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2. Previous works



Symbols

R3: Euclidean 3-space with standard Euclidean metric
R21 : Minkowski (2 + 1)-space with the Lorentz metric

<337 y> = T1Y1 + T2Y2 — ToYo

for & = (x1,22,20), ¥ = (y1,¥2,%0) € R*'
C: complex plane
C’: split-complex plane, that is,

C' :={a+j'bla,b,e R, () =+1,5 > R}

H? = {z € R2!
Stl .= {zxr € R*1

(x,z) = —1}: hyperbolic 2-space
(x,x) = +1}: de Sitter 2-space




Abbreviation

Y(m,n) € Z?, e l, ko
f(man):fm,n:fi1 |
fm—l—l,n — fj, | |
fm+1.n+1 — fk7 fm,n+1 — f£ Z ]




Setting in the smooth case

Def 1. Let 7 : R? 3 (u,v) — z(u,v) € R? be an isothermic
surface. Then a surface x* satisfying

* ZCu .CC* — 'CE?J

ol T P

X

is called a Christoffel transform (C-transform) of x.

Important properties

1. The surface x* is also isothermic.

2. x Is i1sothermic < dx™, and it Is uniquely determined, up to
homotherties and dilations.

3. z is isothermic minimal < z* € §?



Application of C-transforms

1. Choose a holomorphic function g € C = R?,

2. Take the inverse image of the stereographic projection of g to
S? C RS,

3. Take the C-transform of item 2, and we have a Weierstrass
representation for isothermic minimal surfaces.




Similar recipe

1. Choose a holomorphic function g € C = R?,

2. Take the inverse image of the stereographic projection of g to
H? c R*1.

3. Take the C-transform of item 2, and we have

? dz
L = Re/ (1 +927 V _1(1 _92)729)? y




Discrete i1sothermic surfaces
Def 2 ([BP]). Let f:Z% — R’ a discrete surface. Then

a..
Yo <0 for all

1. f is discrete isothermic if cr(fi, f;, fx, fe) =
Qg g

(m,n) € Z*. In particular, a discrete isothermic surface
g:7Z? — R? = C is called discrete holomorphic.




Motivations
1. Cayley's interpretation (Cayley, 1872)

Lcan be regarded as divided
into infinitesimal squares

2. Mobius invariance i.e. isothermicity iIs preserved under
Mobius transformations.



3. One remarkable feature in integrable systems
.- - Blanchi permutability = discrete symmetry!

Figure (reprint): Bianchi permutability of Darboux transforms
and its application to (smooth) CMC surfaces

Claim There exists a unique fi5 such that it is a Darboux
transform of both f; and f5.




Further property

Bianchi lattice forms a discrete isothermic surface, that is,
iterations of Darboux transforms of a smooth isothermic
surface form a discrete isothermic surface.

—— One nature to discretize smooth geometries so that
discrete integrabilities are preserved!
—> T he phrase “multidimensional consistency”

geometric object | integrability

smooth discrete
semi-discrete discrete
discrete discrete




2. Let f be a discrete isothermic surface with

cr(fiy [y fey fo) = zi. Then a discrete surface f* solving
fo = Ji = Qs f*_fiQ
I f« = fill

is called a Christoffel transform of f.

Prop 1 (Bobenko-Pinkall [BP]). Any discrete isothermic
minimal surface f in R can be obtained by solving

Oy 1 — 9ig«
fs« — fi = Re G — o) V=11 + gigx)
Fx — G gi T+ gx
Ozij

with cr(gi, 95, 9k, ge) = —.
827/



3. Discrete ZMC surfaces in R?*!



Discrete maximal surfaces in R%* ([Y1])

Similarly to the Euclidean case, we can define discrete
isothermic surfaces in R%'!, and we have the following result:

Prop 2. Any discrete isothermic maximal surface f in R%! can
be obtained by solving

iy 1"‘97;9*
f« — fi = Re G — o) v—1(1 - gigs)
* ' gi +g*

Remark. We have two remarks:

e Discrete maximal surfaces generally have “singularities”.
e Multiplying eV 1% (6 € [0,27)) with oy, we have the
associated family of discrete maximal surfaces.



Examples




Discrete timelike minimal surfaces in R%* ([Y2])

First we define a discrete version of p-holomorphic functions.

Def 3. A map G : Z? — C' is called discrete p-holomorphic if
it satisfies

(G — Gi) (G — Gy)

(Gr—G)(Ge—Gy) a

cr(Gy, G, G, Gy) =

Motivation
A Lorentz version of the Cauchy-Riemann equation.

Cf. Smooth holomorphic functions
~ discrete holomorphic functions



Remark. The cross ratio of four points is 1 if and only if they
lie on a 1-dimensional lightcone.

But...

Even if we fix three points on C’, the cross ratio condition does
not imply the unique fourth point.




On the other hand...
Discrete p-holomorphic functions have the following natural
property:

Prop 3. Let g; and gy be discrete p-holomorphic functions.
Then g1 + g2 and g7 - go are also discrete p-holomorphic.

From this observation, we have the following proposition:

Lem 1. Any discrete p-holomorphic function can be written as

Im+n,m—-—n = (1 - j/)pm T (1 + j/)qn.



Thm 1. Any discrete timelike minimal surface F' can be
obtained using a discrete p-holomorphic function G by solving

1 G+ G, 1-G,G, —j’(1+G,,;G*) t
F*_F__RG<G G G. -G, G. -G, '

Furthermore, by a reparametrization, any discrete timelike
minimal surface can be described by

Fﬂ?‘|‘1>y o Fway — OK(Q?) <_2px—|—%7 (p:c—F%)Q o 17 (px—|—2) —I_ 1)

where p;, q,, a(x), B(y) are real-valued functions depending
only on x or y.



Examples




4.—Future-weorks _
Erased, because they are In

progress.
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