B A & Riced lIFRICE S 2 M 4 DiRSEF &
RA] AT

BH G (RERF)”

1. EA

AR TIN5 DR EAN & Riemann 284K (M, d,m) 2 S. TabbB M = (M, g) &
n KIC5EMH Riemann 24818, d1XZ @O _E® Riemann FERERIEL, X HI12m I3 S 0728
B f e C=(M) % HWTHELEY S A7z Riemann ARFEHIE

m := e ¥ vol

TH3. 7272 L vol IFFHERZ Riemann RFERIE 2K 3. EAN = Riemann ZHA
PR PEREZS [ L O BRI B 1 2 BRI RTH D, FRAFERHERICB VT
HOMRZ IR 281 BRICEHN S, EAN X Riemann Z2HAE ETIZEE X
7FHERZZZ 2720, KEICELZZOMOEDZEH LD EEZ S, Ricc HiRIX
Riemann AFEHIE DR 2 W2 HliH T2 H DTH - 7253, #HALFE Riemann ZHEE
TIIRDEA(T = Ricci iR EE X 5 !

df @ df
N —n

Ricjy = Ric +V?f —

ZZTN € (—00,00] TH 3.
ilt, Lu-Minguzzi- AKH [12] \XE AT = Ricei HZRICBI 5 2 I T ORI LZEAL,
e 2 B L7z i Sk e RBEXUN € (—o0, 1] U [n, 0] IZRF L,

4(1—e)f

Ric}v >clke vt g (1)
7272 L N # n DEEIZ
N -1
g0 =
0 N—n

EBE (N=oco DG L), c3LITORMEZH DO TS !
e=0 for N=1, € € (—/€0,1/€0) for N #1,n, eeR for N=n. (2)

FclIUTTEESERMTHS : N £ 1D5HEF

1 N —n
= 1—¢?
¢ n—l( 8N—1)

L, N=10%&Fc:=n-1)"1 35, ZoOMBFMEINER, HIEHEHME2M
DRMIFEMT D TE TSN T EMlA (HIRRITSHEM) & Wylie-Yeroshkin [21] 12
X DBAINMHHA (FEFEET 7 1 VBEHORMENT) 2RO 2DTH 5.
AT ZOMBFHEPEASINLEREZPONIFHT 2. $LZORETEMIN
% BRI E OE 2 B B

* T 338-8570 BB X Wiz IR X T RALR 255

e-mail: ysakurai@rimath.saitama-u.ac. jp




de e
2. =

2.1. FIRRTHRHAF
T EERRRAEZEA] | O SRAENT D EF TR, KOS N TE I FHK e R
BEUN € [n, o0 XL,

Ric} > Kg. (3)

Z DEME Sturm [18], [19], Lott-Villani [11]12 & D A X7z iRt CD(K, N)
KX DRI o, KO —BDIE S LIRS Wi EE 2R - CHElim» R X
NTW3. N € [n,00] DFE, NEFXLD ERE LToREIZRLTZerfohn
TWwa. FEEE, RN (3) 27z 3 E AN F Riemann Z4£413 Ricei #1325 K DL E,
KB N LLT D (EAZL L) Riemann ZHAED XS5 I2IR2 %S, HIZIEK = 00D
N € [n,00) DIFE, XD Bishop-Gromov AEFEXDL D DO Z e SR TWS [T
BDreMtr,R>0Tr < REfiZTHDITHL,

m(Ba(z)) _ (R)N.

m(B,(z)) = \r

DX LBIEDOLHNEIN € (—o0,n) ZERHONFI L L oTWe (ADXRITEHE
ZBDIFAEATHZ) . —J7, KE-EE [15], [16]1C X DR /7RG, SEEA
DBHRD S N € (—oo,n) DHFEDERMI RSN, N € (—oo,n) DHGEITHIERSM
(3) D & TORMBHTHIFILDGEE 5 72, BIZIEKH [14] 12X 2 N € (—o0,0) IZXF
3 BRI, Kolesnikov-Milman [10] 12 & % N € (—oo, 0] T Poincaré N5,
Klartag 4] 12X 2% N € (—o00,1) TOJEAME, Milman [13]I1ICX % N € (—o00,1) TD
JAARZER, Wylie [20] 12X 2 N € (—oo, 1] TD Cheeger-Gromoll B ZLEH & W o 7o iff
FPTHONTVS.

Z T THR/NEITHERT S % Wylie-Yeroshkin [21] DRFFRICE D 2 Wylie [20] DFER % #H
5 5. HHLEY7Z Cheeger-Gromoll D ZLEMD F5RIFLIT TH o 72 @ IEA Ricei B
@ Riemann ZRADEIR (RS M ANDFEREOHIAAL) ZE0RELIE, MIZRED
% Riemann ZHADEBICHERNTH 5. Wylie 20[1FZNZLLT O K S IHERL 7 ¢
EIE 1 ([20])). EHAME Riemann ZERIEDILLT ORIRSEM 27238 T2 N € (—oo, 1]
AL, Ric} >0. ¥ fRECAERTHZ LTS, 20O EMPEREELR LI,
MIZR & & 3% Riemann ZRRIEDIRNFEICHERNTH 5. THITN € (—o0,1) 2 HIE
MFERICFERNTDH 5.

512 Wylie 20113 N = 1 5B IREMTHRINE S L VWEEHZHEKL Tns. Z
DZehHN =1L LS ORBEEDEZ 5.

2.2. BREMEY 7 1 V&GO E MR
AT Wylie-Yeroshkin (21112 & DIBA SNALLT ORIREFITOVWTIRD RS -
FHw e RITHL,

Ric} > (n— 1)/&67%9. (4)
k= 0D%EIX Wylie [20) D EEBDM D IORETH 5 Z L ICHEET 5. o
FMEOD S R HBSRMYEZEBL, 777> 7 Y OHEEM, Bonnet-Myers BUE
5, Cheng B AREREH, Bishop-Gromov AR LLESEH 2/~ L 7.



MRS (4) \FER TR BEBIC L 2B METH D, MRS (3) LIRS 2 L F R
MLz, & ZTIEBREN (4) DL B 2RI OWTHIAL & 5. $# L 722 Did Levi-Civita
et V e B EER 7 7 1 i

VeV = VYV —ad)V — a(VU
THb. 217 ald1-BATDH 5.
—DOHDERIIRIc; & 7 7 4 YHHLV 5 HFE NS Ricel HIFRDBIRIEICOWT
THb. FE VD HEEIN S Ricei HIFRIX
RY" (U VYW := VEVIW — VEVEW — Vi W,
RicY" (W, W) = tr, [U — RV (U, V)W]
TEX5. 9, 1-BX

o
api=
%% Z%. %73 Wylie-Yeroshkin [21] 1& Ric} A3 RicV ic—®3 3R LE o
HOERIZ V> DRHIFUCONWTTH 5. mo € M IR UBAHEIREZ U, M THT.
HAENRTZ v € UMIZHL 4, 1 [0,00) - M % VIZET 2 HBER COIHAZE
1(0) =2 BXLA(0) =vZiliTdDE TS, B, : [0,00] = [0, s7,(c0)] &

Y TeNe)
Sfo(t) ::/ e de
0

TED, ZOMBEE t;, :[0,s7,(00)] = [0,00] & F 5. WHIIHIHRT, = v, 0ty D}
774 VRV ICHET AR TH S Z e BRI L. EROBREHAGDE S
LT Mot oh s
B 2 ([21]). FE#kx c RIIHL, UTFEFEETH 3 :

1 EEDv € UM Yt € [0,00) I L RIch (1) > (n— et

2. EEDve UMY s el0,s5,(c0)) I LRicY ' (F(s)) > (n — 1)k.

A& D RS (4) 11X 7 7 4 3V 1B LT Ricci fIERAY T 20 & EHTHX 2
LRTWVWBEEIRBRFHTHEEVSIBRPELNS. ZHEN=1FKEGOHRTHD,
ZORERMEYEE- TV 5.

2.3. M AH DB
Ai/NEICEA L 72 Z D OHAZ HE—INCIR A RV e WS BRI T 5. Z ORI
WXL, F9RIL-Li 5] MR (4) ZIAT D X SITHRR L, Wylie-Yeroshkin [21]12
LD BN TOW MBS R DR 2 5 2 72 (R84 9 b Z2R) ( E#r e R
BEUN € (—o0, 11T L,

Ricﬁcv > (n— N)ke~ n4—ng. (5)
Z D% Lu-Minguzzi- KH [12) IZFTETCHRANZ#HREM (1) 2 EA L, WEOH—LE
X572, HREME (1) ICBWTN € n,o0)hDe=10E (ZD&Ec=(N-1)"1),
HIREMH (3) TK = (N - 1)s2DN € [n,00) DBERETS. £XN =102
e=0DE (c=Mm-1"1, REH UG CFRETS. EHITN € (—oo, 1] 22D
e=ggDEE (c=(n—N)"1), BIREMLG) CIRET 5.




3. LB

ARETIIHRSESE (1) Db & TEMAIN S LESRMFZOMEZBRS. DITTIErkeR
BEXUEN € (—oo,1JUn,c0] & L, Fheld2)DHiZEIC DD T 3.

3.1. BEBR DL Riemann ZHk{E LD LLE & a5

A/PNHTTIIIRFR DI VWE AT = Riemann ZREED FLESR A2 DWW TR 2. BLEEER A
FCRERBERERIC T 32 5 75 o 7 U HIEENEANIEE TH 5. EAN X Riemann
ZRRELETIEEANE T ST 7

Ay :=A+g(VF V)
EEZDL. mare MITNL, FEREREp, : M — [0,00) D3

px(y) == d(x,y)

TEX%. £lhveUMIZHL, H#Ry, : [0,00) = M OYJKHED

7(v) == sup{t > 0| po(1(t)) =t}

CEFD. BIBss, [0,00] = [0,87,(00)] ZIA T TED S -

b o)
Sfa(t) ::/ e 1 de.
0

X 51T 5,(s) & Jacobi HFER Y (s) + ktp(s) = 0 DFIHAZA (0) = 0,¢'(0) = LIS
3 —REf#r $5. Lu-Minguzzi-KH [12)13XRD T 77> 7 Y HEGEREZR L !

EIE 3 ([12]). HIREZF (Db, EEDz e M, ve UM, t € (0,7(v)) ITH L

15, (s70(1)) 200w (t)
Ag pe(V(t)) = —c 55(5f,v<t)) € .

EM3IEN = 1226 =0DHE X Wylie-Yeroshkin [21] 12X D, 72N € (—oo, 1]
MDe =gy DFAEFRIL-L HlicLDFEoNTW. BHENRFERLD, EH3I»L
Bonnet-Myers BIERHEGEM, Bishop-Gromov AT LEE A E NN 5. EEE X
FIL—TK (EHRY) HFECTEHE 3 DFESHIEEETN, ZhE HWT Cheng
AR KIEEE R Bishop-Gromov BUATE LLEGE PR D &5 A7 T C DM E R 2 AERH L
7z ([6]).

3.2. BRI E Riemann ZHR{F L D L8]

RIS 2 EHASS = Riemann ZHKD LRI OWTAR 5. BT Z Riemann
ZHRR D LEBSR A2 12 DWW Tid Heintze-Karcher [1], IIZESE [2], [3] 1 & 2 SEBRAVARZLDS
FET 5. BT Z DG E X Ricc IO THRMEICMZ, R OM O =R 0 T 5744
ZRET2O0PERTHS. HHR LDz € OMITRL, NAIZFHEMERY ML,
L, FMEEL H RT. ZOL ERz B 2EANZFHMELLTTEE 3 !

Hf,z = Hz + g(vfa uz)7



HEE IIRILR e EFECTU T oMBREELZEAL, HESRMAZEZERMLT (8]) @ 5
kA€ RITHL,

. _ _40=9)f _ _2(1-—e)f
RlCﬁcV >c ke 1 g, Hyom > c e "n 1, (6)

R 2 DGER, HRD O OEREBIEICN S 2 Z 75 2 7 Y HEEHDEANTH
%. 550 & OIBEREL pops : M — [0, 00) A3

pon () := d(z,0M)

THEES. HzeIMIEML, 7. :[0,T] » M ZHHEMA.(0) = 2 BLTA(0) = u.
B TR L, Z0UINiEs

7(2) == sup{t > 0 | pons (3:(1)) = 1}

CEFD. BMss,  [0,T) = [0,57.(T) %

b o))
sy.(t) :—/ P d¢
0

LEDD. EHITs,(s) & Jacobi HIER W (s)+r)(s) = 0 DFRAZAE(0) = 1, ¢'(0) =
NN FT 2 —ERE T 5. RDF TS 77 v HEBEMMRL D LD .

EIE 4 ((8)). HIELMEG) Dby, EED2e M, te (0,7(2) 1L

1 5ea(sra(t) - 2000
Ska(57,z(t))

N =12D2e=00%45, EH4THEHEE 17BN TV, EH4ZHNS
Z 2T, NEFREREEHE, BRHR DD Heintze-Karcher BAREHLGERE, p-7 77
> 7 > Of/I Dirichlet EEEILEEH 2RI 2B TE 5. I HIEH 4 DFESHAL
FMERET 2T, HIEHOFEEN TICBT 2HIEEEIELNS.

3.3. B¥

s IRV H[E T, Sturm, Lott-Villani B > b v ¥ — D PEIZ & 5 RS
% (1) ORI 25 272 ([7). 2D X5 REHES I ZHWS Z 2T, Xb—KDiFE
50 EAFIR & R WIS FREEZE RN U TR (1) 2 EbTE 2A[REMED H 5. A
FECIBARTe & 5 7 LBk e 2 Re R 22 ECREMERIEE AW, SHROFMETDH 3.

SE R
[1] E. Heintze and H. Karcher, A general comparison theorem with applications to volume
estimates for submanifolds, Ann. Sci. Ecole Norm. Sup. 11 (1978), 451-470.

[2] A.Kasue, Ricci curvature, geodesics and some geometric properties of Riemannian man-
ifolds with boundary, J. Math. Soc. Japan 35 (1983), no. 1, 117-131.

[3] A. Kasue, On a lower bound for the first eigenvalue of the Laplace operator on a Rie-
mannian manifold, Ann. Sci. Ecole Norm. Sup. (4) 17 (1984), no. 1, 31-44.

[4] B. Klartag, Needle decompositions in Riemannian geometry, Mem. Amer. Math. Soc.
249 (2017), no. 1180, v + 77 pp.

Ay pon(7=(t)) =



[5]

[10]
[11]
[12]

[13]

K. Kuwae and X.-D. Li, New Laplacian comparison theorem and its applications to
diffusion processes on Riemannian manifolds, to appear in Bull. Lond. Math. Soc..

K. Kuwae and Y. Sakurai, Rigidity phenomena on lower N-weighted Ricci curvature
with e-range for non-symmetric Laplacian, linois J. Math. 65 (2021), no. 4, 847-868.

K. Kuwae and Y. Sakurai, Lower N -weighted Ricci curvature bound with e-range and
displacement convexity of entropies, preprint arXiv:2009.12986v3.

K. Kuwae and Y. Sakurai, Comparison geometry of manifolds with boundary under a
lower N -weighted Ricci curvature bound with e-range, preprint arXiv:2011.03730.

K. Kuwae and T. Shukuri, Laplacian comparison theorem on Riemannian manifolds
with modified m-Bakry-Emery Ricci lower bounds for m < 1, Tohoku Math. J. (2) 74
(2022), no. 1, 83-107.

A. V. Kolesnikov and E. Milman, Brascamp-Lieb-type inequalities on weighted Rieman-
nian manifolds with boundary, J. Geom. Anal. 27 (2017), no. 2, 1680-1702.

J. Lott and C. Villani, Ricci curvature for metric-measure spaces via optimal transport,
Ann. of Math. (2) 169 (2009), no. 3, 903-991.

Y. Lu, E. Minguzzi and S. Ohta, Comparison theorems on weighted Finsler manifolds
and spacetimes with e-range, Anal. Geom. Metr. Spaces 10 (2022), no. 1, 1-30.

E. Milman, Beyond traditional Curvature-Dimension I: new model spaces for isoperi-
metric and concentration inequalities in negative dimension, Trans. Amer. Math. Soc.
369 (2017), no. 5, 3605-3637.

S. Ohta, (K, N)-convexity and the curvature-dimension condition for negative N, J.
Geom. Anal. 26 (2016), no. 3, 2067-2096.

S. Ohta and A. Takatsu, Displacement convezity of generalized relative entropies, Adv.
Math. 228 (2011), no. 3, 1742-1787.

S. Ohta and A. Takatsu, Displacement convezity of generalized relative entropies. II,
Comm. Anal. Geom. 21 (2013), no. 4, 687-785.

Y. Sakurai, Comparison geometry of manifolds with boundary under a lower weighted
Ricci curvature bound, Canad. J. Math. 72 (2020), no. 1, 243-280.

K.-T. Sturm, On the geometry of metric measure spaces. I, Acta Math. 196 (2006), no.
1, 65-131.

K.-T. Sturm, On the geometry of metric measure spaces. II, Acta Math. 196 (2006), no.
1, 133-177

W. Wylie, A warped product version of the Cheeger-Gromoll splitting theorem, Trans.
Amer. Math. Soc. 369 (2017), no. 9, 6661-6681.

W. Wylie and D. Yeroshkin, On the geometry of Riemannian manifolds with density,
preprint arXiv:1602.08000.



