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1.݁߹తάϥεϚϯଟ༷ମ

! "
1. ݁߹తάϥεϚϯଟ༷ମ# $
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1.݁߹తάϥεϚϯଟ༷ମ

਺έʔϥʔଟ༷ମݩ࢛

Definition 1.1

(M, g) : 4n ϦʔϚϯଟ༷ମݩ࣍ (n ≥ 2), Q ⊂ EndTM : ෦෼ଋݩ࣍3

(M,Q, g)͕࣍ͷ৚݅Λຬͨ͢ͱ͖ɼ(M,Q, g)Λݩ࢛਺έʔϥʔଟ༷ମͱ͍͏.

(i) ֤ x ∈ M ʹରͯ͠ɼx ͷۙ๣ U ͓Αͼ U ্ͷہॴ࿮৔ {I , J,K}Ͱ࣍Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

I 2 = J2 = K2 = −id, IJ = −JI = K , JK = −KJ = I , KI = −IK = J.

(ii) ֤ x ∈ M, I ∈ Qx ,X ,Y ∈ TxM ʹରͯ͠

g(IX ,Y ) + g(X , IY ) = 0.

(iii) Q ͸ g ͷϦʔϚϯ઀ଓʹؔͯ͠ฏߦɽ
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1.݁߹తάϥεϚϯଟ༷ମ

਺ରশۭؒݩ࢛

WolfʹΑΓɼRicciۂ཰͕ 0Ͱͳ͍ݩ࢛਺έʔϥʔଟ༷ମͰɼରশۭؒʹͳΔ΋ͷ͕෼ྨ͞Εͯ

͍Δɽ

͜ΕΒͷରশۭؒΛݩ࢛਺ରশۭؒͱݺͿɽ

਺ରশۭؒMݩ࢛໿ίϯύΫτط = G/K ͸࣍ͷ͍ͣΕ͔ʹͳΔɽ

G K dimM rankM G K dimM rankM

Sp(n + 1) Sp(1) × Sp(n) 4n (n ≥ 2) 1 G2 SO(4) 8 2

SU(n + 2) S(U(2) × U(n)) 4n (n ≥ 2) 2 F4 Sp(1) · Sp(3) 28 4

SO(7) SO(4) × SO(3) 12 3 E6 Sp(1) · SU(6) 40 4

SO(n + 4) SO(4) × SO(n) 4n (n ≥ 3) 4 E7 Sp(1) · Spin(12) 64 4

E8 Sp(1) · E7 112 4! "
ຊߨԋͰ͸ɼ

!!!!!!!!!!!!!!!!!!!!!!!!
G ίϯύΫτରশۭؒܕ G2/SO(4)Λ͑ߟΔɽ# $
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1.݁߹తάϥεϚϯଟ༷ମ

ീݩ਺ O

Definition 1.2

ϕΫτϧۭؒݩ࣍8 O =
∑7

i=0 Rei ʹɼ࣍ͷΑ͏ʹੵΛఆΊͨ΋ͷΛീݩ਺ Oͱ͍͏ɽ

(1) e0 ͸ੵͷ୯Ґݩɽe0 Λ 1ͱ͢هɽ

(2) ֤ 1 ≤ i &= j ≤ 7ʹରͯ͠ɼ

ei ej = −ej ei , e2i = −1.

(3) ෼഑ଇ

(4) ੵΛӈਤͷΑ͏ʹఆΊΔɽ

ʢexɿe1e2 = e3, e1e4 = e5, · · ·ʣ

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

ImO =
∑7

i=1 Rei ͱఆΊΔɽ

OͰ͸ɼ݁߹ଇ͕੒Γཱͨͳ͍ɽ

(ex) (e1e2)e4 = e3e4 = e7, e1(e2e4) = e1(−e6) = −e7.
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1.݁߹తάϥεϚϯଟ༷ମ

݁߹తάϥεϚϯଟ༷ମ

ྫ͑͹ɼImH =
∑3

i=1 Rei Ͱ͸
݁߹ଇ͕੒Γཱͭɽ

(ex) (e1e2)e3 = e3e3 = −1,

e1(e2e3) = e1e1 = −1.

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

Definition 1.3

ImOͷ ෦෼ۭؒݩ࣍3 V ʹରͯ͠ɼV ্Ͱ݁߹ଇ͕੒Γཱͭͱ͖ɼV Λ݁߹త෦෼ۭؒͱ͍͏ɽ

݁߹త෦෼ۭؒશମʹΑΔू߹Λɼ݁߹తάϥεϚϯଟ༷ମ GH(O)ͱ͍͏ɽ(Harvey-Lawson, 82)
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1.݁߹తάϥεϚϯଟ༷ମ

܈ίϯύΫτϦʔܕ֎ྫ G2

Definition 1.4

Oͷઢܗม׵ͰɼOͷੵʹؔͯ͠४ಉܕʹͳ͍ͬͯΔ΋ͷΛɼOͷࣗݾಉܕͱ͍͏ɽ

OͷࣗݾಉܕશମʹΑΔ܈Λɼྫ֎ܕίϯύΫτϦʔ܈ G2 ͱ͍͏ɽ

݁߹త෦෼ۭؒ Vɼu, v ,w ∈ Vɼg ∈ G2 ʹରͯ͠ɼ

(
g(u)g(v)

)
g(w) = g

(
(uv)(w)

)
= g

(
u(vw)

)
= g(u)

(
g(v)g(w)

)
.

Ͱ͋Δ͜ͱ͔Βɼg(V )͸݁߹త෦෼ۭؒͱͳΔɽ

Proposition 1.5 (Harvey-Lawson, 82)

೚ҙͷ݁߹త෦෼ۭؒ V1,V2 ʹରͯ͠ɼg(V1) = V2 Λຬͨ͢ g ∈ G2 ͕ଘ͢ࡏΔɽ
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1.݁߹తάϥεϚϯଟ༷ମ

G2 ͸ GH(O)΁ਪҠతʹ࡞༻͢Δɽͱ͘ʹɼ

GH(O) =
⋃

g∈G2

g(ImH).

{g ∈ G2 ; g(ImH) ⊂ ImH} ∼= (Sp(1)× Sp(1))/Z2 = SO(4)ͱͳΓɼ

GH(O) = G2/SO(4).

͕ͨͬͯ͠ɼGH(O)͸ G ίϯύΫτରশۭؒʹͳΓɼdimGH(O)ܕ = 8ͱͳΔɽ

Rn ͷ k ෦෼ۭؒશମʹΑΔάϥεϚϯଟ༷ମΛݩ࣍ Gk(Rn)ͱ͢هͱɼ

GH(O) ⊂ G3(R7).

͜ͷͱ͖ɼGH(O)͸ G3(R7)ͷશଌ஍త෦෼ଟ༷ମͱͳ͍ͬͯΔɽ
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2.S6 ͱ GH(O)

! "
2. ໘ٿݩ࣍6 S6ͱ݁߹తάϥεϚϯଟ༷ମGH(O)# $

ʑ໦༏ࠤ 10 / 40



2.S6 ͱ GH(O)

S6 ͷ֓Τϧϛʔτߏ଄

ീݩ਺ Oͷඪ४಺ੵ ( , )Λ࣍ͰఆΊΔɽ

(x , y) =
7∑

i=0

xi yi
(
x =

7∑

i=0

xi ei , y =
7∑

i=0

yi ei ∈ O
)
.

Definition 2.1

S6 := {x ∈ ImO ; |x | = 1}

֤ x ∈ S6 ʹରͯ͠ɼTxS6 = {y ∈ ImO ; (x , y) = 0}.

֤ x ∈ S6 ੒Γཱ͍ͬͯΔɽ͕͍࣍ͯͭʹ

(i) x2 = −1,

(ii) ೚ҙͷ y ∈ Oʹରͯ͠ɼx(xy) = (xx)y ,

(iii) ೚ҙͷ y , z ∈ Oʹରͯ͠ɼ(xy , xz) = (y , z).

͜ΕΑΓɼ೚ҙͷ y ∈ TxS6 ʹ͍ͭͯɼ

• (x , xy) = (1, y) = 0 ΑΓ xy ∈ TxS
6,

• x(xy) = (xx)y = −y .
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2.S6 ͱ GH(O)

Jx : TxS6 → TxS6 ; y *→ xy ͱ͢Ε͹ɼ

J2(y) = J(J(y)) = J(xy) = x(xy) = (xx)y = −y (y ∈ TxM).

Ͱ͋ΔͷͰɼJ ͸ S6 ͷ֓ෳૉߏ଄ʹͳΔɽ

J ͸ඇՄੵ෼Ͱ͋ΓɼS6 ͸֓ෳૉଟ༷ମͱͳΔɽ

Oͷඪ४಺ੵΛ S6 ΁੍ͯ͠ݶಘΒΕΔϦʔϚϯྔܭΛ ( , )ͱ͔͘ɽ

೚ҙͷ y , z ∈ TxS6 ʹରͯ͠

(xy , z) = (y ,−xz) = −(y , xz)

ΑΓɼ(Jy , z) + (y , Jz) = 0ͱͳΔͷͰ (S6, J, ( , ))͸֓Τϧϛʔτଟ༷ମɽ
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2.S6 ͱ GH(O)

S6 ͷ෦෼ଟ༷ମ

Definition 2.2

N ⊂ S6 : ෦෼ଟ༷ମ

(i) N ͕શ࣮
def⇐⇒ ֤ x ∈ N ʹରͯ͠ɼJ(TxN) ⊥ TxN.

(ii) N ͕ϥάϥϯδϡ෦෼ଟ༷ମ
def⇐⇒ N ͸ totally real ͔ͭ dimM = 3ɽ

(iii) N ͕֓ෳૉ
def⇐⇒ ֤ x ∈ N ʹରͯ͠ɼJ(TxN) ⊂ TxN.

(iv) N ͕ CR ෦෼ଟ༷ମ
def⇐⇒ N ͷ઀෼෍ V ,W Ͱ࣍Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

V ⊥ W , V +W = TN, J(V ) ⊂ V , J(W ) ⊥ TN

ʑ໦༏ࠤ 13 / 40



2.S6 ͱ GH(O)

S6 ͷϥάϥϯδϡ෦෼ଟ༷ମ

N Λ S6 ͷϥάϥϯδϡ෦෼ଟ༷ମͱ͢Δɽ

͜ͷͱ͖ɼN ͸ S6 ͷۃখ෦෼ଟ༷ମʹͳΔ͜ͱ͕஌ΒΕ͍ͯΔɽ

֤ x ∈ N ʹ͍ͭͯɼ઀ۭؒ TxN ͷ TxS6 ʹ͓͚Δ௚ަิۭؒ (TxN)⊥ ͸ɼ݁߹త෦෼ۭؒɽ

ͷ࣍ φL Λ͑ߟΔɽ

φL : N → GH(O) ; x *→ (TxN)⊥.

Theorem 2.3 (Enoyoshi-Tsukada, 20)

φL : N → GH(O)͸ௐ࿨ࣸ૾ɽ

→ S6 ͷͦͷଞͷΫϥεͷ෦෼ଟ༷ମʹؔͯ͠ɼφL ͷΑ͏ͳ GH(O)΁ͷྑ͍ੑ࣭Λͨͬ࣋Ψ΢εࣸ૾

Λߏ੒͍ͨ͠ɽ
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2.S6 ͱ GH(O)

S6 ͷ֓ෳૉ෦෼ଟ༷ମ

Theorem 2.4 (Gray, 69)

N Λ S6 ͷ֓ෳૉ෦෼ଟ༷ମͱ͢Δɽ͜ͷͱ͖ɼ dimN = 2ͱͳΔɽ

͞ΒʹɼN ͸ S6 ͷۃখ෦෼ଟ༷ମͱͳΔɽ

೚ҙͷίϯύΫτϦʔϚϯ໘͸ɼS6 ͷ֓ෳૉ෦෼ଟ༷ମͱ࣮ͯ͠ݱͰ͖Δ͜ͱ͕஌ΒΕ͍ͯΔ

(Bryant, 82)ɽ

Lemma 2.5

೚ҙͷ x ∈ ImO (x &= 0)͓Αͼ ImOͷ ෦෼ۭؒݩ࣍2 V ʹ͍ͭͯɼ

x ⊥ V , x(V ) ⊂ V

͕੒ΓཱͭͳΒ͹ɼRx + V ͸݁߹త෦෼ۭؒͱͳΔɽ

(ex) x = e1,V = Re2 + Re3 ͱ͢Ε͹ɼRx + V = ImH ∈ GH(O)ͱͳΔɽ
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2.S6 ͱ GH(O)

֓ෳૉ෦෼ଟ༷ମ N ⊂ S6 ʹ͍ͭͯɼ֤ x ∈ N ͱ TxN ͸ิ୊ͷԾఆΛຬͨ͢ɽ

͕ͨͬͯ͠ɼRx + TxN ͸݁߹త෦෼ۭؒɽ

ͷ࣍ φC Λ͑ߟΔɽ(Obata’s spherical Gauss map ͷ 1ͭ)

φC : N → GH(O) ; x *→ Rx + TxN

Proposition 2.6

φC : N → GH(O)͸ௐ࿨ࣸ૾ɽ

(ূ໌)

N খ෦෼ଟ༷ମͰ͋Δͱ͖ɼObata’sۃ͕ spherical Gauss map

φ : N → G3(R7) ; x *→ Rx + TxN

͸ௐ࿨ࣸ૾ʹͳΔ (Chen-Lue, 07)ɽ

φ(N) ⊂ GH(O)͓Αͼ GH(O)͕ G3(R7)ͷશଌ஍త෦෼ଟ༷ମͰ͋Δ͜ͱ͔Β φC ͸ௐ࿨ࣸ૾ɽ

ʑ໦༏ࠤ 16 / 40



2.S6 ͱ GH(O)

Definition 2.7

(M,Q, g) : ,਺έʔϥʔଟ༷ମݩ࢛ N : ଟ༷ମ, f : N → M : ͸ΊࠐΈ,

f ∗Q : f ʹΑΔ Q ͷҾ͖໭͠ଋ.

(i) f ͕֓ෳૉ͸Ί͜Έ
def⇐⇒ Λຬͨ͢੾அ࣍ I ∈ Γ(f ∗Q)͕ଘ͢ࡏΔɽ

I 2 = −id, I (df (TN)) ⊂ df (TN).

(ii) ֓ෳૉ͸ΊࠐΈ f ͱ f ͷ֓ෳૉߏ଄ I ∈ Γ(f ∗Q)ʹରͯ͠ QI := {J ∈ f ∗Q ; IJ = −JI}ͱ͓͘ɽ
f ͕શෳૉ͸ΊࠐΈ

def⇐⇒ ֤ x ∈ N, J ∈ QI ʹର͕ͯ࣍͠੒Γཱͭɽ

J(df (TN)) ⊥ df (TN).

શෳૉ͸ΊࠐΈͷ֓ෳૉߏ଄͸ɼՄੵ෼ʹͳΔ͜ͱ͕஌ΒΕ͍ͯΔɽ

Theorem 2.8 (S)

φC : N → GH(O)͸ௐ࿨ࣸ૾ɽ͞ΒʹɼφC ͕͸ΊࠐΈͳΒ͹ɼ φC ͸શෳૉ͸ΊࠐΈɽ
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2.S6 ͱ GH(O)

S6 ͷ CR ෦෼ଟ༷ମ

N ⊂ S6 : ݩ࣍3 CR ෦෼ଟ༷ମ

N ͷ઀෼෍ V ,W Ͱ࣍Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

V ⊥ W , V +W = TN, J(V ) ⊂ V , J(W ) ⊥ TN.

͜ͷͱ͖ɼ dimV = 2, dimW = 1.

֤ x ∈ N ͓Αͼ Vx ͸ɼิ୊ͷԾఆΛຬͨ͢ɽ͕ͨͬͯ͠ɼRx + Vx ͸݁߹త෦෼ۭؒɽ

ͷ࣍ φCR Λ͑ߟΔɽ

φCR : N → GH(O) ; x *→ Rx + Vx
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2.S6 ͱ GH(O)

Definition 2.9 (Bejancu,78)

(M, I , g) : έʔϥʔଟ༷ମɼ N : ଟ༷ମɼ f : N → M,͸Ί͜Έ

f ͕ CR ͸ΊࠐΈ
def⇐⇒ N ্ͷ઀෼෍ V ,W Ͱ࣍Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

V +W = TN, df (V ) ⊥ df (W ), I (df (V )) ⊂ df (V ), I (df (W )) ⊥ df (TN).

έʔϥʔଟ༷ମͷ௒ۂ໘͸ɼCR ෦෼ଟ༷ମͷయྫܕʹͳ͍ͬͯΔɽ

Definition 2.10

(M,Q, g) : ਺έʔϥʔଟ༷ମɼݩ࢛ Nɿଟ༷ମɼ f : N → M,͸ΊࠐΈ

f ͕ CR ͸ΊࠐΈ
def⇐⇒ ੾அ I ∈ Γ(f ∗Q)͓ΑͿ N ্ͷ઀෼෍ V ,W Ͱ࣍Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

I 2 = −id, V +W = TN, df (V ) ⊥ df (W ), I (df (V )) ⊂ df (V ), I (df (W )) ⊥ df (TN).

໘͸ɼඞͣ͠΋ۂ਺έʔϥʔଟ༷ମͷ௒ݩ࢛ CR ෦෼ଟ༷ମʹͳΔͱ͸ݶΒͳ͍ɽ

Corollary 2.11 (S)

φCR : N → S6 ͕͸ΊࠐΈͳΒ͹ɼφCR ͸ CR ͸Ί͜Έɽ
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2.S6 ͱ GH(O)

·ͱΊ

͜Ε·Ͱͷ݁ՌΛ·ͱΊΔͱ

N ⊂ S6 ͕֓ෳૉ =⇒ φC ͸શෳૉ͔ͭௐ࿨ࣸ૾

N ⊂ S6 ͕ ݩ࣍3 CR =⇒ φCR ͸ CR

N ⊂ S6 ͕ϥάϥϯδϡ =⇒ φL ͸ௐ࿨ࣸ૾

N ⊂ S6 Λϥάϥϯδϡ෦෼ଟ༷ମͱ͠ɼ

φL : N → S6 ; x *→ (TxN)⊥.

Ұൠʹɼ֤ I ∈ φ∗LQ ʹରͯ͠

I (df (TN)) &⊂ df (TN) ͔ͭ I (df (TN)) &⊂ (df (TN))⊥.

ʑ໦༏ࠤ 20 / 40
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2.S6 ͱ GH(O)

ྫ : CR ͸ΊࠐΈ

H ⊂ G2 Λ Sp(1)ͱಉܕͳ͋Δ෦෼܈ͱ͢Δɽ

S6 ʹ͓͚Δ H-يಓ N := H( 13 e2 +
2
√

2
3 e4)͸ ݩ࣍3 CR ෦෼ଟ༷ମ (Mashimo, 85).

φCR : N → GH(O)͸ I ∈ Γ(φ∗CRQ)ʹΑΓ CR ͸ΊࠐΈʹͳΔɽ

QI = {J ∈ φ∗CRQ ; IJ = −JI}ͱ͓͘ɽ͜ͷͱ͖ɼ֤ x ∈ N ͓Αͼ J ∈ (QI )x ʹରͯ͠

J(df (TxN)) ⊥ df (TxN).

͜Ε͸ɼશෳૉ͸ΊࠐΈʹ͓͍ͯɼQI !ɽͭ࣋ͱಉ͡ੑ࣭Λ࣭ੑ͕ͭ࣋ "
͜ͷ͸ΊࠐΈ͸ɼ

!!!!!!!!!!!!
“શ CR ͸ΊࠐΈ”Ͱ͋Δͱ͍͑Δɽ# $
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2.S6 ͱ GH(O)

“શ CR ͸ΊࠐΈ”

Definition 2.12

(M,Q, g) : ,਺έʔϥʔଟ༷ମݩ࢛ N : ଟ༷ମ,

f : N → M : I ∈ Γ(f ∗Q)Λ CR ଄ͱ͢Δߏ CR ͸ΊࠐΈ, QI := {J ∈ f ∗Q ; IJ = −JI}
f ͕શ CR ͸ΊࠐΈ
def⇐⇒ ֤ x ∈ N ͓Αͼ J ∈ (QI )x ʹରͯ͠ɼ Λຬͨ࣍͢ TxN ͷ෦෼ۭؒ V ,W ͕ଘ͠ࡏɼ

V +W = TxN, df (V ) ⊥ df (W ), J(df (V )) ⊂ df (V ), J(df (W )) ⊥ df (TxN)

dimV ͸ x ∈ N, J ∈ (QI )x ͷऔΓํʹΑΒͣҰఆɽ

શෳૉ͸ΊࠐΈ͸ɼશ CR ͸ΊࠐΈͷಛผͳ৔߹Ͱ͋Δɽ

ઌ΄Ͳͷ φCR ͸ɼશ CR ͸ΊࠐΈͷͻͱͭɽ

ͦͷଞʹɼશ CR ͸ΊࠐΈͷྫ͸ଘ͢ࡏΔ͔ʁ
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

! "
3. ݁߹తάϥεϚϯଟ༷ମGH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻# $
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

༺࡞܈਺ରশۭؒ΁ͷݩ࢛

(M, Q̃, g) : ίϯύΫτݩ࢛਺ରশۭؒɼG : M ͷ౳௕ม܈׵ͷ୯Ґ࿈݁੒෼

Q :=
⋃

p∈M{A ∈ Q̃p ; A2 = −id} : M ͷπΠελʔۭؒ

π : Q → M ; Ap *→ p : ࣗવͳࣹӨɽQ ͸M ্ͷ S2 ଋʹͳΔɽ

o ∈ Mɼ K : o ∈ M ʹ͓͚Δ G Πιτϩϐʔ܈

m, k : G ,K ͷϦʔ؀ɼg = k+ m : ඪ४෼ղɼm = ToM.

଄ͷఆ͔ٛΒɼ֤ߏ਺ݩ࢛ I ∈ Q̃o ʹ͍ͭͯ I (ToM) ⊂ ToMɽ

kͷ ΠσΞϧݩ࣍3 sͰɼads|m = Q̃o ͱͳΔ΋ͷ͕ଘ͢ࡏΔɽ

S(s) := {A ∈ s ; (adA|m)2 = −id} = {A ∈ s ; |A| = 1} = Qo

ʑ໦༏ࠤ 24 / 40
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

k = s+ k0 + z(k)ɼkͷΠσΞϧͱத৺ʹΑΔ෼ղɹ πs : k → sɼ௚ަࣹӨ

s͸ kͷΠσΞϧͳͷͰɼk͕ sʹදݱΛͭ࣋ɽ

sͷ ToM ΁ͷදݱΛɼM શମʹ G ෆมʹͯ͛޿ɼݩ࢛਺ߏ଄͕ఆ·͍ͬͯΔɽ

p = g(o) (g ∈ G).

TpK(p)Λௐ΂ΔͨΊʹɼg−1(TpK(p)) = To(g−1Kg)(o)Λ͑ߟΔ

H := (g−1Kg) ∩ K ͱ͢Ε͹ (g−1Kg)(o) ∼= K/H

H0 : H ͷ୯Ґ࿈݁੒෼ɼh : H ͷϦʔ؀

h͕ sʹදݱΛͭ࣋ͷͰɼH0 ͕ s΁࡞༻͍ͯ͠Δɽ
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

ͱ͘ʹɼH0 ͸ S(s)ʹ࡞༻͢ΔɽS(s) = S2 ͳͷͰ࡞༻ͷํ࢓͸࣍ͷ͍ͣΕ͔ɽ

(i) ࣗ໌, (ii) U(1)-࡞༻ʢճసʣ, (iii) SO(3)-࡞༻ (ਪҠత)

H0-࡞༻ʹΑΔෆಈ఺͸

(i) S(s), (ii) ରᪧతͳ 2఺, (iii) ͳ͠

πs(h)͸࣍ͷΑ͏ɽ

(i) πs(h) = {0}, (ii) dimπs(h) = 1, (iii) πs(h) = s.

͜ΕΒͷྨผʹΑΓɼΠιτϩϐʔ࡞܈༻ͷيಓΛ IܕɼIIܕɼIIIܕʹ෼͚Δɽ
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

͍ͯͭʹಓيͷܕ֤

IܕɼII͍࣍ͯͭʹܕͷ͸ΊࠐΈΛ͑ߟΔɽ

f : K/H0 → K/H = (g−1Kg)(o) ; k(H0) → g−1kg(o).

Lemma 3.1

Iܕͷيಓʹ͍ͭͯɼS2 = S(s)ͷ֤ݩʹରͯ͠ɼK -ෆม੾அ I ∈ Γ(f ∗Q)͕ఆ·Δɽ

IIܕͷيಓʹ͍ͭͯɼූ߸ͷࣗ༝౓Λআ͍ͯɼK -ෆม੾அ I ∈ Γ(f ∗Q)͕ఆ·Δɽ

QI := {J ∈ f ∗Q ; IJ = −JI}ͱ͢Ε͹ɼK ͕ QI ʹਪҠతʹ࡞༻͢Δɽ

Lemma 3.2

IIIܕͷيಓ N = K(p)ʹ͍ͭͯɼQ ͷ N ΁ͷ੍ݶଋ Q̄ ΁ɼK ͕ਪҠతʹ࡞༻͢Δɽ
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

GH(O)ʹ͓͚ΔΠιτϩϐʔ܈

o := ImH ∈ GH(O)ͱ͠ɼro Λ o ʹؔ͢Δڸөͱ͢Δɽro ∈ G2 ͱͳΓ

K := {g ∈ G2 ; g(o) = o} = {g ∈ G2 ; gro = rog}.

ro ʹΑΔ಺෦ࣗݾಉܕʹΑΓ K ͸ G2 ͷରশ෦෼܈ʹͳΔɽGH(O) ∼= G2/K .

४ಉܕ φ : Sp(1)× Sp(1) → G2 Λ࣍ͰఆΊΔɽ

φ(p, q)(x + ye4) = qxq̄ + (pyq̄)e4
(
p, q ∈ Sp(1), x ∈

3∑

i=1

Rei , y ∈
3∑

i=0

Rei
)

φ(Sp(1)× Sp(1)) = K ͱͳΓ K ∼= SO(4). ΑͬͯɼGH(O) = G2/SO(4).
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

Eij : (i , j)-੒จ͕ 1,ͦͷ΄͔ͷ੒෼͕ 0ͷ ɽGijྻߦਖ਼ํ࣍7 = Eij − Eji ͱ͓͘ɽ

g2 ͸࣍ͷ֤ݩʹΑΓுΒΕΔɽͨͩ͠ɼλ, µ, ν ∈ R͸ λ+ µ+ ν = 0.

W1(λ, µ, ν) = λG23 + µG45 + νG67, W2(λ, µ, ν) = −λG13 − µG46 + νG57,

W3(λ, µ, ν) = λG12 + µG47 + νG56,

W4(λ, µ, ν) = λG14 − µG27 − νG36, W5(λ, µ, ν) = −λG15 + µG26 − νG37,

W6(λ, µ, ν) = λG16 + µG25 + νG34, W7(λ, µ, ν) = −λG17 − µG24 + νG35.

Wi := {Wi (λ, µ, ν) ; λ+ µ+ ν = 0}ͱ͓͘.

g2 = k+ mΛඪ४෼ղͱ͢Ε͹

k = W1 +W2 +W3, m = W4 +W5 +W6 +W7.
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

mͷ֤ݩ͸ɼ࣍ͷܗͷݩW Λ༻͍ͯ



 −tW

W



 ͷΑ͏ʹ༩͑ΒΕΔɽ

R





λ1

−ν1

−µ1



+ R





ν2

µ2

λ2



+ R





−µ3

ν3

−λ3



+ R




λ4

−µ4

ν4





଄ߏ਺ݩ࢛ Q̃ ͸ɼ࣍ͷ s ⊂ kʹΑΓ༩͑ΒΕΔɽ

s = RW1(0, 1,−1) + RW2(0, 1,−1) + RW3(0, 1,−1)

=






(

A

)
; A ∈ R





−1

1

1

−1



+ R





−1

1

1

−1



+ R





−1

1

1

−1










W1(0, 1,−1),W2(0, 1,−1),W3(0, 1,−1)͸ɼͦΕͧΕW4,W5,W6,W7 Λ͍ͯ͠׵ަʹ͍ޓΔɽ
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

େฏୱτʔϥεۃ

Πιτϩϐʔ࡞܈༻ͷ֤يಓ͸ɼશଌ஍తۃେฏୱτʔϥεͱަΘΔɽ

a := W7 ⊂ m͸ mͷۃେՄ׵෦෼ۭؒͱͳΔɽରԠ͢Δ GH(O)্ͷશଌ஍తۃେฏୱτʔϥε

A͸࣍ͷΑ͏ɽ

A =
{
a(θ,ψ) = spanR






cos(2θ + ψ)e1 + sin(2θ + ψ)e5,

cos(θ + ψ)e2 + sin(θ + ψ)e6,

cos θe3 − sin θe7





;

0 ≤ θ ≤ π
3 ,

0 ≤ ψ ≤ π
2 ,

3θ + 2ψ ≤ π.

}

GH(O)ʹ͓͍ͯɼsͷਖ਼ن௚ަجఈΛ I , J,K ͱ͢Ε͹ɼ࣍ͷ௚ަ௚࿨෼ղ͕੒Γཱͭɽ

m = a+ I (a) + J(a) + K(a)

͜ͷΑ͏ͳݩ࢛਺ରশۭؒ͸ɼGH(O)Ҏ֎ʹ͕͋࣍Δɽ

SU(4)/S(U(2)× U(2)), SO(7)/S(O(3)× O(4)), SO(8)/S(O(4)× O(4))
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

Aͷ෦෼ू߹ Ai Λ࣍ͰఆΊΔɽ

A0 = {a(0, 0)},

A1 = {a(θ,ψ) ; 0 < θ <
π

3
, 0 < ψ <

π

2
, 3θ + 2ψ < π},

A2 = {a(θ, 0) ; 0 < θ <
π

3
},

A3 = {a(0,ψ) ; 0 < ψ <
π

2
},

A4 = {a(θ,ψ) ; 0 < θ <
π

3
, 0 < ψ <

π

2
, 3θ + 2ψ = π},

A5 = {a(0,
π

2
)},

A6 = {a(
π

3
, 0)}.

A =
⊔6

i=0 Ai ͱͳΓɼ֤ Ai ্Ͱ K ͸มΘΒͳ͍ɽܕಓيಓͷي
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

p ∈ A1 ʹ͍ͭͯ

p = g(o) ∈ A1 (g ∈ G2)Λ௨Δ K ಓɽͱ͘ʹɼdimK(p)يಓ͸ओي- = 6ɽ

H := K ∩ g−1Kg ͱ͢Ε͹ɼH ∼= Z2 × Z2.

hΛ H ͷϦʔ؀ͱ͢Ε͹ h = {0}. ͱ͘ʹɼπs(h) = {0}. ΑͬͯɼK(p)͸ IܕͷيಓʹͳΔɽ

a = W7 ΑΓ To(g−1Kg)(o) = W4 +W5 +W6ɽͱ͘ʹɼ೚ҙͷ I ∈ sʹ͍ͭͯ

V ⊥ W = To(g
−1Kg)(o), V ⊥ W , I (V ) ⊂ V , I (W ) ⊂ (To(g

−1Kg)(o))⊥

Λຬͨ͢෦෼ۭؒ V ,W ⊂ To(gKg−1)(o) (dimV = 4, dimW = 2)͕ଘ͢ࡏΔɽ

Proposition 3.3 (S)

K ಓي- K(p)͸ɼ࣍Λຬͨ͢ K ಉม͸ΊࠐΈ f : S3 × S3/Z2 → GH(O)ͷ૾ʹͳΔɽ

1. f ∗Q ͷ K -ෆม੾அ͕ S2 ͷݩͱ̍ର̍ʹରԠ͢Δɽ

2. ֤ K -ෆม੾அ I ʹΑΓɼf ͸ CR ͸ΊࠐΈʹͳΔɽ

ʑ໦༏ࠤ 33 / 40
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

p ∈ A2,A4 ʹ͍ͭͯ

p = g(o) ∈ A2,A4 Λ௨Δ K ͍ͯͭʹಓي- dimK(p) = 5.

H := K ∩ g−1Kg ͱ͢Ε͹ɼH = U(1)× Z2. dim h = 1͔ͭ πs(h) = 1ͱͳΔɽ

ΑͬͯɼK(p)͸ IIܕͷيಓͰ͋Δɽ

Proposition 3.4 (S)

K ಓي- K(p)͸ɼશ CR ͸ΊࠐΈ f : S2 × S3 → GH(O)ͷ૾Ͱ͋Δɽ

To(g−1Kg)(o) = RW4(−2, 1, 1) +W5 +W6

I (W5 +W6) ⊂ W5 +W6 Λຬͨ͢ I ∈ s͕ɼf ͷ CR ଄Λ༩͑Δɽߏ

I (RW4(−2, 1, 1)) ⊂ a ⊂ (To(g−1Kg)(o))⊥ ͕੒Γཱͭɽ

֤ J ∈ {A ∈ s ; IA = −AI}ʹ͍ͭͯɼJ(a) ⊂ W5 +W6.

W5 +W6 ʹ͓͚Δ J(a)ͷ௚ۭؒิߦΛ U ͱ͢Ε͹ɼ

J
(
RW4(−2, 1, 1) + U

)
⊂ RW4(−2, 1, 1) + U.
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

p ∈ A3 ʹ͍ͭͯ

p = g(o) ∈ A3 Λ௨Δ K ͍ͯͭʹಓي- dimK(p) = 5.

H := K ∩ g−1Kg ͱ͢Ε͹ɼH = U(1)× Z2. dim h = 1͔ͭ πs(h) = 1ͱͳΔɽ

ΑͬͯɼK(p)͸ IIܕͷيಓͰ͋Δɽ

Proposition 3.5 (S)

K ಓي- K(p)͸ɼશ CR ͸ΊࠐΈ f : (S3 × S3)/U(1) → GH(O)ͷ૾Ͱ͋Δɽ

To(g−1Kg)(o) = W4 +W5 + RW6(1,−1, 0)

I (W4 +W5) ⊂ W4 +W5 Λຬͨ͢ I ∈ s͕ɼf ͷ CR ଄Λ༩͑Δɽߏ

I (RW6(1,−1, 0)) ⊂ a ⊂ (To(g−1Kg)(o))⊥ ͕੒Γཱͭɽ

֤ J ∈ {A ∈ s ; IA = −AI}ʹ͍ͭͯɼJ(a) ⊂ W4 +W5.

W4 +W5 ʹ͓͚Δ J(a)ͷ௚ۭؒิߦΛ U ͱ͢Ε͹ɼ

J
(
RW6(1,−1, 0) + U

)
⊂ RW6(1,−1, 0) + U.
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

p ∈ A5 = {a(0, π2 )}

p = g(o) ∈ A5 Λ௨Δ K ͍ͯͭʹಓي- dimK(p) = 4.

K(p)͸ۃ஍ɽ

ͱ͘ʹɼશଌ஍త෦෼ଟ༷ମʹͳ͍ͬͯΔɽ

Proposition 3.6 (Enoyoshi-Tsukada, 19)

K ಓي- K(p)͸ɼશෳૉ͸ΊࠐΈ f : S2 × S2 → GH(O)ͷ૾Ͱ͋Δɽ

To(gKg−1)(o) = W4 +W5

I (W4 +W5) ⊂ W4 +W5 Λຬͨ͢ I ∈ sʹΑΓෳૉߏ଄͕ೖΔɽ

֤ J ∈ {A ∈ s ; AI = −IA}ʹ͍ͭͯɼ

J(W4 +W5) ⊂ W6 +W7

ͱͳΓɼJ(To(g−1Kg)(o)) ⊂ (To(g−1Kg)(o))⊥.
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

p ∈ A6 = {a(π3 , 0)}

p = g(o) ∈ A6 Λ௨Δ K ͍ͯͭʹಓي- dimK(p) = 3. ͱ͘ʹɼK(p) ∼= Sp(1)/Z2.

H := K ∩ g−1Kg ∼= Sp(1)ͱͳΓɼh ∼= sp(1).

ͱ͘ʹɼπs(h) = sͱͳΓɼK(p)͸ IIIܕͷ K ಓɽي-

To(gKg−1)(o) = RW4(−2, 1, 1) + RW5(1,−2, 1) + RW6(1, 1,−2).

֤ I ∈ sʹ͍ͭͯɼ

I
(
To(g

−1Kg)(o)
)
*⊂ To(g

−1Kg)(o), I
(
To(g

−1Kg)(o)
)
*⊂ (To(g

−1Kg)(o))⊥.

଄ʹؔͯ͠ྑ͍ੑ࣭ʢશෳૉ΍શߏ਺ݩ࢛ CRɼݩ࢛਺෦෼ଟ༷ମͳͲʣΛ΋͍ͬͯͳ͍...
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3.GH(O)ʹ͓͚ΔΠιτϩϐʔ࡞܈༻

·ͱΊ

݁߹తάϥεϚϯଟ༷ମ GH(O)ʹ͓͚Δ౳௕ม܈׵ͷΠιτϩϐʔ࡞܈༻ͷيಓܕ͸ 6छ.

A1 A2 A3 A4 A5 A6

dim 6 5 5 5 4 3

,஍ۃ

ܕಓي ओيಓ શଌ஍త S3

෦෼ଟ༷ମ

શ CR શ CR શ CR શ CR શෳૉ

͸Ί͜Έ ͸Ί͜Έ ͸Ί͜Έ ͸Ί͜Έ ͸Ί͜Έ

(Enoyoshi-

Tsukada, 19)
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ͷ՝୊ޙࠓ

ͷ՝୊ޙࠓ

਺ରশۭؒʹ͓͍ͯɼݩ࢛֤

౳௕ม܈׵ͷΠιτϩϐʔ࡞܈༻ͷيಓͷݩ࢛਺ߏ଄ʹؔ͢Δੑ࣭ɽ

Hermann࡞༻ͷيಓͷݩ࢛਺ߏ଄ʹؔ͢Δੑ࣭ɽ

Δɽ͕͋ڀݚ਺έʔϥʔଟ༷ମͰ͸ɼπΠελʔۭؒΛ༻͍ͯ෦෼ଟ༷ମΛௐ΂Δݩ࢛

ͱ͘ʹɼશෳૉ෦෼ଟ༷ମ͸πΠελʔۭؒͷϧδϟϯυϧ෦෼ଟ༷ମ͔Βߏ੒͞ΕΔɽ

શ CR ෦෼ଟ༷ମ͸ɼπΠελʔۭؒͷͲͷΑ͏ͳ෦෼ଟ༷ମͱؔ܎Λ͔ͭ࣋ʁ

dimGH(O) = 8Ͱ͕͋ͬͨɼ

ImOͷ ෦෼ଟ༷ମ͔Βݩ࣍4 GH(O)΁ͷશෳૉ͸ΊࠐΈ͸ߏ੒Ͱ͖Δ͔ ?

(ྫ : coassociative submanifold N ⊂ ImO. (TxN)⊥ ͸݁߹త෦෼ۭؒͰ͋ΓɼdimN = 4ɽ

Ψ΢εࣸ૾ N → GH(O) ; x +→ (TxN)⊥ ͸ͲΜͳੑ࣭Λ͔ͭ࣋ʁʣ

S6 ͷ֓ෳૉ෦෼ଟ༷ମ͕ɼHashimoto-Taniguchi-UdagawaʹΑΓৄ͘͠ௐ΂ΒΕ͍ͯΔɽ

ͲͷΑ͏ͳ֓ෳૉ෦෼ଟ༷ମͳΒ͹ɼࠓճͷௐ࿨ࣸ૾͕҆ఆʹͳΔ͔ɼෆ҆ఆʹͳΔ͔ʁ
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