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There should be diffeo, a la AdS/DL 
1.   Motivation: gauge sym in NN

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

<latexit sha1_base64="eu+jj8R22pHLDVT/W9LRR9sawds="></latexit>r

Deep feedforward NN = AdS spacetime

Bulk reconstruction by QFT correlators
[Tanaka Tomiya Sughishita KH] [Akutagawa Sumimoto KH] [Hu You KH] 
[Tan Chen] [Song Oh Ahn Kim] [Yan Wu Ge Tian] …

Bulk reconstruction by entanglement [Lam You] [You Yang Qi] …

Deep Boltzmann machine = AdS/CFT  [KH]
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Symmetries = redundancy à trainability
1.   Motivation: gauge sym in NN

NN symmetry : Invariance of loss function             under
a transformation on weights

L(wi)
<latexit sha1_base64="LyTZZ65ao+ZikzrH3bjJSBR7oqk="></latexit>

L(wi) = L(wi + �i(w))
<latexit sha1_base64="epW2cn/Ho+kiQA/3bDaJjudwkdg="></latexit>

wi
<latexit sha1_base64="Gs8FeYKv4s1Fc9h84fvkrgt3ZRs="></latexit>

w1
<latexit sha1_base64="3nMh7cfSQdJMW8BH8BqvjkGK7so="></latexit>

w2
<latexit sha1_base64="RwPgXMzREZJm6P+c+zr0Fkd9ZS8="></latexit>

L
<latexit sha1_base64="2irDROkQI+RxQBJKdQAXbhDWY1g="></latexit>

Learning dynamics may 
depend on symmetries.
[Amari] [Amari Ozeki Karakida
Yoshida Okada] 
[Badrinarayanan Mishra Cipolla]
[Neyshabur Salakhutdinov Srebro]
[Ziyin 2023] …
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Perceptron model “Unit” (circles) : Vector components

- Training protocol : 
1) Prepare many sets                     : input and output
2) Train the network (adjust       ) by lowering

{(xj, f )}
W

E ≡ ∑
data

f − W (2)
i φ (W (1)

ij xj)

“Weight”      (lines) : Linear transformation
to be optimized

“Activation function”       (hidden line-end) : 
Nonlinear component-wise transf.

<latexit sha1_base64="zCVIZUkx8G+Tg2jz9dy6Te/ujL0="></latexit>

ReLU(x) = x ✓(x)

<latexit sha1_base64="1BK+lRSj9fTsmsfoE1s214TdZ1w="></latexit>

W (2)
i '(W (1)

ij xj)

<latexit sha1_base64="gLUCIxCx3n16PdAto1XPg2pn0O8="></latexit>x1

<latexit sha1_base64="BmBx+1gQ2/x/txRLFfWTm3Hx3sc="></latexit>x2

<latexit sha1_base64="tHGmzn9bWC/ChRtWGK6YA92pRFk="></latexit>

W

<latexit sha1_base64="McDHSdJkz/NeF++BzO6p65v16NI="></latexit>'

“Loss function”

Review of Feedforward NN
2.   Candidates for diffeo in NN
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1. Permutation symmetry
2.   Candidates for diffeo in NN

Multi-Layer 
Perceptron

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

f(x) = w1'(w̃1x+ b̃1) + w2'(w̃2 + b̃2) + b
<latexit sha1_base64="tX4eHjkYjYOOIOQB4/j2EtyJlR0="></latexit>

NN symmetry : swapping of neurons

w1 $ w2, w̃1 $ w̃2, b̃1 $ b̃2
<latexit sha1_base64="cNR01OtyvxNg0XwXkh/jsUfc5oo="></latexit>

Note : this Z2 sym enhances at singularity
[Amari Ozeki Karakida Yoshida Okada 2016] 
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2. Rescaling symmetry
2.   Candidates for diffeo in NN

fi = wij'(w̃jkxk + b̃j) + bi
<latexit sha1_base64="9+4zFmGYmK8xtlknKGC6T/XhuYU="></latexit>

xk
<latexit sha1_base64="WhR/iGU/xKrru+ZpuCZDhwXBgxE="></latexit> j

<latexit sha1_base64="aJeIdy62ebxblu1f97fova2SNl4="></latexit>

NN symmetry : For any fixed   , rescalej
<latexit sha1_base64="aJeIdy62ebxblu1f97fova2SNl4="></latexit>

wij 7! ↵wij , w̃jk 7! ↵�1w̃jk, b̃j 7! ↵�1b̃j
<latexit sha1_base64="ziwxYHs/4+VQBGfKTlSzev4sGSA="></latexit>

ReLU activation
'(x) = ReLU(x)

<latexit sha1_base64="0gfUsk0JRn6A3ryTBmRBMl95DNo="></latexit>

due to ReLU scaling property
ReLU(↵�1x) = ↵�1ReLU(x)

<latexit sha1_base64="wGXLZxng5fKBFeQu9iEK1w/TmdI="></latexit>

ReLU(x)
<latexit sha1_base64="DGd/vQtD0jww1JZk0pUw/Iu6pM0="></latexit>

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>
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3. Self-attention in transformers
2.   Candidates for diffeo in NN

Self
attention

hi =
nX

j=1

ReLU
⇣
(xw(q))i(xw

(k))Tj

⌘
(xw(v))j

<latexit sha1_base64="clX6PfaaE06xowbUgZ5hZE6/4Y4="></latexit>

x 2 Rn⇥d
<latexit sha1_base64="kTf3nR+lYpX39zLkExjmF+oHPyI="></latexit>

: set of data xi 2 Rd(i = 1, 2, · · · , n)
<latexit sha1_base64="ce/zqqKauJW1uAhABRTT2nrbTxo="></latexit>

w(q),(k),(v) 2 Rd⇥d
<latexit sha1_base64="vtFeb1YMKkrmpmcA+mQ4eOSApN0="></latexit>

: query, key and value weights

NN sym 1 : rescaling
NN sym 2 : Internal sym

w(q) 7! w(q)A, w(k) 7! w(k)(A�1)T , A 2 SL(d,R)
<latexit sha1_base64="/W6SywuzVBXmjVF/zJpyATYbGOA="></latexit>

w(a) 7! ↵(a)w(a), ↵(q)↵(k)↵(v) = 1
<latexit sha1_base64="e5Afn1uMIgqL9aFIiNJqjJXTKvk="></latexit>
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Neural ODEs = continuous ver. of NN
3.   Diffeos in neural ODEs

ẋ(t) = F (t, x(t))
<latexit sha1_base64="J8n/wV4J45FQSwBVQ3yrK6qyD3g="></latexit>

t
<latexit sha1_base64="zo6T5Etn2zQVA56kGqyRQQSQSHA="></latexit>

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ=">AA ACZHichVHLSsNAFD2Nr1qrrRZBEKRYKq7K1AeKq6Ibl33YB9RSkjjW0DQJSVqsxR/QreLClYKI+Blu/AEX/QFBXFZw48LbNCBa1DvMzJkz99 w5MyMZqmLZjLU9wsDg0PCId9Q35h+fCAQnp3KWXjdlnpV1VTcLkmhxVdF41lZslRcMk4s1SeV5qbrV3c83uGkpurZjNw1eqokVTdlXZNEmKnVYDkZYjDkR7gdxF0TgRlIP3mIXe9Aho44aODTYhFWIsKgVEQeDQVwJLeJMQoqzz3EMH2nrlMUpQyS2SmOFVkWX1WjdrWk5aplOUambpAwjyp7YHeuwR3bPXtjHr7VaTo2ulybNUk/LjXLgZCbz/q+qRrONgy/Vn55t7GPd8aqQd8NhureQe/rG0UUns5GOthbYNXsl/1eszR7oBlrjTb5J8fQlfPQB8Z/P3Q9yS7H4cmw1tRJJbLpf4cUs5rFI772GBLaRRJbO5TjFGc49z4JfCAnTvVTB42pC+BbC3Cf4kIn/</latexit>

T
<latexit sha1_base64="XJtJmxQX7C3WaKOhM5p9UYg+47Y="></latexit>

0
<latexit sha1_base64="rUMvjLJud4+Cgr+uNGcil50xra8="></latexit>

Training : train such that 
the relation reproduces
given set of data                    .  

x(t+ �t) = x(t) + F (t, x(t))�t
<latexit sha1_base64="tliJtdL2ZDBLNwk95V0t/A73CPg="></latexit>

Discretizing it gives a residual NN :

F (t, x)
<latexit sha1_base64="gNcGQtXl8eZZh4hU90djmPE+7XM="></latexit>

(x(0), x(T ))
<latexit sha1_base64="8UKCYsLhby26MomUge5eC55A1Do="></latexit>

{(xi, xf )}
<latexit sha1_base64="h2PswzhFWi5F/GIFmCMw5w4K/xw="></latexit>
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Chen, Rubanova, Bettencourt, Duvenaud
ArXiv:1806.07366 [cs.LG]



Diffeos in ADM-like decomposition in neural ODE
3.   Diffeos in neural ODEs

(a)
<latexit sha1_base64="4M0FgeeapIL1MseVf+PSqFzuADI="></latexit>

(b)
<latexit sha1_base64="Ni4S0dmLeFyTKcUbxA1ZC97QZOw="></latexit>

(c)
<latexit sha1_base64="jWkYKCW+V3q9sUQecAldGlUrOV8="></latexit>

t
<latexit sha1_base64="zo6T5Etn2zQVA56kGqyRQQSQSHA="></latexit>

t
<latexit sha1_base64="zo6T5Etn2zQVA56kGqyRQQSQSHA="></latexit>

t
<latexit sha1_base64="zo6T5Etn2zQVA56kGqyRQQSQSHA="></latexit>

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit> x

<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

T
<latexit sha1_base64="XJtJmxQX7C3WaKOhM5p9UYg+47Y="></latexit> T

<latexit sha1_base64="XJtJmxQX7C3WaKOhM5p9UYg+47Y="></latexit>

T
<latexit sha1_base64="XJtJmxQX7C3WaKOhM5p9UYg+47Y="></latexit>

0
<latexit sha1_base64="rUMvjLJud4+Cgr+uNGcil50xra8="></latexit>

0
<latexit sha1_base64="rUMvjLJud4+Cgr+uNGcil50xra8="></latexit>

0
<latexit sha1_base64="rUMvjLJud4+Cgr+uNGcil50xra8="></latexit>

Original frame Spatial diffeo
x(t) 7! x(t) + ✏(t, x(t))

<latexit sha1_base64="2v2Dde+popRb0bkc4+g0221V8+E="></latexit>

Time reparam.
t 7! t+ f(t)

<latexit sha1_base64="IqE5w3CA5CMwlOryvSbDT1Jbkos="></latexit>
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Linear neural ODE can be solved
3.   Diffeos in neural ODEs

ẋ(t) = w(t)x(t) + b(t)
<latexit sha1_base64="aW3xmLJNIjK74tv2bfguCuStAsA="></latexit>

x(T ) = e
R T
0 w(t0)dt0x(0) +

 Z T

0
e�

R t0
0 w(t00)dt00b(t0)dt0

!
e
R T
0 w(t00)dt00

<latexit sha1_base64="Yp5vf6SeH991gaeaC5w8Ja86Pi8="></latexit>

Linear neural ODE :

Explicit solution of the ODE

x(t) 7! x(t)� g(t)x(t)
<latexit sha1_base64="4Pn9pnrWlGjpPdeD5wEcfXRFi/Q="></latexit>

Spatial diffeo is weight transf.

w(t) 7! w(t) + ġ(t), b(t) 7! eg(t)�g(t=0) b(t)
<latexit sha1_base64="vwVE3pwoKTOeFJDqTmoHUqFtjLY="></latexit>

Time reparam. is weight transf.t 7! t+ f(t)
<latexit sha1_base64="IqE5w3CA5CMwlOryvSbDT1Jbkos="></latexit>

w(t) 7! w(t)� d

dt
(w(t)f(t)), b(t) 7! b(t)� d

dt
(b(t)f(t))

<latexit sha1_base64="d3FXAyLeBy+sCsy4gPwCQ4+qjGs="></latexit>

“Gauge field” “Higgs field”

“Wilson loop”

15



Rescaling = a spatial diffeo
3.   Diffeos in neural ODEs

x(t)
<latexit sha1_base64="xkcKgXJFuAYEf9IopCNr65isr2c="></latexit>

x(t+�t)
<latexit sha1_base64="1calY7ojFlwUGp2OEBxXL9WqeeI="></latexit>

x(t+ 2�t)
<latexit sha1_base64="qR+VaSb0RXGPbPcGTuTHqWSOnkc="></latexit>

W (t) 7! e�g(t)W (t)eg(t+�t)
<latexit sha1_base64="M0N7/e2r1AhOQDQUP04tZRCV5cs="></latexit>

W (t+�t) 7! e�g(t+�t)W (t)eg(t+2�t)
<latexit sha1_base64="uOhzbOtB4NtaKvqPgqiaJBZBjBw="></latexit>

W (t+�t)
<latexit sha1_base64="+tGLVueC/IEUEE04QB5vHPgcGbc="></latexit>

W (t)
<latexit sha1_base64="3c9hyy0Xv8nJ36SRctk9Uq1P2Cw="></latexit>

wij 7! ↵wij , w̃jk 7! ↵�1w̃jk
<latexit sha1_base64="15fE5kMg+SPT3cfY5dlIyDkaQvg="></latexit>

Spatial diffeo : Integrated weight transforms as Wilson line

which reproduces the rescaling symmetry

16
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NN gauge symmetries are broken in general
4.   Physics of NN symmetries?

- Other than (leaky) ReLU, no rescaling symmetry. 
[Godfrey Brown Emerson Kvinge 2205.14258(cs.LG)] 

- Special neural ODE allows a metric interpretation. 

ẋi = vi
<latexit sha1_base64="bf7IZxYJSGhOZy47pHR6xoK2bZE="></latexit>“Neural geodesic equation”

- Discretization breaks spacetime sym, as in lattice QFT.

v̇i = ��i
jk(x)v

jvk
<latexit sha1_base64="lMdbWobNCRBfagGD/lpFIid5c1w="></latexit>
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Training and symmetry breaking
4.   Physics of NN symmetries?

- Weight decay = Gauge mass term
X

i,j

w2
ij ⇠

Z
dtw(t)2

<latexit sha1_base64="uvriWypI5mOakeJ1EDoKtPFH0nI="></latexit>

Nevertheless, amusing to see similarities to gauge theory!

- Weights = gauge field,    Biases = Higgs field

- Linear transport condition = Lorentz gauge fixing term

LR = �

Z T

0
dt

⇥
(ẇ + w2)2+

⇥
(@t + w)b

⇤
2
⇤

<latexit sha1_base64="rFdiTTeDCh9v+6wNlpQc004dU/A="></latexit>
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Generative spacetimes
4.   Physics of NN symmetries?

20

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

<latexit sha1_base64="eu+jj8R22pHLDVT/W9LRR9sawds="></latexit>r

We may add other NN to generate the spacetime lattice

gµ⌫(x)
<latexit sha1_base64="vgP0gMdmue6DuBErmAiBtOs++B4="></latexit>



Generative spacetimes
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x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

We may add other NN to generate the spacetime lattice

gµ⌫(x)
<latexit sha1_base64="vgP0gMdmue6DuBErmAiBtOs++B4="></latexit>

Naito, Naito, KH
ArXiv:2307.00721 [cs.LG]
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x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

We may add other NN to generate the spacetime lattice

gµ⌫(x)
<latexit sha1_base64="vgP0gMdmue6DuBErmAiBtOs++B4="></latexit>

Naito, Naito, KH
ArXiv:2307.00721 [cs.LG]

“Neural Polytopes” : 
Continuous generalization of polytopes
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