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Weighted Ricci curvature

(M, d,m) : weighted Riemannian manifold, i.e.,

e M = (M,g): n-dim. complete Riemannian manifold
@ d :Riemannian distance function
e m:=e fvol for f € C®(M)

N-weighted Ricci curvature

N € (—o0, 0] : effective dimension

Ric} := Ric+V2f — %
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Setting
N € (—o00,1] U [n, 0]

g-range
@eec=0for N =1

N -1 N -1 for N £ 1
@ £c€ — N—n’ m or #,'Il

eccRfor N=n

1 N —n
= 1—¢2
e n—l( 8N—1>

Setting ([Lu-Minguzzi-Ohta, 22])
Ric}v >t /ﬁe—4(flt:€1)fg for k€R, N € (—00,1]U [n, 0] }
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Interpolation

Setting ([Lu-Minguzzi-Ohta, 22])
Ric}v >c ! H6_4(71L:61)fg for kK €R, N € (—00,1]U [n, 0] }

Interpolation between...

Curvature-dimension condition
Ric}VZKg for K €R, N € [n, ] }

> [Sturm, 06], [Lott-Villani, 09] :

CD(K, N) for non-smooth metric measure space

Geometric analysis on projectively equivalent affine connection J

Ric} >(n— l)ne_%g for k€ R

> [Wylie-Yeroshkin, 16, preprint]
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Goal

Setting ([Lu-Minguzzi-Ohta, 22])

Ri N> -1 ,4(1:«51)f f _
icy >c ke "n1 g for K ER, N € (~00,1]U[n, o0

> [Lu-Minguzzi-Ohta, 22], [Kuwae-Sakurai, 21] :

Comparison geometry of manifolds without boundary

> [Kuwae-Sakurai, 20, preprint] :

Comparison geometry of manifolds with boundary

> [Kuwae-Sakurai, 20, preprint] : Characterization via optimal transport theory
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Background (Curvature-dimension condition)
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Curvature-dimension condition

Curvature-dimension condition J

Ric} > Kg for K €R, N € [n,oc]

> [Qian, 97], [Lott, 03], [Wei-Wylie, 09],... : Weighted Riemannian manifold
> [Ohta, 09] : Finsler manifold
> [Sturm, 06], [Lott-Villani, 09] : CD(K, N)

> [Ambrosio-Gigli-Savaré, 14], [Erbar-Kuwada-Sturm, 15] : RCD(K, N)

& ‘Ricf >Kg = Ric>Kg + dimM < N"
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Effective dimension

Curvature-dimension condition

Ric}v > Kg for K€R, N € [n,o0]

@ N € [n,o0] : traditional case = “N : upper bound of the dimension”

m (B, (z))

[Qian, 97] : N € [n,00), Ric} >0 = N | (r—o0)

@ N € (—oo,n) : complementary case, e.g.,
> [Ohta, 16] : Curvature-dimension condition (N € (—o0,0))
> [Kolesnikov-Milman, 17] : Poincaré-type inequalities (N € (—o0,0])
> [Klartag, 17] : Needle decomposition (N € (—o0, 1))
> [Milman, 17] : Isoperimetric inequalities (N € (—o0, 1))

> [Wylie, 17] : Cheeger-Gromoll splitting theorem (N = 1)
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Monotonicity of RiC;aV with respect to N

. N
Rlcf

7

+ 00
Rlcf

1

n

/

& KR, Ny €[n,00], Ny € (—o0,n) ; Ricf)’1 >Kg — Ric}v2 > Kg
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Splitting theorem

Theorem ([Wylie, 17]).

sup f < oo, Ric} >0

Then —
dy:R — M : line = M = warped product over R x 3 M

Moreover, 3f; : R — R, Ffs: M >R st

o (M,g) = (R x M, dt? + exp (2%) gﬁ)

° f(r=(1) = f1(t) + fa(2)

where 7, : R — M is the line with v,(0) = z that is orthogonal to M

> [Wylie, 17] : N € (—o0,1) = Direct product splitting
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Example (Splitting theorem)

Example ([Wylie, 17]).
o S"7!: (n — 1)-dim. standard sphere of constant curvature L
@ »:R—=R:C? bounded, ¢”: bounded

26(t)

Mg, = (R x Sp71 dt* + 6ﬁ9§2‘1> , fLeg=dom

Then
° Ric}w (D) =0

o L : sufficiently large — Ric}L’qs(v) >0, Volo
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Background (Geometric analysis on projectively equivalent affine connection)
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1-weighted Ricci curvature bound

1-weighted Ricci curvature bound ([Wylie-Yeroshkin, 16, preprint])

Ric} > (n— l)nef%g for ke R

& [ =0: unweighted case = Ric > (n — 1)kg
> [Wylie, 17]

» Cheeger-Gromoll splitting theorem (x = 0)
> [Wylie-Yeroshkin, 16, preprint]

» Bonnet-Myers theorem (x > 0)

» Cheng maximal diameter theorem (x > 0)

> Bishop-Gromov volume comparison theorem (x € R)
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Interpretation

@ V : Levi-Civita connection

e ac AY(M)

Weighted affine connection
VLY = VxY —a(X)Y — a(Y) X J

& V< : torsion free, affine, projectively equivalent to V

Interpretation }

Ric} >(n— 1)&6_%9 — “RicV" > (n— kg’
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Curvature tensor for weighted affine connection

Weighted affine connection

VLY :=VxY —a(X)Y —a(Y) X

° RV'(X,Y)Z :=V4V$Z —VVKZ = Vi 2
o Ric¥" (X,Y) := trace, [Z — RV (Z, X)Y]

Curvature tensor for weighted affine connection

df

n—1

oy = — Ricvaf = Ric}
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Geodesic for weighted affine connection

Weighted affine connection

VLY :=VxY —a(X)Y —a(Y) X J

reM, veUM
® 7, : [0,00) — M : geodesic with v,(0) =z, 7,(0) =v

_2f(vw (&)
n—1

® 5S¢y i (0,00 = [0,57,,(00)] 5 sf0(t) ::/ e de

0

© Yy [0,85,0(00)) = M 5 Ay =1 03;711,

Geodesic for weighted affine connection

d ~ .
ap =~ f T = 7, : V% -geodesic
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Interpretation

Weighted affine connection

VLY = VxY —a(X)Y — a(Y) X

@ v, : [0,00) — M : geodesic with v,(0) =z, v,(0) = v

2f (yw ()

@ St [0,00] — [O,wa(oo)] ; wa(t) ::/O e~ T e

© 3y 1 [0,57.0(00)) = M ; Fy:=7yy 055,

L VY e 1
& ap = dfl = {ﬁR:C V‘lfjgfe{;z];sic
Interpretation
Rich(7,(8) > (n— 1) re™ % = Rie” (§)() > (0 — 1) s J
S e U EEF I R e Ve



Related works (weighted sectional curvature)

e C™(M), X,YeTLM, X LY, | X[|=[Y]=1
Weighted sectional curvature ([Wylie, 15])
o sec (V) :=sec(X,Y) + V20(X, X)

o sacg (V) :=sec(X,Y) + V20(X, X) + (d® ® d®)(X, X)

& secy (V) = g(RV" (Y, X)X, Y)

> [Wylie, 15] : Radial curvature equation, Second variation formula,...

> [Kennard-Wylie, 17] : secg > 0, Secg > 0

> [Kennard-Wylie-Yeroshkin, 19] : secg > /fe_‘@, Secp < ke 4P
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Related works (generalized weighted affine connection)

a,beR, &eC>(M)
Generalized weighted affine connection ([Li-Xia, 17])
VY = VY — ad®(X)Y — ad®(Y) X — bg(X,Y)Vd }

6 P=0 = VP =V
0o a=—b = Vub®_ye g
oa=1,b=0 = Vb =y

Ve ®  Ae?®
- g
e~ ® e~ ®

0a=0b=1 — Ric¥"" = Ric—

> [Li-Xia, 17] : Bochner formula, Reilly formula for RicV"""
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Background (Interpolation)
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Question

Curvature-dimension condition J

Ric}v > Kg for K€R, N € [n,o0]

> [Sturm, 06], [Lott-Villani, 09] :

CD(K, N) for non-smooth metric measure space

Geometric analysis on projectively equivalent affine connection
Ric}z(n—l)ne_%g for k€ R J

> [Wylie-Yeroshkin, 16, preprint]

Question J

Can we study two curvature bounds in a unified way?7?
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First step

Curvature-dimension condition

Ric} > Kg for K €R, N € [n, oq]

> [Sturm, 06], [Lott-Villani, 09] :

CD(K, N) for non-smooth metric measure space

Geometric analysis on projectively equivalent affine connection

Ric} >(n— 1)%6_%g for k€ R

> [Wylie-Yeroshkin, 16, preprint]

First step

Ric}vz (n—N)ne_nAl—ing for k€R, N € (—o0,1]

> [Kuwae-Li, 21]
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Setting
N € (—o00,1] U [n, 0]

g-range
@eec=0for N =1

N -1 N -1 for N £ 1
@ £c€ — N—n’ m or #,'Il

eccRfor N=n

1 N —n
= 1—¢2
e n—l( 8N—1>

Setting ([Lu-Minguzzi-Ohta, 22])
Ric}v >t /ﬁe—4(flt:€1)fg for k€R, N € (—00,1]U [n, 0] }
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Special cases

Setting ([Lu-Minguzzi-Ohta, 22])

Ri N> -1 74(1—761)f f .
icy >c ke “n1 g for Kk ER, N € (~00,1]U[n, o0

Special cases
e Nenoo)ande=1(c=(N-1)"1) = Ric}v > (N —1)kg
e N=lande=0(c=(n—-1)"1)

= Ric} > (n— 1)%6_%9 ([Wylie-Yeroshkin, 16, preprint])

-1

—-n

@ Ne(—oo,1)and e = (c=(n-N)"1

= Ric]fv > (n— N)/ﬁe_%g ([Kuwae-Li, 21])

& CD(K, o) is not included
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Comparison geometry of manifolds without boundary
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Laplacian comparison
o Ay :=A+g(Vf, V) : weighted Laplacian

@ p.: M —R; p,:=d(,x): distance function

_ 2(1*5)1‘(1% (&)

® 5S¢y :[0,00] = [0,57,,(00)] 5 sf,0(t) ::/0 e

o 7(v) == sup{t > 0| pa(7, (1)) = £}

@ s5,(s) :sol. to ' (s) + k(s) =0 with ¢(0) =0 and ¢'(0) =1

Theorem.

For k € R, we assume

Ric}v >c ik e =Tt g
Then
sl (sfu(t)) _20-00i0uw)
A ) > L2 Lre n—1 for ¥Vt € (0,7(v
fp;v('Yv( )) sﬁ(sf,v(t)) ( ’ ( ))
> [Lu-Minguzzi-Ohta, 22]
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Rigidity of Laplacian comparison
Theorem ([Kuwae-Sakurai, 21]).
Assume that the equality in Laplacian comparison holds at to € (0,7(v))
o {Y,; ?:_11 : Jacobi fields along ~y, with'Y, ;(0) = 0, YU”Z.(O) = @y

o {E,; ?;11 : parallel vector fields along v, with E, ;(0) = e, ;
Then the following properties hold on [0, to]:

@ I/f N =n, then f is constant, and

Yvﬂ;<t) =5 74(;:51)f (t)Ev’i(t)

KR e

Q if N # 1,n, then

e=0, f(’yv(t)) = f((L'), Yu,i(t) =5 74(17157){(1) (t)Ev,i(t)

Ke

@ ifN =1, then

£20, Yoult)= exp (w) 6n(570(1)) Eos(2)

n—1
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Re-parametrized distance comparison

odf: MxM—R; ds(zx,y) :=inf

Y

Theorem ([Kuwae-Sakurai, 21]).

For k > 0, we assume

Then we have

. _ _40=9e)f
Rlc}VZC lge ~m1 g

sup dg(z,y) <
x,yeM

S

Uey) aacorae)
e n—1 dg
0

Here inf. is taken over all min. geod. v :[0,d(z,y)] = M from x to y

4d—e)f

& gri=e w1 g = dy(z,y) < df(z,y)
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Maximal diameter theorem

Theorem ([Kuwae-Sakurai, 21]).

For k > 0, we assume
. _ _4Q-9o)f
RlecV >clge nd g

Then we have
™

Jr

Moreover, if the equality holds for some z,y € M, then

diam, y M <

@ If N =n, then f is constant, and M is isometric to a sphere with constant
_4(1—e)f
curvature Kk e n—1

Q@ ifN # 1,n, thene =0, f is constant, and M is isometric to a sphere with
af
constant curvature ke n-1

Q@ ifN =1, thene =0, f is radial, and M is homeomorphic to a sphere, and

f((t) +f($)> >

—1 S5 (87,0(t)) gsn—

g = dt* + exp (2
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Maximal diameter theorem with bounded density

Theorem ([Kuwae-Sakurai, 21]).

For k > 0 and § € R, we assume

Ric}v >c ! e g, (1—g)f<(n—-1)%

Then

s

V ke—46

diam M <

Moreover, if the equality holds, then

Q@ IfN =n, then (1 —¢)f = (n—1)d, and M is isometric to a sphere of
constant curvature ke~

Q@ ifN #mn, thene =0, f = (n— 1), and M is isometric to a sphere of
constant curvature ke~ %9
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Absolute volume comparison

@ By,(z) ={yeM|di(z,y)<r}

_2(1-e)f

o m:=e¢e¢ n=1"m
min{r,7/\/k} .

0 5. [ s (€ de
0

Theorem ([Kuwae-Sakurai, 21]).

For k € R, we assume

Ric}v >clhe T n T g, c=(n—1)"
Then
m(Byf,(x)) < wp—1Sk(r) for Yr >0

Here wy,_1 Is the volume of the (n — 1)-dimensional unit sphere
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Relative volume comparison

Theorem ([Kuwae-Sakurai, 21]).

For k € R, we assume

(A=e)f
Ric}v >t nei4 = g
Then = E
mBra@)  SulB) oy g
m(Byr(z)) ~ Su(r) B
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Rigidity of volume comparison

Theorem ([Kuwae-Sakurai, 21]).

For k < 0, we assume

. _ _4Q-9o)f _
Rlc}VZC lkem™m1 g, c=m-1)""

" (By,r(x))
. m(bLy (T

1 L C i /&
r—:I-‘,I-loo Sn T)

then M is diffeomorphic to R™, and
@ If N =n, then f is constant, and g = dt*> +5  aa—cr (t) gsn—1
1

K e w=

Z Wn—1,

Q if N#1,n, thene =0, f is constant, and g = dt* +s __as_(t) ggn—1
Q@ ifN =1, thene =0, and

)i 4 exp <2f(%(t)) + ()

n—1

) 62 (s7.0(1))gsns
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Comparison geometry of manifolds with boundary
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Setting

@ z € OM, u, : unit inner normal vector

@ Hy,:=H,+ g(Vf,u,) : weighted mean curvature

Setting ([Kuwae-Sakurai, 20, preprint])
kA €ER, N € (—o0,1] U [n, o0

. _ _4d=9o)f _
Rlc}VZC Lge ~m1 g, Hpom >c e

_20—-9)f
n—1

Special cases
> [Heintze-Karcher, 78], [Kasue, 83, 84] : unweighted

e Nen,o0)ande=1(c=(N—-1)71)
= Ric} > (N —1)kg, Hyom > (N —1)X ([Sakurai, 19])
e Ne(—oo,1]ande=0(c=(n—1)"1)

4f

= Ric]fv > (n—1)ke 71g, Hjfpan > (n— 1))\6_"sz1 ([Sakurai, 20])

v
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Laplacian comparison
@ por : M — R popr = d(-,0M) : distance function
@ v, :[0,T] = M : geodesic with v,(0) = z, v.(0) = u,
t i
o 5720 [0,T] = [0,87.(T)] 5 s7.(t) = / e R g
0
o 7(z) :=sup{t > 0| pan(7:(t)) = t}
@ 5, (s) : sol. to ¥"(s) + k(s) = 0 with (0) =1 and ¢'(0) = -\

Theorem ([Kuwae-Sakurai, 20, preprint]).
For k, A € R, we assume

. _ _4Q-9o)f _ _20-9)f
Rlcﬁcv >c ke 1 g, Hpom >c e 7n1

Then

5’ S t . ;
Agppor(v:(t) 2 _M - B

§H7A(Sf’z(t)) for vt € (O7T(Z))
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Rigidity of Laplacian comparison

Theorem ([Kuwae-Sakurai, 20, preprint]).
Assume that the equality in Laplacian comparison holds at to € (0,7(z))
o {V.:}!=\' : Jacobi fields along ~y. with Y. ;(0) = e.;, Y/ ;(0) = —Ay_ €.
° {Ez7i};‘:_11 : parallel vector fields along ~, with E, ;(0) = e, ;
Then the following properties hold on [0, to]:
@ I/f N =n, then f is constant, and
Y.i(t)=s AGoos | 2007 (t)E.,q(t)

K e
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Rigidity of Laplacian comparison

Theorem ([Kuwae-Sakurai, 20, preprint]).

Assume that the equality in Laplacian comparison holds at to € (0,7(z))
o {YV,,; ?:_11 : Jacobi fields along v, with'Y_ ;(0) = e.;, Y] ,(0) = —A,_e.;
° {Ez,i}?zfll : parallel vector fields along ~, with E, ;(0) = e,

Then the following properties hold on [0, t]:
Q@ IfN #1,n, then

(=) = f(2) — ¢

Ytz,i (t) = 5% (1_8 N ) (Sf,z (t))Ez,i(t)

Q@ ifN =1, then

n—1

Fofl V) —em <M) s (572(8)) Eoa(t)
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Splitting theorem

Theorem ([Kuwae-Sakurai, 20, preprint]).
Let Kk <0 and X := \/m We assume

. _ _4Q-9o)f _ _20-9)f
Rlc}V >c ke T g, Hpom >c e Tn1

Suppose that (1 — ¢) f is bounded from above. If T(zp) = oo for some zy € OM,
then M s diffeomorphic to [0, 00) x OM, and

Q If N #1,n, then for any z € OM

Fe(8)) = F(2) — e Toga(57,-(1):
g=dt + 55N (0 ) gous

Q@ if N =1, then

e=0, g=dt’+exp (2w> sz \(57,2(t)) gonr-
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Model spaces

Model spaces

Kk, A€ R, M :n-dim. space form with constant curvature s

%, A € R : ball-condition <= 3B}, C M? : closed ball with Hopr , = (n— 1A

e k<0 (A>+/|x|) e k>0 (AeR)
R™ or H"(k) S™(1//k)
B2\ B A ;

Yohei Sakurai (Saitama University) Weighted Ricci curvature 41 /60



Maximal inscribed radius theorem

Theorem ([Kuwae-Sakurai, 20, preprint]).

Let k and X satisfy the ball-condition. We assume

. _ _4Qa=e)f _
Rlcgchc Lge  —nt g, Hpom >c e

_2(-9)f
n—1
Then we have
InRady, M < Cix

If p3(x0) = Cy.x for some xg € M, then M is diffeomorphic to a closed ball
centered at xqy, and

Q@ If N # 1,n, then f is constant, and
e=0, qg= dt2 +52 _ ap (t)g§n71

@ if N =1, then f is radial with respect to xq, and

I00)+ )

e=0, g=dt*+exp <2 — w(sp,0(t))gsn—1
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Maximal inscribed radius theorem with bounded density

Theorem ([Kuwae-Sakurai, 20, preprint]).
Let k and X satisfy the ball-condition. We assume

4(1—e)f 21—¢e)f
Ric;v >clre w1 g, Hyom > e T, (1 —e)f<(n-1)0

for 5 € R. Then we have
InRad M < C; 15 y 26

If pont(x0) = Oy e—16 ) o—25 for some xg € M, then (1 —¢)f = (n —1)6 and
Q I/f N =n, then M is isometric to B} .5 , ,—2s
Q@ if N #mn, thene =0, and M is isometric to By _i5 25
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Absolute volume comparison

pam ()

® pom,f: M =R pomg(x) = zé%t;w ; e

_20=9)f(v2(£)
n—1

dg
Here inf. is taken over all foot points z € IM of z (i.e., pan(x) = d(z, 2))

o By, (OM) = {x € M| pors,(a) <1}

s

min{r,Cy } .
0 Sualr)i= [ oA (e
0

Theorem ([Kuwae-Sakurai, 20, preprint]).
For k, A € R, we assume

_4Q=e)f M

Ric}vzc_lne =1 g, HﬁaMZc_l)\e* =
Let OM be compact. Then

m (Bf(0M)) < Spa(r) manr(OM) for Vr >0
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Relative volume comparison

Theorem ([Kuwae-Sakurai, 20, preprint]).

For k, A € R, we assume

. . _4aQ-eo)f _ _20—9)f
RlecVZC Lge ~n1 g9, Hpom >c I e™ "=t

Let OM be compact. Then

m(By r(OM)) - Sk (R)
- 8,.;7)\(’1“)

for Vr < VR
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Rigidity of volume comparison

Theorem ([Kuwae-Sakurai, 20, preprint]).
Assume that k and \ do not satisfy the ball-condition. Let OM be compact. If

lim inf —V(Bf’r (ET))

>
r—00 S,i’)\ (T) =l (3M)7

then M is diffeomorphic to [0,00) x OM, and
Q@ ifN # 1,n, then

FO(0) = F(2) — e log s a (57,2 (1),
g = dt? +52,ZA%1(1_6 %:?)(Sf,z(t))gaM

Q@ if N =1, then

e=0, g=dt’+exp (2W> sex(51,2(1) gonr
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Dirichlet Eigenvalue comparison

VP d
o vy (M) = o Ju IVelPdm
pewdr(Mmn(o} [y [Y[Pdm
Theorem ([Kuwae-Sakurai, 20, preprint]).
Let p € (1,00). Let k and X satisfy the ball-condition, and A\ > 0. Assume

(-o)f (-o)f
Ric}v > lge "5 g9, Hyom > e rem T , I=-ef<(n-1)9

for § € R. Let M be compact. Then

Vin,p(M) 2 vp(Bie-15 se-25)

If the equality holds, then (1 —¢e)f = (n—1)d on M, and
Q /f N =n, then M is isometric to B _.s \ ,—2s
@ iIf N #n, thene =0, and M is isometric to B _.s \ ,_2s
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Spectrum rigidity

Theorem ([Kuwae-Sakurai, 20, preprint]).

Let p € (1,00). Let k <0 and X := \/|k|. Assume

4(1—e)f 21—¢e)f
Ricjcv >clre w1 g, Hyom > e T, (1 —e)f<(n—-1)0

for ) € R. Let OM be compact. Then

=1l p
)22 (52)

If the equality holds, then M is diffeomorphic to [0,00) x OM, and
Q IfN #1,n, then

N —n

FOR(0) = £(2) — eqr—rc og e (57,:())

—1 N—
c n
=t (1—6

2
g:dtz-i-ﬁm)\ N_l)(Sﬁz(t))gaM
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Spectrum rigidity

Theorem ([Kuwae-Sakurai, 20, preprint]).
Let p € (1,00). Let k <0 and X := \/|k|. Assume

4(1—e)f 2(1—¢e)f
Ricjcv >clre w1 g, Hyom > e T, (1 —e)f<(n—-1)0

for ) € R. Let OM be compact. Then
—1y\ P
)22 (52)

If the equality holds, then M is diffeomorphic to [0,00) x OM, and
Q@ /fN =1, then

e=0, g=di’+exp (2w> sz A (5£,2(t)) gom
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Characterization via optimal transport theory
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Wasserstein space

@ P(M) : the set of all Borel probability measures on M

o m€ P(M x M) : coupling of (u1,)
= (X xM)=pX), (M x X)=v(X), VX CM: Borel

o II(p,v) : the set of all coupling of (u,v)

Py(M) := {u € P(M) ‘ w9 € M ; /M d(x,20)* du(z) < oo}

w, v € Py(M)

IS

Wa(p,v) :==  inf / d(x,y)*dn(z,y) | : Wasserstein distance
m€ll(p,v) MxM

o Py(M) := (P2(M),Ws) : Wasserstein space

o 7 € II(p,v) : optimal coupling of (i, ) :<= 7 attains the infimum
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Entropy

@ DC : the set of all U : [0,00) — R : continuous, convex, U(0) = 0 s.t.

wu(r) = rctlU(r’icl) : convex

e U=H = H,, :=U, : Rényi entropy
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Twisted coefficient

) L@y 200500
e tel0,1], dfy: M xM—=R; df(z,y) :=inf e =T dE,
7 Jo
Here inf. is taken over all min. geod. v : [0,d(z,y)] — M from x to y

& t=1 = dfi(z,y) = d¢(z,y) (Bonnet-Myers type theorem holds for d)
& t#0,1 = dyi(x,y) # dsi(y, x) in general

Twisted coefficient ([Kuwae-Sakurai, 20, preprint])

sn<df,t<m,y>>>“

Br.st(@,y) = (ts,&df(% Y))
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Twisted curvature-dimension condition

Definition ([Kuwae-Sakurai, 20, preprint]).
(M,d,m) : Twisted curvature-dimension condition TwCD(k, N, ¢) <=
Vi = pim € P3¢(M) (i =0,1),

B po(IL') Bn,f,l—t(yax) (x
Un(pe) < (1=1) /MxMU <Bm,f,1—t(y7x)> po(x) il

p1(y) Brsi(@y)
* t/MxM v <5n,f,t(33ay)> Pl(y) dr(,y)

for YU € DC, Vt € (0,1), where
@ 7 : unique optimal coupling of (g, 11)

® (f1¢)tefo,1) + unique minimal geodesic in Py(M) from pg to iy

> [Lott-Villani, 09] : N € [n,00), e =1 CD((NV — 1)k, N) = TwCD(k, N, 1)
> [Sakurai, 20] : N =1, e =0
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Relaxed twisted curvature-dimension condition

Definition ([Kuwae-Sakurai, 20, preprint]).
(M,d, m) : Relaxed twisted curv.-dim. condition TwCD,¢(k, N, &) <=
Vi = pim € Py¢(M) (i =0,1),

() < (1— 1) /MXMH( po(x) ) Brsa-t(y, x) dn(, )

B, f1—t(y, ) po(x)
1 (y) 5n,f,t(xay) -
”/MxMH(m,f,m,y)) only) oY)

for ¥t € (0,1), where

@ 7 : unique optimal coupling of (g, 11)

® (f1¢)tefo,1) + unique minimal geodesic in Py(M) from pg to iy

> [Sturm, 06] : N € [n,0), e =1 CD((N —1)k,N) = TwCD(k, N, 1)
> [Sakurai, 20] : N =1, e =0
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Characterization via optimal transport theory

Theorem ([Kuwae-Sakurai, 20, preprint]).
Assume that if N # 1,n, then € # 0. TFAE:

. _ _A0-o)f
oRlc}ch lke  "n1 g

e (M,d,m): TwCD(x, N,¢)

o (M,d,m) : TwCDye(k, N,e€)

> [Sturm, 06], [Lott-Villani, 09] : N € [n,00), e =1
> [Sakurai, 20] : N=1, e =0
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Prékopa-Leindler inequality
ote|0,1], X,y c M

Zy(X,Y):={y(®#) | v:[0,1] = M st. v(0) e X, v(1) € Y}

Corollary ([Kuwae-Sakurai, 20, preprint]).
@ Y, : M — [0,00) (i =0,1)
e X,Y : bounded, supp [¢o] C X, supp [¢)1] C Y
Fort € (0,1), we assume that V(z,y) € X XY and Vz € Z;({z},{y}),

= () (Y
- ﬂn,f,l—t(yax) ﬂfc,f,t(xay)
For k € R, if Ric}V > ! ne_4(111:€1)fg, then

fosam ([ wam) ™ ([, 3rém)
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Borel-Brascamp-Lieb inequality

Corollary ([Kuwae-Sakurai, 20, preprint]).
® Y, : M — [0,00) (i =0,1)
e X,Y : bounded, supp [1g] C X, supp [¢)1] C Y
We suppose [, vodm = [,,¥1dm =1
Fort € (0,1), we assume that V(z,y) € X x Y and Vz € Z;({z},{y}),

. Yo(z) \ T Yily) T
Y(2)" T < 1—t<— 4t
( ) ( ) 6m,f71—t(y7x) IBmf,t(may)
For k € R, if Ricﬁc\’ >clge 4(:;51”9, then
/ Pdm > 1
M
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Brunn-Minkowski inequality

Corollary ([Kuwae-Sakurai, 20, preprint]).
Let X, Y C M denote two bounded Borel subsets with m(X),m(Y) € (0, 00)

(-0
For s € R, if Ric} > ¢ ke TaeT fg, then Vt € (0,1)

@

+

1

m(Ze ) 2 (=0 (|l Bugani(n)e

) mx):

z,y)EX XY

#t( L B ) my) e
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Summary

Setting ([Lu-Minguzzi-Ohta, 22])

(-e)
Ric}v > c_lme_%—lfg for Kk €eR, N € (—00,1]U [n, 0]

> [Lu-Minguzzi-Ohta, 22], [Kuwae-Sakurai, 21] :

Comparison geometry of manifolds without boundary

> [Kuwae-Sakurai, 20, preprint] :

Comparison geometry of manifolds with boundary
> [Kuwae-Sakurai, 20, preprint] : Characterization via optimal transport theory

Thank you for your attention!!!
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