
Introduction Transformation models Case M = G and Euler-Poincaré equation Conclusion and perspectives References
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§1. Introduction
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Information geometry and Hamiltonian systems 1

Some brief overview about information geometry and
Hamiltonian systems:

The Fisher-Rao metric, which may go back to early work
by Fréchet [F], and the Amari-Chentsov cubic tensor have
brought important differential-geometric studies in
information geometry. See e.g. [A, AJLS].

For dually flat manifolds, which can be formulated also as
the Hessian geometry initiated by Koszul [K], the
α-geodesics play a very important role, as pointed out by
Amari.

Nakamura studied the relations between information
geometry and completely integrable Hamiltonian systems
e.g. in [Na1, Na2, Na3].
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Fisher-Rao metric and Amari-Chentsov tensor

M : manifold of samples, U : manifold of parameters,
ρ : U ×M → R: family of probability density functions
The Fisher-Rao metric is the (semi-definite) metric∑
i ,j

gijdu
i ⊗ duj on U ((u1, . . . , un): local coordinates), where

gij = E

[
∂ log ρ

∂ui
∂ log ρ

∂uj

]
=

∫
M

∂ log ρ(u, x)

∂ui
∂ log ρ(u, x)

∂uj
ρ(u, x)dvolM(x).

⇝ cf. Cramer-Rao Theorem
The Amari-Chentsov tensor is the cubic tensor∑
i ,j ,k

cijkdu
i ⊗ duj ⊗ duk on U , where

cijk = E

[
∂ log ρ

∂ui
∂ log ρ

∂uj
∂ log ρ

∂uk

]
=

∫
M

∂ log ρ(u, x)

∂ui
∂ log ρ(u, x)

∂uj
∂ log ρ

∂uk
ρ(u, x)dvolM(x).

⇝ cf. α-connections and dually flat structures.
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Hamiltonian systems

(N , ω): symplectic manifold, i.e. ω: non-deg. closed two-form
on N .
For a Hamiltonian H ∈ C∞(N), the Hamiltonian vector field
ΞH is defined through ιΞH

= −dH .
Poisson bracket {·, ·} is defined through
{F ,G} = −ΞF (G ) = −ω (ΞF ,ΞG ), where F ,G ∈ C∞ (M).

More generally, Hamiltonian vector field can be considered for
(N , {·, ·}): Poisson manifold.
For a Hamiltonian H ∈ C∞(N), the Hamiltonian vector field
ΞH is defined through {H ,F} = −ΞH (F ), F ∈ C∞(N).
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Information geometry and Hamiltonian systems 2

The aim of the present talk:

Hamiltonian systems would bring further interesting
perspectives in information geometry. We further
investigate the relation between information geometry
and Hamiltonian (perhaps completely integrable) systems.

We focus on the transformation models considered by
Barndorff-Nielsen and his collaborators [BBE]. (See also
the earlier works by Casalis [C1, C2] and the textbook by
Amari and Nagaoka [AN].) The models give rise to
Hamiltonian systems over Lie groups about which many
interesting aspects may be discovered.
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Information geometry and Hamiltonian systems 3

Plan of the present talk:

§2 The general framework of transformation models is
explained.

§3 A specific case with the sample space being the Lie
groups is considered.
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§2. Transformation models
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statistical transformation model

M : smooth manifold of samples, G : Lie group acting
smoothly on M from the left:

G ×M ∋ (g , x) 7→ g · x ∈ M .

dvolM : invariant volume element on M w.r.t. the group action.
Consider probability density functions ρ : G ×M → R on M
parameterized by elements in G :

∀g ∈ G ,

∫
M

ρ(g , x)dvolM(x) = 1.

Assume

∀(g , x) ∈ G ×M , ρ(g , x) > 0;

∀g , h ∈ G ,∀x ∈ M , ρ(g · h, x) = ρ(g , h · x).
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Expectation of random variables

For f ∈ C∞(M), consider the expectation w.r.t. ρ:

E [f ] :=

∫
M

f (x)ρ(g , x)dvolM(x)

which is a smooth function in g ∈ G . Note that E [1] = 1.

g: Lie alg. of G . For X ∈ g, we consider the induced vector
field XM on M which satisfies, at g ∈ G , x ∈ M ,

XM
x [ρ(g , x)] = −X (L)

g [ρ(g , x)],

where X
(L)
g : left-invariant vector field on G induced by X ∈ g

evaluated at g ∈ G .
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Fisher-Rao semi-definite metric 1

We have
E
[
XM [log ρ]

]
= 0,

and

E
[
XM [log ρ] · YM [log ρ]

]
= −E

[
XM

[
YM [log ρ]

]]
=

∫
M

XM
x [log ρ(g , x)]YM

x [log ρ(g , x)] ρ(g , x)dvolM(x)

is constant w.r.t. g ∈ G .

Definition

For X ,Y ∈ g, the Fisher-Rao bilinear form on g for the
probability density functions ρ is defined through

⟨X ,Y ⟩ = E
[
XM [log ρ]YM [log ρ]

]
= −E

[
XM

[
YM [log ρ]

]]
.
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Fisher-Rao semi-definite metric 2

Definition

The corresponding left-invariant (0, 2)-tensor ⟨·, ·⟩ on G is
called Fisher-Rao semi-definite metric w.r.t. the
probability density functions ρ.

Note that Fisher-Rao metric is not necessarily definite.

Definition

The left-invariant (0, 3)-tensor

C (X ,Y ,Z ) = E
[
XM
x [log ρ] · YM

x [log ρ] · ZM
x [log ρ]

]
=

∫
M

XM
x [logρ(g , x)] · YM

x [logρ(g , x)] · ZM
x [logρ(g , x)]ρ(g , x)dvolM(x)

is called Amari-Chentsov cubic tensor.



Introduction Transformation models Case M = G and Euler-Poincaré equation Conclusion and perspectives References

Fisher-Rao semi-definite metric 3

Assume that, for a Lie subgroup H ⊂ G with Lie(H) = h, we
have the direct sum decomposition g = m+̇h and that the
Fisher-Rao bilinear form ⟨·, ·⟩ is definite on m.

If H is compact, G/H is reductive in the sense of Nomizu [No]
and Fisher-Rao bilinear form ⟨·, ·⟩ induces a G -inv.
Riemannian metric on G/H . By [No, Theorem 13.1], the
Levi-Civita connection ∇ on (G/H , ⟨·, ·⟩) is given as

∇XY =
1

2
[X ,Y ]m + U(X ,Y ),

⟨U(X ,Y ),Z ⟩ = 1

2
(⟨[X ,Z ]m,Y ⟩+ ⟨X , [Y ,Z ]m⟩) ,

where X ,Y ,Z ∈ m, Wm: the m-component of W ∈ g.
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Remarks

In the next section, we discuss a specific example for which the
Fisher-Rao semi-definite metric on G induces the definite
metric on G/H for a compact semi-simple Lie group G and a
Cartan subgroup H ⊂ G with a concrete family of probability
density functions ρ.

The α-connection ∇(α) is defined through

⟨∇(α)
X Y ,Z ⟩ = ⟨∇XY ,Z ⟩ − α

2
C (X ,Y ,Z ),

where X ,Y ,Z ∈ m.
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§3. Case M = G and Euler-Poincaré equation
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Case M = G

Assumption: M = G : compact semi-simple with the Killing
form κ, dvolG : Haar measure, h ⊂ g: Cartan subalgebra.

Taking into account the cost function considered in [BBR] to
describe the generalized Toda lattice equations in double
bracket form, consider the probability density functions

ρ(g , h) := c ·exp (F (gh)) , where∀θ ∈ G ,F (θ) = κ (Q,AdθN) ,

where Q,N ∈ g: fixed elements.
(c : normalization constant s.t.

∫
G
ρ(g , h)dvolG (h) = 1.)

We have
⟨X ,Y ⟩ = −c · κ ([X ,Q] , [Y ,N ′]) ,

where N ′ = c ·
∫
G
AdhN exp(κ(Q,AdhN))dvolG (h).

We assume Q,N ′ ∈ h.
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Motivation: the generalized Toda lattice 1

On the normal(split) real form gn of complex semi-simple Lie
algebra, the generalized Toda lattice equation is described as

Ȧ = [A,B],

where A =
r∑

j=1

bjhj +
r∑

j=1

aj
(
eαj

+ e−αj

)
,

B =
∑r

j=1 aj
(
eαj

− e−αj

)
, aj > 0. Here,

{hj , eα | j = 1, · · · , r , α ∈ ∆} is a Chevalley basis and
h1, . . . , hr are the simple roots.
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Motivation: the generalized Toda lattice 2

By [BBR], it is shown that the generalized Toda lattice
equation is equivalent to the double bracket equation

L̇ = [L, [L,N]],

when they are restricted to a special orbits. Here,

L =
r∑

j=1

√
−1bjhj +

r∑
j=1

√
−1aj

(
eαj

+ e−αj

)
.

In fact, the double bracket equation is nothing but the
gradient flow for the function F (θ) = κ (Q,AdθN), where N
is in the orbit.
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Euler-Poincaré equation

For the Cartan subgroup H ⊂ G s.t. Lie(H) = h, the
Fisher-Rao bilinear form ⟨·, ·⟩ is invariant w.r.t. AdH and
induces Fisher-Rao Riemannian metric on O = G/H .
The geodesic equation can be formulated through
Euler-Poincaré reduction w.r.t. the Lagrangian function

L(X ) :=
1

2
⟨X ,X ⟩ = −cκ ([X ,Q], [X ,N ′]) , X ∈ g,

regarded as a left-invariant function on TG ∼= G × g.

Theorem

The Euler-Poincaré equation for the geodesic flow w.r.t. the
above Fisher-Rao Riemannian metric is given as

d

dt
[[X ,Q] ,N ′] = [X , [[X ,Q] ,N ′]] . (1)
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Euler-Poincaré reduction 1

We consider the tangent bundle TG to the Lie group G and a
left-invariant Lagrangian L̃ on TG .

Through the left-translation Lg : G ∋ a 7→ ga ∈ G , we have
the left-trivialization of the tangent bundle:

TG ∋ (g , vg ) →
(
g , (dLg )

−1 vg
)
∈ G × g, where vg ∈ TgG .

The Lagrangian L̃ induces a function L on g:

L̃ (g , vg ) = L
(
(dLg )

−1 vg
)
.
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Euler-Poincaré reduction 2

Theorem (Euler-Poincaré reduction)

For a smooth curve I ∋ t 7→ g(t) ∈ G, the followings are
equivalent:

1 g(t) solves the Euler-Lagrange equation
d

dt

(
∂L

∂ġ
(g(t), ġ(t))

)
=

∂L

∂g
(g(t), ġ(t)).

2 g(t) is a critical point of the variation

δ
∫
I
L̃ (g(t), ġ(t)) dt = 0 with fixed end points.

3 v(t) = (dLg )
−1 ġ(t) ∈ g solves the Euler-Poincaré

equation
d

dt

∂L

∂v
= ad∗

v

∂L

∂v
.

Here,
∂L

∂v
(v) ∈ g∗ is the differential of L at v ∈ g.



Introduction Transformation models Case M = G and Euler-Poincaré equation Conclusion and perspectives References

Observations

Note that the Lagrangian L is invariant w.r.t. the right-action
by H and the vector field [X , [[X ,Q] ,N ′]] in (1) can be
restricted to m. On m, the Euler-Poincaré equation (1) can
also be written as

dX

dt
= ad−1

Q ◦ ad−1
N′ ([X , [[X ,Q] ,N ′]]) .

The right-hand-side coincides with ∇XX in §2. Thus, the
Euler-Poincaré equation (1) can be restricted to O = G/H and
it coincides with (the tangential part of) the geodesic equation
on O = G/H w.r.t. the Fisher-Rao Riemannian metric.
Although Theorem is formulated as a Lagrangian system, we
can easily formulate the system in the Hamiltonian framework,
as TG and T ∗G are identified through the Killing form κ.
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Lie-Poisson equation

The geodesic flow can also be formulated in the Lie-Poisson
formalism. We identify the Lie algebra g and its dual g∗

through the Killing form and take the Hamiltonian

H(X ) :=
1

2c
κ
(
Xm, ad

−1
Q ◦ ad−1

N′ Xm

)
.

Here, Xm ∈ m is the m-component of X .

Theorem

The Lie-Poisson equation for the geodesic flow w.r.t. the
above Fisher-Rao Riemannian metric is given as

dX

dt
=

1

c
·
[
X , ad−1

Q ◦ ad−1
N′ Xm

]
.
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Reduction to T ∗ (G/H)

We consider the action of the Cartan subgroup H ⊂ G on
T ∗G from right:

H ↷ T ∗G
left∼= G×g∗ ∋ (g , ξ)⇝

(
gh−1,Ad∗

h−1ξ
)
∈ G×g∗

left∼= T ∗G .

The momentum mapping for the H-action is given by

Φ : T ∗G
left∼= G × g∗ ∋ (g , ξ) 7→ ξh ∈ h∗. Applying

Marsden-Weinstein reduction to the momentum manifold
Φ−1(0), we have the Hamiltonian system on
Φ−1(0)/H ∼= T ∗ (G/H) with the canonical symplectic
structure and the Hamiltonian H0.
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Remark on Mishchenko-Fomenko geodesic flow

On a semi-simple Lie group G whose Lie algebra g,
Mishchenko and Fomenko [MF] have introduced a class of
left-invariant metrics whose geodesic flows are completely
integrable.
The Lie-Poisson equation for this geodesic flow is described as
follows:

dX

dt
= [X , ϕa,b,D(X )] , X ∈ g.

Here, a, b are regular elements in a fixed Cartan subalgebra
h ⊂ g and the operator ϕa,b,D : g → g is given as
ϕa,b,D(X ) = adb ◦ ad−1

a (Xm) + D(Xh), X = Xm + Xh,
Xm ∈ m = h⊥κ , Xh ∈ h, D : h → h: κ-symmetric operator.
There are many researches on this system. See e.g. [RT].
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Remark from the sub-Riemannian point of view

The κ-complement m ⊂ g to the Cartan subalgebra h ⊂ g
gives rise to a left-invariant (bracket-generating)
sub-Riemannian structure because of the relation [m,m] = h.
The Fisher-Rao semi-definite metric ⟨·, ·⟩ then induces a
sub-Riemannian metric w.r.t. this sub-Riemannian structure.
The Euler-Poincaré (or equivalently Lie-Poisson) equation is
describing the flow for the normal geodesics for this
sub-Riemannian metric.
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Example on SO(3)

If M = G = SO(3), set X =

 0 −x3 x2
x3 0 −x1
−x2 x1 0

,

Q = q

0 −1 0
1 0 0
0 0 0

, N ′ = n′

0 −1 0
1 0 0
0 0 0

.

The Fisher-Rao metric is definite on S2 = SO(3)/H with
H ∼= SO(2) being the rotations around x3-axis.
Then, the Euler-Poincaré equation (1) is given as

ẋ1 = 1
cqn′

x2x3,

ẋ2 = − 1
cqn′

x3x1,

ẋ3 = 0,

which is the Euler(-Arnol’d) equation for a symmetric free
rigid body. (This is an integrable system.)
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Conclusion

The talk is briefly summarized as follows:

In §2, we have reviewed the general framework of
transformation models.

In §3, we have considered a concrete family of probability
density functions in association with the cost function F
earlier studied in [BBR] to investigate the generalized
Toda lattice equation expressed as the gradient flow by
the Brockett double bracket equation. We have rather
considered the information geometry in relation to the
probability density functions arising from the same
function.
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Perspectives

Some of the perspectives of Euler-Poincaré equation (1) are as
follows:

The Euler-Poincaré equation (1) is similar to the Brockett
double bracket equation discussed e.g. in [BBR] and to
Euler-Arnol’d equation for generalized free rigid body
dynamics studied e.g. in [MF]. The integrability of (1)
should be considered.

The stability of equilibria for (1) should be investigated.

Comparison of the geodesic flow (1) with the Souriau’s
thermodynamical formulation of information geometry
and the associated Euler-Poincaré equations in [BG, M].
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échantillons, Rev. Int. Statist. 11, 182-205, 1943.

[I] H. Ishi, Special Issue “Affine differential geometry and Hesse geometry: a tribute
and memorial to Jean-Louis Koszul,” Info. Geo. 2021.

[K] J.-L. Koszul, Domaines bornés homogènes et orbites de groupes de
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