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Def
. (X* W = (W 1, Wa , ws)

: (4-dim.) hyperKahler manifold
nowhere

I vanishing

:E) ·WinWj = 2Gij vol (volER"(x)

I& g(u , v)=110W21Ws < o

vol

· dWi = o
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Def
. (X* W = (W 1, Wa , ws)

: (4-dim.) hyperKahler manifold
7
,
22= Is

=> It : Wi = g (l: ) => [22 =I,

In ]1 = 122· g : hyper-Kahler metric
S
1
,

2=/

=>18 ,
I
,
In
,
Is)



Lef
. (x*(W ,, Wa , ws)

: (4-dim.) : hyper-Kahler
manifold

hyper-Kahler structure
on X.



& : hyperkahler metric

=> Ricg = o

I · Hol(g) < SU() (CS0(4)



X : 4-dim. compact manifold

EW : hyper-Kahler structure

EX : cpt Kahler surface w/ kx = Ox
Yau's Thm.

=> X ( surface



X : K3 surface

Mrk:=wihKstroXS
!

hyper-Kahler
(Wilients (aiWii rotation

(G ;;) = S0(3)



X : K3 surface

&W: hk-str on X]/isomorphism SO(3)xIR
+

EXhK-metricson Xw/diam=1)
isometry



X : K3 surface

* P = Ant (H2(X ,x), intersection)

↑
(0(3 , 19)/0(3) x 0(19)

U open ,
dense

-- global Torelli Theorem

M:LK-metrics on Xw/diam=1)
isometry



M:LK-metrics on Xpzw/diam=1)
isometry

2
.

What is Mx ?



My :I2hK-metricson Xpzw/diam=1)
isometry

MX cM*H := ((M,d) : cp+ metric sp-Y isoo
↓

↓

(X , g) H (X , dg) dg : Riemannian
distance of g



(Mncdn), (Mos doo : Cp+ metric spaces
n+0

(Mn, dn) - (Mo , doo (
Gromov-Hausdorff (
convergence

:* Ento * In : Mn-Mo (approximationS map

Sit .

S
& (d(P(x) , &(4)) - dn(x ,y))En
&

(Yx
,y = Mn)

· Mao B(Pn(Mn) . En)



My :I2hK-metricson Xpzw/diam=1)
isometry

Fact Mx is precompact in MGH

() · F(X,g) Mx
,
diam =1E Ricg = O

· Gromov's precompactness theorem/



My :=2hK-metricson Xpzw/diam=1)
isometry

Lef
.

· Mx := closure of Mx in M&H

·

2Mx := Mx1Mx



14, d) = 2Mx

· volume non-collapsing (dimM = 4)

=> (M .d) : cp+ hyperKahler orbifold

w/ ADE-type singularities

· Collapsing- Classified by Sun-Zhang



14, d) = 2Mx

· Collapsing

· (TY/z flat) -- Foscolo

&· (S, singularmetric) ... Gross-Wilson

· 20 , 1] ... Hein-Sun-Viaclovski -Zhang



Mx(Further research (

daka-Oshima
~
Gromov-Hausdorft

compactification
- GHLong M

sat
-> Mx is continuous

T
Satake compactification

#Honda-Sun-Zhang measured Gromov-Hansdorff
Y compactification

-
mGH

M for (Mcd) = 50 , 1)Classify ( , d .m) =2 Mx



&MxCross-Wilson3 surface

& M is holomorphic & surjective

& so

I

M" (b) = T2 (elliptic curve
for generic beg"

· 24-singlar fibers of Kodairatype 11.



&MxCross-Wilson3 surface

·
E We : hyper-Kahler structures (t >0)

X

()
-x... Ma area of M"(b)

w.r.+ It

↳ =O(t)



&MxCross-Wilson3 surface

· M is an approximation map of

(X , 8t) - (S2,sing.met .)

· M is Gholomorphic. ↳ hyperkahlerrotation

Special Lagrangian fibration



Holomorphicmapsareenergyminimin
to

f : X - Y Cmap

Iw
,
(f) :=Swe

E (f) := Sxld+ PdMg



Holomorphicmaps are energy minimizing

Ihm (Lichnerowica)
(1) Iw

,
n(f) is determined by [f]

(2) IWdEl
(3) [w

, y
(f) = [(f) E) f : holomorphic



-Cross-Wilson& Lichnerowi

When (XK3 . 8) ES then

energy minimizing maps appear
as

approximation maps .

3

3-dim'l collapsing ?



Whatto do

· Review Foscolo's constructions of collapsing

(X . 8t) + (T/us flat)

· approximation map XTY2

· The lower bound of E(Mt)



Collapsingto TP/T2 (Foscolo

· Construct (X . Wt) (t >0) by

gluing · punctured Gibbons-Hawking

S metrics

· Atiyah-Hitchin mfds x &



Collapsingto TP/T2 (Foscolo

· Construct (X . Wt) (t >0) by

#2

AHmfd =*



-Gibbons-Hawkingansatz

· (Y
, 80) : flat 3-med

0 = (0 .. On,0s) e &(1)

& Oi : closed 2:
20 = 02+ 02 +O = d +R'(X) s.+

d =edh

--· h : Y - 1+:1 harmonic fet.sositive

Stume. (*dh] = H
*
(Y, 244)



-Gibbons-Hawkingansatz

Gibbons-Hawking
· (Y

, 90 = 02 + 02+ 05 =
metric

W = (W ,, wa ,Ws)
· (h , a) hyperkahler structure
· u : X + Y # on X.

w , := n+0, 1x +mph -0218)
=> SWa :=02nd +mah -Br

y

Ws := n*0, 1x +uP h
. 0
, 10)



Eoscolo'ssetting

· G...... Eg T : fixed pts of Inaction

· P, ....Po. -P... - Po ET 159; ) imutually
distinct

w Small ball

· Y : TU(9
· h :-R harmonic w/ hea
· <, Y+ -Y



Eoscolo'ssetting

· G...... Eg ET

· P1. .... Pio . -P..- - Pio -T159; )

G-Hansatz

· t"+ h : Y + IR -(X*

/ , Et)
· <, Y+ -Y ↓ it

Y/[z



Atiyah-Hitchinmanifold

· 4-dim . hyper-Kahler mid .

M.

· Asymptotically locally flat space
of type Do
. (cubic volume growth)

MrM



Foscolo's setting
-My -Ms

-MA --- At
...no *Y2z--

#
Y/22



Eoscolo'ssetting

-My tMs
+My ... At

· X = Y
,

UT M . r
. uMs

differ

= k3·West
orbifold

↓

#hm(H) it extends smoothly to Mt : X-TY



Towerbound of the Energy

· (X, W = (Wi
,
W2
,
Ws)) :13 surt . 2/ hk-ser.

· (T/
, 80 : 02+ 0 + 05) : frifold

*0 =0210· M : X +T Smooth map -O = 810 ,
Os =0 ,102

· Iwa(M) :=Wi
*(



Towerbound of the Energy

· Iwa(M) :=Wi
*(

Thm (H) homotopic
-

(1) NorMi = [wo(Mo) = Iw,o(M)
(2) FM , [wo(M) = EM) =Sam vol



Towerbound of the Energy

· Iwa(M) :=Wi
*(

Ihm(H)homoto an Two(Md = Iwa(Mi
(2)
M = [wo(M) = E(u)
↑ 8.80
G-Hansatz



Ihm. (H) X : K3 surface
Wit : Foscolo's family of hk-strs

gt : hk-metrics of WE

- EMt : X ->T
&

/22 Smooth sit.

o ut : approximationmaps of
(X ,gt) (T2 · 80)

: Gromorlandoa

· Iwt
,
o (ut) < o

· Iwt
,
O (Mt) -

> Eggp (Mt)

· Lim Egg(Mo(M)



-Outlineof proof

· Recall X=YUM ,
r . . 0 +Ms

Gibbons-Hawking
E

·

On , Iwo(M = Egt,go(Mt

·

On tMj , In o (Mt) & Egt, go (MT)

are small.


