Hypersurfaces in complex-Riemannian

geometry
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(M, (,)): 000000000

=3
M: 00000, (, ): TYOM x THOM — C
(Vz€ M): 00000D00O0O0O0O00O (Lebrun
'83, Trans. AMS )

Anti-Kahler O 0O O

(M, (,)): 0000000000000,
(,Y=Re(, )0 Anti-Kihler 00,0000 (, }: O
0 (n,n) 0000000 (JX,JY)=—(X,Y).
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(M,J): 00000
o V: OO « V: torsion free, VJ = 0,

o DO V: IO &« Z,WlOLULUOOUOOOoGO
D,Vzwi 0 O

00 (Lebrun)
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Example 1. C™

z = (21, ,2,) € C",
C" 3w = (w1, -+ ,wy,) <
0 0
- .« oo - - T(lao)(cn,
o (az1>z+ i (azn)z S
(z,w) = zywy + -+ + + zpwy,.

Example 2. OO0 OO OO0
CroopoDoDoOoooooooo

00 OO0 (DD0O0O0) (20230 110 210)



Ooon

Example 3. OO0 0O

CS™"(1) = {z € C"| (z,2z) =1}y0 C*"'O0O0OO
O00000,000000000000000000

CS™ = SO(n + 1,C)/SO(n, C).

Stenzel (0 [

0000 CS"O0 (0)00 S*0 (0)0000oooO
D,DDDDDDDDDDDD,(DDD)DD Ricci flat
Kahler 00000000 (Stenzel, '93, Manuscripta
Math.)
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M:DDDEINDDDDD,M:DDDDD,
f:M— M: 00000 immersion =

f_lT(]-,O)M — f*(T(]-,O)M) @ N(]-’O)M.

v

Gauss formula

X,y e x5

VxY = £.(VxY) + o(X,Y),
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Weingarten formula

x e x9N exl0

VxN = —f.(AnX) + VLN

X,y € x9N e 20

(0(X,Y),N) = (ANX,Y),
AN = JAn.
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Example: Veronese [0 [

00 immersion

CS? 3 z +— 2'2 € Sym,(3,C)
={Z € M(3,C)|'Z = Z, trace Z =1} = C°

000,00 E3/3,00 +/2/300000 CS*000
0O0O0O00O0O0oOoO
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M™tl. 000000000, M™ 00000,
f:M— M: 00000 immersion =

N, e NMM, (N, N,) =1

0, 0000000000000 (Do00ooon)d

0000 A= AN
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|soparametric function on real space forms

M”+1: real space form, F' : M — RR: non-constant
smooth function is isoparametric < 3T, S : R — R:

smooth, such that

|grad F|?=ToF, AF=SoF.

Level hypersurfaces

M+ real space form, F': M — R: isoparametric
= each level hypersurfaces of F' has constant principal

curvatures.

00 00 (0000) (20230 110 210) Hypersurfaces



doooouooooooon

|soparametric function on complex sphere

F : CS"™ — C: non-constant holomorphic function is
isoparametric < 3T, S : R — C: holormorphic, such
that

(grad F,grad F) =ToF, AF = SoF.

Level hypersurfaces

F : CS" — C: isoparametric
=> each level hypersurfaces of F' has constant principal
curvatures.
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Example: g =1

Example: g = 1

For a fixed w € CS™ Cc C**!, F : CS"™ — C,
F(z) := (2,w). = (grad F,grad F) = 1 — F?,
AF = —nF.

For cosa € C — {%1}, the principal curvature of
M, := F~1({cosa}) is cot a.
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Example: g = 2

Example: g = 2

For z = (21, 2z2) € CS™ (21 € CFtY, 2, € C°F),
F:CS" —C, F(z) = (z1,21) — (22, 22). =
(grad F,grad F) = 4(1 — F?),

AF =22k —n+1)—2(n+1)F.

cos2a € C — {0,+1}, M, := F~1({cos2a}) OO
000 cota (000 k), —tana (D00 n—Kk—1)

v
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Example: g =4, m; =1

Example: g =4, m; = 1

"}2 — ‘72271—1 — {(z’,w) e Cntl x (Cn+1| (z’z) —
(w,w) =1, (z,w) =0},
a € CX, fo: C* x V5 —» CS>H C CcH x Cn L,

.fa(Ca (z,w)) -
cos & cos (z — sin a sin (w
cosasin(z + sinacos(w )’
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Example: g =4, m; =1

Example: g =4, m; =1
1+sin2a —1 + sin2«

O00: , (D ogd 1),
COS 2 CoSs 2

tana, —cota (000 n —1).

00 00 (0000) (20230 110 210) Hypersurfaces



e CS"UODODDODDODODODDOD (DOO)ODOOO
ooooo?

e CS"OUUODOODODOODODO?

e CS"UUUDDLDOUUUUDDLDDOOO?
e SteinJIODODODOOOOO

e OStenzel DD DO OODO?7
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M?"~1: real (2n — 1)-dim. manifold,

f : M?=1 — CS™: immersion.

Dy := J((fi)2(TeM)) O (fi)a(To M),

H, ={X —iJX €eT-M| X € D,}0 Ve € M
00000000 M :O0D0D0OO0O0O.

|(é2,€2)| =1. 0OOOOON, := J&,: 000000
0.
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Example: 0000000 0OOO0O

Example: OO0 O 0O0O0OODOOOO

Sp(r) = {exp,(rz) € CS"| z € C"*,
(z,p) =0, [(2,2) =1}, (r>0)
O00: —1/» (000 1,0000000 ¢),

—V/ (2, 2) cot(r\/(z,2)) (00O 2n — 2).
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Example: 00000000000 tube

Example: OO O OOOO0OOOOO tube

{exp,(rz) € CS"| p € CS"7,
z € Tpl((CS"_l), |(z,2)] =1}, (r > 0)

0o00:1/- (000 1,0000000 &),

—V/ (2, 2) tan(rv/(z,2)) (OO0 2n — 2).
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o CS" 0 Hopf 00D DODOOODOO Hopf?
e CS"O0D0O0D0O0ODODODO tube O Hopf?

e CS™" 0O Hopf OO OODOOODOODO, OO0
O O normal line congruenced 0 0 G4(R™*™3) O (O
OoO00)0oooooooooooo?
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G4(R™3) O twistor O O

G4(R™3) O twistor 0 O

Crt* 0 (00000000)002000000000
00 Ho(C"*?) = SO(n +3)/SO(n —1)U(2) O
0000000 G4(R™3) 0 twistor 000000

CS" 0O Hopf DO OO OOOOOO pOO0OOOOO™d
O N, OOOOmoooooo

(pa Np) = W(C(p, (2 0) + C(Npa 0, 7’))

000 G«(R**3) 0000000000000000
ool
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Example: CS" 000000 RS" OO tube

Example: CS" OO O0OOO0O RS™ 00O tube

fr: V2(R"h) — CS™  (r > 0),
fr(x,y) = coshrx + isinh ry,
fr(Va(R™™)) = {exp,(riy) € CS"| p € RS",
y € RS |yl =1) (r > 0),

O00:0(000 1, 0000000 €),
—tanhr» (000 n—1), —cothr (J00U n —1).
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Example: CS" 000000 RS" OO tube

Example: CS" DO OOO0O RS™ 00O tube

0ooof(Va(R*1)) 00000000000000
G4(R™t3) 00000000000 0O00OOO0

Go(R™*) = Q10000
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e CS"OOOOUOUOOHopfOODO?
e CS" DO OOOOOOODO?

o (00)ODDDOODDODOODDOOODDOODOOO
0000 (0)000000 HopfOOO (DODODO
0000 O normal line congruence) 00000 OO
ERERN
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Go(C"™) 0 G,/SO(4) OO O

Go(C*™H) OO0

CP" 0O Hopf D0 ODOODOOODOOOOOOOO
normal line congruence 00000000 Gauss 00 00
000000000 Go(C*) 0000000000
D000000 (K, Diff. Geom. App., 2014, 2017).

G»/SO(4) 00O
Sé O Hopf 00O DOOODODOOODOOODOOODODO?
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