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Q EN

@ % . o FA ¥ Cartan IBHIAH
© ¢ FRO#IE

Q o ER & Cartan I20HiIAHDRER
© o EF X Hermann £

Q LITHR

@ triality automorphism(BtE1DEE)
Q AN ZHRARDED

Q FER1

@ 1%/\ENE 48/ Cartan 328IAH
@ FHEE 2: Austere Cartan BB&IAH
@ SrOFEE
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B

G = Spin(8) =[SO(8) = SO(Q) D E:E#EEf] (28 X7T)
o: triality automorphism (G DU 3 DAEECEE, \7tH O ZRAVWTERIND)

CDolcE B o (FROHEDERMFEAHD 7L
HIEZEREZ? CDEEH MR/ /austere /FFIRERD?

OMUTF, 8EFXT ICOAETHE>TWVWADIZLOMBERIT] EWS ez O
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EE . o EA X Cartan IBHIAH

G: compact L LieBf, o: BCHEE
e G G g -x=gxo(g™t): o EF
o=1= o-fER=RHFR, G=U,c88¢ ' BRL—5X ACG)

—RIC, BAR—FRAC F(0,G)o = G =U,cc840(87)
e G— G grrgo(g!) IFBDRAAHEFET S -

F:G/F(o,G) — G;gF(0,G) — go(g™?): Cartan 32HiA A (EF,1992~)
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o {ER D¥E

G: compact #EfF LieB¥, o BEREE, A, o,:=1,00
—MRICIT o & o, IFNIBTSRES
O2: 0, TEBD x % B28E, 0O c1EBD x ZB3EE

X X

O; = {gxo.(g) | g € G} = {gxTa(0(g)) | g € G} = {gxaa(g)afl | g € G}
= {g(xa)o(g) |g € G}a ' = Oga™"

05> 07 ¥IC 0:~ 07
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o ER & Cartan B8 AAH DR

G: compact iE#Z Lie 8%, o BCRBEBR

{oERD x Z @38 | o : BERAEER, x € G}

= {cDEDH B Cartan IBHIAA DK | 0 : BCREEERR}

TS, G BEFOLE

= {TEADx%Z B3 HE | 0 : Dynkin IFEDEREZE#, x € AC F(0,G)}

G: BEfE = Vo': B2RE, Jac G, o :Dynkin IFEOERZBENSFEINDIBED
A& st o = T,00.

c ERDEEZFANBT=0ICIE, 01d G D Dynkin IFEOERIZHRDFE TS (IEH
) B2RBECKREL TRV
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-0 YEA £ Hermann {EF

U: compact 3&#& Lie Bf. 01,0, XI&, K := F(0;,U) , K1 ~ U/Ky: Hermann ¥EF8
0; = 6, = Hermann {fEf=compact {#ZEMADY ~OE—1EH

(1) o BB G ~ G; g - x = gxo(g 1) I& Hermann £

(2) 016, = 0261 < 02 =1

BERR (1) U= G x G,01(g, h) := (07(h),0(g)), 0=(g., h) :== (h. &)
Ki={(g.0(g)}. Ko = {(g.8)}, U/K2 ¢+ Gi(a, b) Kz 4> ab™"

Ki ~ U/K2; (g,0(g))(a, b)Kz = (ga,0(g)b)Kz <+ g(ab™ )o(g™?)

(2) 010, = 020, = (072(g), o(h)) = (o(g), 07 (h)) & 0% = 1 O
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o YEFB & Hermann {ERBICBE 9 B L1THAZE

o REB = 0 =1 DHBEICRE

010, = 0,0, DIFE D Hermann {EADHIE D (o FEAUSL) 1(2011)
010, # 0,0, DIFFE D Hermann YEF DENE DM (o fERUS) KEF

o B’ EDIZED o ERDEBE DR | (2018)
U 3 ULDONBECERE 0 ISR B o (FAOHBDERHH D 7o L)

G B compact BEHEEM Lie BHDHZ ST, )
G = Spin(8), o =triality automorphism DIHE D HF% > 7=
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Spin(8) M triality automorphism (BIX1DEHEE)

G — Spin(8) =[SO(8) = SO(0) DE:EHTEEL] (28 5T

o triality automorphism (G D% 3 DAEBECEE, \TH O ZHAVWTHERINDB)
F(o,G)={gcG|o(g)=g}=G, (dimG, =14)

o-1ER: g - x = gxo(g™?)

RARRTHEDRRT=2 (REEME 2 DIEA)

A=expa: lBKF—FX C G, (dmA=2)

o ERDHMEZRANRBZ-HICIE, MEDBRIFADRELTLW
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OSSR DOES

M" C M: Riemannian B30 241K, h: E_EATR., A FAERE , m Tiphx

VxY =VxY +h(X,Y),  (A(X),Y)=(h(X,Y), Z h(e;, &)

austere [Harvey-Lawson, 1982] A* DEIBEDEENEEELEHT -1 THE
AR h = 0 = austere = W/ m = 0(& tr(AS) =0 (V¢))

SEERR: (IBF-MIE, 2001) Vx € M, € € TH(M), M DERZE Jo, st
pe(x) = x, (dpe)x(§) = =& pe(M) = M. [CDET, (dpe)'A* (dpe)x = —A

(#RPR, Leung, 1974 =) 5583 = austere
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G =5pin(8) D F(0,G) =G, D A=expa: BKE—FX
B (a5 H— Oy = 0,y € PUEZER) 13257

EIE (I-fEAT)

o {EFR DEEZER = 30°,60° DEA =M
2 AOAB C a DRINRURER

Oo, O4 |3 555RIRENE *
*: austere TIX7R LV NENE Oe . L4

BNEEIFCD 7ETRES
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TR 1(6)

o DAMMBBIIEELARWL (03 =17H5)

o AOAB DR < [ERHIE (RARTOENE)

e NOABDRALDR & FHEHE

o I EDWNEEITDDHFRTIFHRW

o AR DI/ NENEIE AOAB DELTIFZR L

o F—DA LD ODEEIZEERE, —DORRICKIST ZEEDEERE

H O A B|OAL|OBLE | ABL | AR
codim(Oy) | 14 | 6 | 8 4 4 4 2
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/B8 & R/ Cartan 328 1AH & DR

G = Spin(8), o =triality automorphism.
Oy = OF, : T\EE (H e AOAB) = F(G/G”) (3o: BERER)
BIRE | o IZBRAIED 7 (O BEIELWLWDHDIFERN?0)

Bz |0 DERLM & H=0,AB (= OFHFPTLV. = EH8)

Table: MUNEE ¥ BE%A Cartan I2HA A= EH S B OREDME

O|A|B| Z0fth (8, AK)
3/6[3 00
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18/ \EfIE & A/) Cartan 32 8DA A & DRER (%)

HH% OA, OB 713 AB EDO/NENED & T, o BNERRMEE 525 Z E DFEBRICIE
ASEOERE RS (O AO7ERIEEDAEL Q)

HHB AOABDRBADEE, o NMERMNHE A2 I ZRIDIC, Risa,/ Asir Z L
T Grobner REDEREZ LT:

SO L LVWEERRD A&
OH EINEEE L, Oy EBEA Cartan IBOIAA X EDHZECEEZ o' ¥ T 5.
dIFHHIOEZFZIRNHECEAB L 0 EDERK.
e L0AB C a BNKR TS SIS, (48 (30 ORE. K EAISH 1
OALICHZEE, H=tADBNIBBTDDERMEIE, x =cos T BB (FFHRD
IEHAY7LY 6 0R) T‘tiﬂlﬁ&:‘cﬁ%fﬁfcﬂ': &. —h, o BERUKERZT-HDHRE+S
ZMHI, tHAEERICAZ L. £oT, TTOBMEIRRDLSICEVEZISND
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MR/ NBE & AR/ Cartan 3BDIA A & DB (#3)

B8 | x = cos &t h'dH B BN GREHFBRDIEILZV 6 RABARERZHBILTEE (&
MEH ),
t BB (< o BRAEK) »?

ARMEDEHZBWD XD DS, —h, x =cos(2qr/p) (p, q: EWIIER) HMLEK
AERN
X+ A+ Bx*+C=0

ZwmlctlE, A B, C,DIEH3BRAZHBEINRIEHESEL.
MUNEEDOAERIE, COBRRAEFBLIAL. Ko To IXERAHK.
HHHRD OA LICH B EZPIRD AB LICHD S HEKROBEICREIND. HD

AOABDAHRICH D FIE, —EBRORBAFERANETLL3DT, MEIFIDH#L
<#3.
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FHER 2: Austere Cartan EB&IAH

EE (-FETF)
G: compact BALEM LieB¥, o HERE
Cartan3BDIAH DR F(G/G,) C GH “austere” = o: BIRAIEK

AR, “austere” T M\ [ICE IR FCEIRIIALD ALY
BRUBOBECEEDFEEY B Austere Cartan IBDAH DD (AF-RIT, 2022)
&t T austere Carta IBOAADDFEN TSI/,

FERIIC o DA 2, 3, 4 F£721d 6 (O FLBEFRT 3H70)

2E | KEAOFEEHME DR 5 FHMERDEK 1,2,3,4,6, Minzner, 1980
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O FEAEDIBEZ Z ATE Hermann fEFB D—ZER DIEEE.

B[R DI5E * compact WI=XF ~» WF=XF ~ BUEZEM, B4 OPEDIEE

ERROIBE | TEERER, compact HE=HOEER (BBE L OHFERZE)
EC0BE

O Hermann EA L HE&BRRTT Lie IRDEAR
o YER DIZEIFEIEXRTT Lie IR L BHRICER
O EOENEAD' biharmonic B'?  [BE] KEF-BH-H) I
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XETEFBE B (1)

@ O. Goertsches and G. Thorbergsson, On the geometry of orbits of Hermann actions,
Geom. Dedicata, 129 (2007), 101-118.
Hermann {EFR O#IE D AR Z > 7 HH TDFHX

[§ R. Harvey and H. B. Lawson, Jr., Caribrated geometries, Acta Math. 148 (1982),
47-157.
austere FRD ZARIRDBLR (calibration DHER)

[1 R. Hermann, Totally geodesic orbits of groups of isometries. Nederl. Akad.
Wetensch. Proc. Ser. A 65 = Indag. Math. 24 (1962), 291 - 298.
Hermann fEBBDOBLRX. Hermann {ERIZE DT CTH D & ZR L, Morse Bim%z
SMHFZEEAICA L7

[@ O. lkawa, T. Sakai and H. Tasaki, Wealky reflective submanifolds and austere
submanifolds, J. Math. Soc. Japan 61 (2009), 437-481.
S9ERMRER D SRR DR
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X EMETBEXH (2)

@ O. Ikawa, The geometry of symmetric triads and orbit spaces of Hermann actions, J.
Math. Soc. Japan 63 (2011), 79-136.
WI=XIDOBRZEERL, PE. CNZRAVTEH#% Hermann {E O#NEZE MR
CAE4LZ DEBEDMEE ZFFNT

[@ O. Ikawa, o-actions and symmetric triads, Tohoku Math. J. (2018), 547-565.
o HNEDHBED o (FRDYPEDEMF. COFEICHNM=ZIER S

[@ T. Kimura and K. Mashimo, Classification of Cartan embeddings which are austere
submanifolds, Hokkaido Math. J. (2022), 1-23.
BREMUBOBCEENSFHFEIND Cartan BHIAAD S 5 T austere ICHDHD
DNEE. BFBESREEIL Dynkin IO ERZSEMNSFEINIEEHEBECA
HECAREDERTHD e ZBWS. RIFBBRUMDKREIIFE
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XEfTEBETH (3)

[@ K. Mashimo, On the stability of Cartan embeddings of compact symmetric spaces.

Arch. Math. (Basel) 58 (1992), no. 5, 500 - 508. ; Cartan embeddings of compact
Riemannian 3-symmetric spaces, Tokyo J. Math. 19 (1996), 353-364; Stability of
Cartan embeddings. (Japanese) Homogeneous structures and theory of submanifolds
(Japanese) (Kyoto, 1998). Surikaisekikenkyiisho Kokyiroku No. 1069 (1998), 53 -
62.

Cartan I2DIAHAICEAT 2 —EDHZ. CartanBHIAA L WS EEIFD & H CIEXT
BoHSEOAHFNBRINBIZEICESNTUW . —ROBCSFEEEGH S5HE
RENDEHAAD Cartan IBOHIAA L WS EEZFES L SICH>DIFT 5N
D—EDRIYDBIEEBHDNS.

S. Ohno, T. Sakai and H. Urakawa, Biharmonic homogeneous submanifolds in
compact symmetric spaces and compact Lie groups, Hiroshima Math. J.

AJ#87% Hermann fER QEEBE DHFRIRH D S5 B bi-harmonic SR ZHIK L 55 1=8
DEHF=ZEEEMESRM=TOEETE L.
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XET EBE B (4)

[3 S. Ohno, Geometric properties of orbits of Hermann actions,
https://arxiv.org/abs/2101.00765 to appear in Tokyo J. Math.
FEET#E Hermann {EFI QBB ZERE B4 DEEDME

[§ Y. Sakane, Homogeneous Einstein metrics on flag manifolds. Towards 100 years
after Sophus Lie (Kazan, 1998). Lobachevskii J. Math. 4 (1999), 71 -87.
compact EfE LieBE GZ EDWBA M —F X T TR > 1-FBEH LD G-AE
Einstein 512 % Grobner B EZ BV THER L 7=
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