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§1 What is the Yamabe How?

Notation
. M N-dim vn?cl (without bothawy)
* sl () ¢ the salar cwlature of Riem. met. § op M.

We. consider +he ﬁollowihcé Faml:o\:c PDE :

3 de =~ a0 g, (WYF)

” \( 1Y) In this +alk \
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unnovmal Z?,A fase T2 Q \(ama\be Hew ¢ = UYF /
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§11. When Mis Compact. -+--

: \on3 time, eX. and uni&uehess are OK . «—— Hamilton (1189)

* Cohvey ‘_l

t
Jence ez, 1. to a const. seal. met. is QK.
L (in many cases>

/
HoWCVﬁY, i{' Mis hohcompact , these do hot hold in gehem,Q.

Ye (%), Schwetlich - Struwe (2003 ), Brendle (2007

/

§12 Noh(,ompa(_t_ case o Assume, M s noncorn?act.

1] Short time ex. 1« OK 2 —= No! n 3enem,Q.
But vees [Mq-/{n 1999y : 14 (M, 9. s wmr!¢T€7 LCF and Kic 2-C,

then the short #ime ex. is OK.

Man7/ other sufficient condition
for the short +ime ex. are also known.



E Unigueness  is ok ¢ —— No! general.

For emmY\e--n There exist 'm%'mife.ly many Yoo ke Loy

Stoxt‘mg '?'Yom 3“7\2 oh 87'(1') .’JF“‘\ "

S e
\I»./'

(See Cﬂesanl‘oFFm% (201 for more, interes ting phenomena. )

@ Lohg time Sol. ? S, NO‘, n geheYa./Q,

Dask&\oFou{oS T k'mg-— Sesum (2013 b gave, an Qxamt?le_.

§2. Motivation and Main vesult

Comrlete_ness 15 imPortamt. when we swd7 hOHCFt. Riem. mfd.

So, we checked the exiStence of YF ﬁqvin; the follow;ng properties.

/lssume that A Te(oyx] «t. j

p s Comg,e‘te for Vtelo,T)

Then, the situation is devided into «--- 1
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(1) 'Hew blows up at some T (>T)—\4§Z/

'(”) ‘Flow exists 'ﬁO\* ohg +ime. ,
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(D P tl'arpojt exists  and it's incomp.
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Main Yvesult

Mi= RN ol (n23) , fix HE < n < he?

2
s 5
Yaldam (i dufila g® where m:= —hr;% € (0,19,

ks
Joi= (e 3(&" o eoch J¢ is

Com¥\€.«t€ '?DY VtE [0,°°)
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Thm_ ( Takahashi =Y. 2021 )
There RXiStS a lsnj +ime Solw\-{on Htlxte[o e O'F Yamalye,

FHow Starting from 3, on M. And the sol. is anig ue,

L Moreovav, 3*( ey jRn y So the \imit 18 ihComFle’re.

We. called this phenomenon the “ infinite ~ ¥ime incompleteness”,
) &As]«mt:t. Con'nca,Q end.

t2 o '/7

L]

N s
D/AS/"’- Eyc. end




§3.  The proof

We have, +the ‘[Zouowihj CoWﬁ%foy’dehCQ— ( "'e 9, is ComcolfmwQ to q

—

7)),

scalar flar mestric

'Tke, SOluﬂon o@ The, So{uﬂoh 012
s -sltyy ;%u=&(w)\
J(y0) = 9, % UleroY= Y, me= 2

n+2

€. v PM,VQ]/ PDE I.

4
j:: uhﬂj t ‘
So, 14’8 ehouofgl'\ 10 Solve. the Hjht $and sid
Kem P}—oving the exsten ce and unizueness iS hot Cumc&eht,
e 4
We Skould 36\7’ +)“>at ﬁt:= uthnjmh is Comfz[&f{‘

\;('_]"7\ (1zl=0)

A su\e(ziuent wnditon s Uy == { 1 Clxl=D») .



The Strateqy r’ Then, we get two solutions

|

| U having some property A and
© Prove +he existence in +Wo wa7/s__J e 3 i b i SRR

% }\aving Some property B.
@D Fove the uniqueness —

B ~ 2%

™ - =
® Pove the Convergence. fo & const. Then, we can say U= U.

: Properties Aand B,
O

i This is uV’bOUHJQ({
Dedorm 4he initial  Us(x)= ( I+ 1™ Y}, arourd the. okig i,

2 - Yim
Ue (x) 2= ( (1+¢) + (lxl+e) = ) T\—ms

s bounde d.
Theny here exses @ Sol. Uyl t) of she ot 41F ¢ sty o U

Le,tting ¢~ 0,y Wwe Jecoa So|. ﬁ(rc,t):: ‘M; Ue (24,

€=

Since. U (2,1 s kad'.alf Sym. and cleclreaSs'ng m lx| and ‘l:, i{\’ S also s0.



OF Qu) Ex.gtence Ly super- sub methpd.
©super sel i Uyt )i= (14 lxl™ Y7

o This {s "nJef- of ¢,

Lazu ateomd FU<aE™ &
s M iS  as +the 1(o”ovvih3 ‘gmph.O(lIH)\i‘ >
tu <Uo at t=0 and F U 2= A @3//’
~ Then, ‘cﬁyajeneml ’H\eov, 4 / ? N
3 sol. U of the fasy diff, e smm’g from 7,(:) Offujory oSt ] =]

s.t.’uira“<a.

— -

By +hig Property,  we can easily see that

Te () ~ f
1 U-’CI—-’OQ)

(O</u<')‘>

This is q sufficient

lxl'z (IXl—)D) / whdd—;oh SO “H)at
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@ Uh.(grueness "= %.:i € (0y1)

Let Uy and U, be solutiong of %u=a(ulul”‘“) on [K"\{o}
with Us (20 = Uy (¢, 0).

<In -\h'\s “ta“(, I assume U, 20 and ’?/MZO _(ZW- ho*taﬂonaﬁ Simp!icft%
But, he %lloWin} s Ok L)/ Yeflacfan% U with U™

m

g
Fut W(ch) = jo ‘ Uy (x)t)~ 'U:(&,t) \ ‘h:

Goa | W, t)=0 {o Ytelo,00), (o Then, U = U,. )

—_—

e,
How o prove Wir. Lot Goe C2(RY) be a hohneﬁaﬂlxe test ‘Fuhuion.
Theh, e, ?}“OVQ that \/e?/ hard wmyWra’r{one.(*)

Swwcvc;t)azwcm) dx 2 XN‘PM' | Uty - Us (o) | dx 2 0.

ey This means that AW 2 0 in “weak sense”. v W i subhamonic,



Theny by the mean value ineg. fo-

Sub haymonic ¥unctioh3, we have,

(62) wWix,t)= - “5 W (3,t) di
i Blx, r)

Moreo\/ev) we can als:: FYOVQ. 'H\at

am
] wewd| < e R
B(z, R)
Thus, -
"W‘(I,t)\ < C(‘f)'WRWAW

neqa+ive powey!
g
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- For (%) oo f

F"Y's‘t, we prove the 'meg.

for ? s.t. . =0 on Bloye).
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The proof is bag: Lae -
L $ “ ; '

b/ v A1ly integration

Next, let e o+ 0

h~2
( Mo gon- €.£0,4) )

Lettihg R— 09 Emyhes W(,t)=0 —Fokv'té [0,003. )
‘ SD, Q n @-(” and & in @“(”) are same .

Pt U= ﬁ(=%ﬁ) . Then, U has prop. £ U and Y .



(3 Convergence to a const,
Y%

some, delicate (l)f(? ument

(More yrecisei/, we heed &

with parabolic, Veju!am]/,

Stegi dnce U (actuall7 ’LN( ) is monotohe. in £, We have

Ukt Ye—s "Bl € CoERISIEL Y o il iing:

Sinte U 15 a Sol. of- %ut = AlH ). ]Qtting T— 0, we see

A(‘L(;;) =0 »p 'L(:‘o 1% a }\avmomc. {:unc. on [R"\‘EO.Q.

®

More.over, recall that (acwaH/ fﬁ ) satisfies 1< qy £(1+I°C\'M)-I"-’,
m

Sop- Jis g, | ™" ey
9 ‘\@

P ,5< fxl—(n'2)> as Jx)l—o.
1 —®)
small ovdey We used 2A<nt2 and m= D2

i& Use the “ Yemovable S'mg. +hm 7 %r fayme hic -Fuhc.
B]/ @an&@,j we can aprly it ‘FUP‘ u:: : T).,eh, vooo




T}\en, We Cah 9a7 #%at
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m n "
Uea 3% auually & entire farmonic weanu{on |
B Tou
ine iy di
Then, by (&) , We also know that W e o
ks +he oriin .
f 4 f This im lies +h |
¢ Ui 95~ 4 sinieu ior R", \5 By I o
Uea 38 bounded around

the origin.
T‘wen, ]7 the usual Liouville’s "c‘?eoreyy\ s, W€ (an 307/ that

TR A \7@ a9ain this C ig actuall/ i
T‘W\Q, we YYWC(J "r}'\at

U = 1. VI

i



