

∥∥∥∥
Lq

ξ

< ∞, (10)

I
(2)

K,eΓ,φ,ψ
≡

∥∥∥∥∥∥∥∥χK(x)χ
eΓ
(ξ)〈ξ〉σ|ξ|

∫ t

0

∣∣∣∣Rφ

(
ψu; θ, x +

ξ

|ξ|
(t − θ), ξ

)∣∣∣∣dθ

∥∥∥∥
Lp

x

∥∥∥∥
Lq

ξ

< ∞

(11)

and

I
(3)

K,eΓ,φ,ψ
≡

∥∥∥∥∥∥∥∥χK(x)χ
eΓ
(ξ)〈ξ〉σ|ξ|

×
∫ t

0

∣∣∣∣Rφ

(
(1 − ψ)u; θ, x +

ξ

|ξ|
(t − θ), ξ

)∣∣∣∣dθ

∥∥∥∥
Lp

x

∥∥∥∥
Lq

ξ

< ∞ (12)

for some ψ ∈ C∞
0 (Rn) and all t ∈ [−T, T ].

From the assumption (x0, ξ0) /∈ WFFLq
r
(u0) and Proposition 1.2, there exist

a constant ε > 0, a function φ1 ∈ C∞
0 (Rn) with φ1(0) 6= 0 and a conic neigh-

borhood Γ′ of ξ0 such that ‖‖χB2ε(x0)(x)χΓ′(ξ)〈ξ〉rWφ1u0(x, ξ)‖Lp
x
‖Lq

ξ
< ∞. Let

K1 = Bε(x0 − ξ0
|ξ0| t) and Γ1 be a conic neighborhood of ξ0 satisfying ε T−1 > d1 =

supξ∈Γ1
dist( ξ

|ξ| ,
ξ0
|ξ0|) and Γ1 ⊂ Γ′. If x ∈ K1 and ξ ∈ Γ1 then x + ξ

|ξ| t ∈ B2ε(x0).
Thus we have

I
(1)

K1,eΓ1,φ1
≤

∥∥∥∥∥∥χB2ε(x0)(x)χΓ′(ξ)〈ξ〉rWφ1u0(x, ξ)
∥∥∥

Lp
x

∥∥∥
Lq

ξ

< ∞,

where Γ̃1 = Γ1 ∩ {|ξ| ≥ 1}
Next we show (11). By the assumption of induction we can take a conic

neighborhood Γ′′ of ξ0 and ψt ∈ C∞
0 (Rn) such that ψt ≡ 1 near x0 − ξ0

|ξ0| t and

‖χΓ′′(·)〈·〉σψ̂tu(t, ·)‖Lq
ξ

< ∞ for all t ∈ [−T, T ]. Take ε′ > 0 satisfying ψt ≡ 1 on

B6ε′(x0 − ξ0
|ξ0| t). Let φ2 ∈ C∞

0 (Rn) with φ2(0) 6= 0 and supp φ2 ⊂ B2ε′(0), K2 =
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Bε′(x0− ξ0
|ξ0| t) and Γ2 be a conic neighborhood of ξ0 satisfying Γ2 ⊂ Γ′′ and ε′ T−1 >

d2 = supξ∈Γ2
dist( ξ

|ξ| ,
ξ0
|ξ0|). Since (1 − ∆y)N+1eiy·(η−ξ) = 〈η − ξ〉2N+2eiy·(η−ξ) for an

integer N > 0, we have by integration by parts

Rφ2

(
ψθu; θ, x +

ξ

|ξ|
(t − θ), ξ

)
=

∫∫
R2n

(1 − ∆y)N+1φ2

(
y − x − ξ

|ξ|
(t − θ)

)(
|η| − ξ · η

|ξ|

)
ψ̂θu(θ, η)eiy·(η−ξ)

〈η − ξ〉2N+2
dηdy.

Put Γ̃2 = Γ2 ∩ {|ξ| ≥ 1}. Using the fact that(
|η| − ξ · η

|ξ|

)
〈η − ξ〉−2 =

|ξ||η| − ξ · η
|ξ|(|η|2 + |ξ|2 − 2ξ · η)

≤ |ξ||η| − ξ · η
|ξ|(2|ξ||η| − 2ξ · η)

=
1

2|ξ|
,

we have

I
(2)

K2,eΓ2,φ2,ψθ
=

∥∥∥∥∥∥∥∥χK2(x)χ
eΓ2

(ξ)〈ξ〉σ|ξ|
∫ t

0

∣∣∣∣Rφ2

(
ψθu; θ, x +

ξ

|ξ|
(t − θ), ξ

)∣∣∣∣dθ

∥∥∥∥
Lp

x

∥∥∥∥
Lq

ξ

≤ C ‖χK2‖Lp

∥∥(1 − ∆)N+1φ2

∥∥
L1

∫ T

0

∥∥∥∥∥
∫

Rn

χ
eΓ2

(ξ)〈ξ〉σ

〈η − ξ〉2N
|ψ̂θu(θ, η)|dη

∥∥∥∥∥
Lq

ξ

dθ

≤ CK2,φ2(J1 + J2),

where

J1 =
∫ T

0

∥∥∥∥∫
Γ′′

〈ξ〉σ

〈η − ξ〉2N
|ψ̂θu(θ, η)|dη

∥∥∥∥
Lq

ξ

dθ

and

J2 =
∫ T

0

∥∥∥∥∥
∫

(Γ′′)c

χ
eΓ2

(ξ)〈ξ〉σ

〈η − ξ〉2N
|ψ̂θu(θ, η)|dη

∥∥∥∥∥
Lq

ξ

dθ.

Since 〈ξ〉 ≤ 2〈η − ξ〉 or 〈ξ〉 ≤ 2〈η〉 hold, we have

〈ξ〉σ

〈η − ξ〉2N 〈η〉σ
≤ C

〈η − ξ〉2N−|σ| (13)

for 2N > |σ|. Thus if we take an integer N sufficiently large, then Young’s inequality,
(13) and the assumption of induction yield

J1 =
∫ T

0

∥∥∥∥∫
Rn

〈ξ〉σ

〈η − ξ〉2N 〈η〉σ
χΓ′′(η)〈η〉σ|ψ̂θu(θ, η)|dη

∥∥∥∥
Lq

ξ

dθ

≤ C

∥∥∥∥ 1
〈·〉2N−|σ|

∥∥∥∥
L1

∫ T

0

∥∥∥χΓ′′(ξ)〈ξ〉σψ̂θu(θ, ξ)
∥∥∥

Lq
ξ

dθ < ∞.
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On the other hand, if η /∈ Γ′′, ξ ∈ Γ̃2 and 2N > |σ| then we have

〈ξ〉σ

〈η − ξ〉2N
≤ C

〈η − ξ〉2N−|σ| ≤
C

〈η − ξ〉N1〈η〉N2
, (14)

where N1 + N2 = 2N − |σ|. Since |ψ̂θu(θ, ξ)| has at most polynomial growth with
respect to ξ, Young’s inequality and the inequality (14) yield

J2 ≤ C

∥∥∥∥ 1
〈·〉N1

∥∥∥∥
L1

∫ T

0

∥∥∥∥∥ ψ̂θu(θ, ξ)
〈ξ〉N2

∥∥∥∥∥
Lq

ξ

dθ < ∞,

if we take integers N1 and N2 sufficiently large. Thus we obtain I
(2)

K2,eΓ2,φ2,ψθ
< ∞.

Finally we show (12). Let ζ1 be a C∞ function on Rn satisfying ζ1(η) = 0 for
|η| ≤ 1 and ζ1(η) = 1 for |η| ≥ 2 and put ζ2(η) = 1 − ζ1(η). It suffices to show that

I
(3)

K2,eΓ2,φ2,ψθ
≤

∑
j=1,2

∥∥∥∥∥∥∥∥χK2(x)χ
eΓ2

(ξ)〈ξ〉σ|ξ|
∫ t

0
|Rj |dθ

∥∥∥∥
Lp

x

∥∥∥∥
Lq

ξ

< ∞,

where

R1 = lim
h1,h2→0

∫∫∫
R3n

φ2

(
y − x − ξ

|ξ|
(t − θ)

)(
|η| − ξ · η

|ξ|

)
b(h1η)ζ1(η)

× (1 − ψθ(x̃))u(θ, x̃)b(h2x̃)e−i(x̃·η−y·η+y·ξ)dx̃dηdy.

and

R2 = lim
h2→0

∫∫∫
R3n

φ2

(
y − x − ξ

|ξ|
(t − θ)

)(
|η| − ξ · η

|ξ|

)
ζ2(η)

× (1 − ψθ(x̃))u(θ, x̃)b(h2x̃)e−i(x̃·η−y·η+y·ξ)dx̃dηdy

for b ∈ S(Rn) with b(0) = 1. From the structure theorem of S ′ (see, for example,
[12, Theorem 2.14]), there exist constants l,m ≥ 0 and functions fα(θ, ·) ∈ L2(Rn)
for multi-indices α such that

u(θ, x̃) = 〈x̃〉l
∑

|α|≤m

Dαfα(θ, x̃). (15)

Since

e−i(x̃−y)·η =
(−∆η)N3e−i(x̃−y)·η

|x̃ − y|2N3
and eiy·(η−ξ) =

(1 − ∆y)N4eiy·(η−ξ)

〈η − ξ〉2N4

for positive integers N3 and N4, we have by (15) and integration by parts

R1 = lim
h1,h2→0

∑
|α|≤m

∫∫∫
R3n

(1 − ∆y)N4

φ2(y − x − ξ
|ξ|(t − θ))

|x̃ − y|2N3


× 1

〈η − ξ〉2N4
(−∆η)N3

{(
|η| − η · ξ

|ξ|

)
b(h1η)ζ1(η)

}
× (1 − ψθ(x̃))〈x̃〉lDαfα(θ, x̃)b(h2x̃)e−i(x̃·η−y·η+y·ξ)dx̃dηdy.
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We note that

(1 − ∆y)N4

φ2(y − x − ξ
|ξ|(t − θ))

|x̃ − y|2N3

 =
φ̃2(y − x − ξ

|ξ|(t − θ))

|x̃ − y|2N3
+ A, (16)

where φ̃2(y) = (1 − ∆y)N4φ2(y) and A is a finite sum of o(|x̃ − y|−2N3) times C∞
0

function of y. Put

R′
1 = lim

h1,h2→0

∑
|α|≤m

∫∫∫
R3n

|x̃ − y|−2N3 φ̃2

(
y − x − ξ

|ξ|
(t − θ)

)
× 1

〈η − ξ〉2N4
(−∆η)N3

{(
|η| − η · ξ

|ξ|

)
b(h1η)ζ1(η)

}
× (1 − ψθ(x̃))〈x̃〉lb(h2x̃)Dαfα(θ, x̃)e−i(x̃·η−y·η+y·ξ)dx̃dηdy.

Since supp ζ1 ∩ B1(0) = ∅ we have

lim
h1→0

∣∣∣∣(−∆η)N3

{(
|η| − η · ξ

|ξ|

)
b(h1η)ζ1(η)

}∣∣∣∣ ≤ C ′

|η|2N3−1
≤ C ′′

〈η〉2N3−1
(17)

on the support of ζ1. If x ∈ K2 = Bε′(x0 − ξ0
|ξ0| t), ξ ∈ Γ̃2 and y − x − (t − θ)ξ/|ξ| ∈

B2ε′(0) then y ∈ B5ε′(x0− ξ0
|ξ0|θ) and if x̃ ∈ supp (1−ψθ(x̃)) then x̃ /∈ B6ε′(x0− ξ0

|ξ0|θ).

Thus |x̃−y| ≥ ε′ > 0 holds on the support of χK2(x)χΓ2(ξ)φ(y − x − ξ
|ξ|(t − θ))(1−

ψθ(x̃)). Put gy,h2(x) = (1 − ψθ(x))〈x〉lb(h2x)|x − y|−2N3 . If |x̃ − y| ≥ ε′ > 0 and
y ∈ B5ε′(x0 − ξ0

|ξ0|θ) then we have |x̃ − y| ≥ C1〈x̃ − y〉 ≥ C2〈x̃〉 and, hence,

lim
h2→0

‖〈·〉αĝy,h2(·)‖L1 ≤ lim
h2→0

∥∥∥∥ 1
〈·〉N−α

∫
|(1 − ∆x)Ngy,h2(x)|dx

∥∥∥∥
L1

≤ C̃ (18)

for N > α+n and a positive constant C̃ which is not depending on y and θ ∈ [0, T ].
By (17) and (18) we have

|R′
1| ≤ C lim

h2→0

∑
α≤m

∫∫
R2n

|φ̃2(y − x − ξ
|ξ|(t − θ))|

〈η − ξ〉2N4〈η〉2N3−1

×
∫

Rn

|ĝy,h2(η − η′)||η′||α||f̂α(θ, η′)|dη′dηdy

≤ C lim
h2→0

∑
|α|≤m

∫∫
R2n

|φ̃2(y − x − ξ
|ξ|(t − θ))|

〈η − ξ〉2N4〈η〉2N3−1−α

∥∥∥〈·〉|α|ĝy,h2

∥∥∥
L1

∥∥∥f̂α(θ, ·)
∥∥∥

L2
dηdy

≤ C

∫
Rn

‖f̂α(θ, ·)‖L2

〈η〉2N3−1−|α|〈ξ − η〉2N4
dη. (19)
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Thus, from (16) and (19), we have

|R1| ≤ C

∫
Rn

‖f̂α(θ, ·)‖L2

〈η〉2N3−1−|α|〈ξ − η〉2N4
dη.

On the other hand, since ζ2 ∈ C∞
0 (Rn) we have

(1 − ∆η)N

{(
η − η · ξ

|ξ|

)
ζ2(η)

}
≤ C

〈η〉2N−1
. (20)

For g′y,h2
(x) = (1 − ψθ(x))〈x〉lb(h2x)〈x − y〉−2N3 ,

lim
h2→0

‖〈·〉αĝ′y,h2
(·)‖L1 ≤ C̃ ′, (21)

where C̃ ′ is not depending on y and θ ∈ [0, T ]. Since

e−i(x̃−y)·η =
(1 − ∆η)N3e−i(x̃−y)·η

〈x̃ − y〉2N3
and eiy·(η−ξ) =

(1 − ∆y)N4eiy·(η−ξ)

〈η − ξ〉2N4

for positive integers N3 and N4, we have by (15), (20), (21) and integration by parts

|R2| ≤ C

∫
Rn

‖f̂α(θ, ·)‖L2

〈η〉2N3−1−|α|〈ξ − η〉2N4
dη.

Since
〈ξ〉σ|ξ|

〈η〉2N3−1−|α|〈ξ − η〉2N4
≤ C

〈η〉2N3−2−|α|−σ〈ξ − η〉2N4−σ−1

for N3 ≥ (2 + |α| + σ)/2 and N4 ≥ (σ + 1)/2, we have by Young’s inequality∥∥∥∥∫
Rn

〈ξ〉σ|ξ|
〈η〉2N3−1−|α|〈ξ − η〉2N4

dη

∥∥∥∥
Lq

ξ

≤
∥∥∥∥ 1
〈·〉2N3−2−|α|−σ

∥∥∥∥
L1

∥∥∥∥ 1
〈·〉2N4−σ−1

∥∥∥∥
Lq

.

Thus if we take integers N3 and N4 sufficiently large, we obtain

I
(3)

K2,eΓ2,φ2,ψθ
≤ C

∥∥∥∥∥
∥∥∥∥∥χK2(x)χ

eΓ2
(ξ)

∫ t

0

∫
Rn

〈ξ〉σ|ξ|‖f̂α(θ, ·)‖L2

〈η〉2N3−1−|α|〈ξ − η〉2N4
dηdθ

∥∥∥∥∥
Lp

x

∥∥∥∥∥
Lq

ξ

≤ C‖χK2‖Lp

∫ T

0
‖f̂α(θ, ·)‖L2dθ

∥∥∥∥∫
Rn

〈ξ〉σ|ξ|
〈η〉2N3−1−|α|〈ξ − η〉2N4

dη

∥∥∥∥
Lq

ξ

≤ CK2,N3,N4

∫ T

0

∥∥∥f̂α(θ, ·)
∥∥∥

L2
dθ < ∞.

Hence we get the inequality (12). Taking K ⊂ K1∩K2, Γ ⊂ Γ1∩Γ2 and φ ∈ C∞
0 (Rn)

with φ(0) 6= 0 and supp φ ⊂ suppφ1 ∩ suppφ2, we obtain (x0 − ξ0t/|ξ0|, ξ0) /∈
WF q

σ+1(u) for t ∈ [−T, T ]. Since T is an arbitrary positive number, we obtain the
desired result. ¤
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Appendix A

We give a sketch of proof on Remark 1.4 (i). Let φ ∈ C∞
0 (Rn) with φ(0) 6= 0.

Applying the wave packet transform to the equation (∂t − ia(D))u(t, x) = 0, we
have

∂tWφu(t, x, ξ) − i

∫
Rn

φ(y − x)
∫

Rn

a(η)û(η)eiy·ηdη e−iy·ξdy = 0.

Since a(η) is a homogeneous function of degree 1, ∇a(η) · η = a(η) holds. So we
have

a(η) = a(ξ) + ∇a(ξ) · (η − ξ) + r(ξ, η), (22)

where r(ξ, η) = a(η) −∇a(ξ) · η. By Taylor’s theorem, we have

r(ξ, η) =
n∑

i,j=1

Cij(ξi − ηi)(ξj − ηj)
∫ 1

0
∂ξi

∂ξj
a(ξ + θ(η − ξ))(1 − θ)dθ.

From the equation (22) we have by integration by parts∫
Rn

φ(y − x)
∫

Rn

a(η)û(η)eiy·ηdη e−iy·ξdy

= a(ξ)Wφu(t, x, ξ) − i∇a(ξ) · ∇xWφu(t, x, ξ) + R(u(t, ·); x, ξ),

where

R(u(t, ·);x, ξ) =
∫

Rn

φ(y − x)
∫

Rn

r(ξ, η)û(η)eiy·(η−ξ)dηdy.

If |ξ|/2 ≤ |ξ − η|, then |η| ≤ |ξ − η| + |ξ| ≤ 3|ξ − η|. Since a(η) is a homogeneous
function of degree 1, if |ξ|/2 ≤ |ξ−η|, then we have by Cauchy-Schwarz’s inequality

r(ξ, η)〈ξ − η〉−2 =
|ξ|a(η) − |ξ|∇a(ξ) · η

〈ξ − η〉2|ξ|

=
|ξ|(∇a(η) −∇a(ξ)) · η

〈ξ − η〉2|ξ|

≤ |η||∇a(η) −∇a(ξ)|
〈ξ − η〉2

≤ C

|ξ|
.

If |ξ − η| ≤ |ξ|/2, then we have

r(ξ, η)〈ξ − η〉−2 ≤
n∑

i,j=1

Cij

∫ 1

0
|∂ξi

∂ξj
a(ξ + θ(η − ξ))|(1 − θ)dθ

≤
n∑

i,j=1

Cij

∫ 1

0

1 − θ

|ξ + θ(η − ξ)|
dθ

≤ C

|ξ|
.
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So we can regard R(u(t, ·); x, ξ) as lower order term with respect to ξ. Thus the equa-
tion (∂t−ia(ξ)−∇a(ξ)·∇x)Wφu(t, x, ξ) = R(u(t, ·);x, ξ) implies (x0−∇a(ξ0)t, ξ0) /∈
WFFLq

r
(u(t, ·)) in the same way as in the proof of Theorem 1.3.

Appendix B

We prove Lemma 2.3. Since |a(x)| ≥ C > 0 on supp b, we have

b̂u(ξ) =
∫

Rn

χsuppb(x)
b(x)
a(x)

a(x)u(x)e−ix·ξdx

=
∫

Rn

ζ(ξ − η)âu(ξ)dη,

where ζ(ξ) = F [χsuppb(x)b(x)/a(x)](ξ). By Lemma 2.1, we have

‖χ
eΓ
(ξ)〈ξ〉sb̂u(ξ)‖ ≤ Cs,N,ζ

(
‖χΓ(ξ)〈ξ〉sâu(ξ)‖Lq

ξ
+

∥∥∥∥ âu(ξ)
〈ξ〉N

∥∥∥∥
Lq

ξ

)
. (23)

Since âu(ξ) has at most polynomial growth, we obtain the conclusion if we take an
integer N sufficiently large.
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[1] A. Córdoba and C. Fefferman, Wave packets and Fourier integral operators,
Comm. Partial Differential Equations 3 (1978), 979–1005.

[2] E. Cordero, F. Nicola and L. Rodino, Boundedness of Fourier integral operators
on FLp spaces, Trans. Ame. Math. Soc. 361 (2009), 6049-6071.

[3] J. M. Delort, F.B.I. transformation. Second microlocalization and semilinear
caustics. Lecture Notes in Mathematics, 1522. Springer-Verlag, Berlin, (1992).

[4] H. G. Feichtinger, Modulation spaces on locally compact abelian groups, in: M.
Krishna et al. (eds.), Wavelets and their Applications (Chennai), Allied Publ.,
New Delhi, (2003), 99–140 (updated version of a technical report, Univ. of
Vienna, 1983).

[5] G. B. Folland, Harmonic analysis in phase space, Ann. of Math. Studies No.122,
Princeton Univ. Press, Princeton, NJ, (1989).

[6] P. Gérard, Moyennisation et régularité deux-microlocale, Ann. Sci. École Norm.
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