HEAVY TRAFFIC LIMIT WITH DISCONTINUOUS COEFFICIENTS VIA
A NON-STANDARD SEMIMARTINGALE DECOMPOSITION

RAMI ATAR AND MASAKIYO MIYAZAWA

ABSTRACT. This paper studies a single server queue in heavy traffic, with general inter-
arrival and service time distributions, where arrival and service rates vary discontinuously as
a function of the (diffusively scaled) queue length. It is proved that the weak limit is given
by the unique-in-law solution to a stochastic differential equation in [0, co) with discontinuous
drift and diffusion coefficients. The main tool is a semimartingale decomposition for point
processes introduced in [8], which is distinct from the Doob-Meyer decomposition of a counting
process. Whereas the use of this tool is demonstrated here for a particular model, we believe
it may be useful for investigating the scaling limits of queueing models very broadly.

1. INTRODUCTION

The goal of this paper is twofold: To continue a line of research on the multi-level GI/G/1
queue at the diffusion scale [18,19,20], and to demonstrate that a semimartingale decomposition
for general point processes, introduced in [8], may serve as a powerful tool in the study of non-
Markovian queueing models under scaling limits.

We consider a version of the multi-level GI/G/1 queueing model, which will be referred to
in what follows as the multi-level queue. In this model, arriving customers join an unlimited
capacity buffer and are served in the first-come and first-served manner by a single server,
and arrivals and services, driven by two independent renewal processes, undergo time change
depending on the level to which the queue length belongs. Here, the queue length is the
number of jobs in the system including the one being served (if there is any), and levels are
disjoint intervals that form a finite partition of the half-line Ry = [0, 00). In other words, the
arrival and service rates are determined by a piecewise constant function of the queue length.
Diffusion limits of models where arrival and service rates vary with the queue length have
been studied before under continuous dependence; see [25] and references therein. However,
there are very few limit results for models where the dependence is discontinuous, because such
discontinuities present some technical challenges. Our main result is the weak convergence of
the queue length, normalized at the diffusion scale, to a reflected diffusion with discontinuous
drift and diffusion coefficients.

The proof of the result is based on a semi-martingale decomposition for general point pro-
cesses derived in [8], referred to as the Daley-Miyazawa decomposition. This tool has recently

Date: April 4, 2026.
2010 Mathematics Subject Classification. 60K25; 60H10; 60H30.
Key words and phrases. semimartingale decomposition; single server queue; level dependent arrival and
service rates; heavy traffic; diffusion approximation.
1



2 RAMI ATAR AND MASAKIYO MIYAZAWA

been used in a crucial way in [4] to study a different non-Markovian queueing model in a
different scaling regime, specifically, a load balancing model under a mean-field many-server
scaling. We believe that this decomposition, along with some of its consequences developed in
this paper in §3, may be useful in far greater generality when it comes to proving scaling limits
of queueing models. From this viewpoint, this papers serves to provide an example illustrating
the applicability of the approach.

The Daley-Miyazawa decomposition for a counting process was introduced in [8] in order to
study extensions of Blackwell’s renewal theorem. This decomposition is distinct from the well-
known Doob-Meyer decomposition of counting processes (e.g., see Theorem 3.17 in Chapter
I of [12]), a special case of the Doob-Meyer decomposition of submartingales (note that, as a
nondecreasing process, a counting process is always a submartingale). In the latter, the finite
variation component is predictable, and called the predictable compensator. In the special case
where this component is absolutely continuous, its density is called the stochastic intensity of
the point process, a notion that has been used very broadly in the study of point processes.
However, when it comes to queueing models, the stochastic intensity and, more generally, the
Doob-Meyer decomposition of counting processes, have rarely been used beyond cases where
the driving processes are Poisson or compound Poisson. It seems that the reason for this
is that the stochastic intensity is not analytically tractable beyond these cases. Contrary to
this, the finite variation component is not predictable in the Daley-Miyazawa decomposition.
However, its first order term is equal to the law-of-large-numbers limit of the point process, a
fact that makes it particularly attractive for scaling limit analysis. Under diffusion scaling, the
convergence of its martingale component to a stochastic integral is based on the general theory
of martingales, and is quite different from the traditional approach to heavy traffic limits which
is based on the central limit theorem.

1.1. Related work. On martingales associated with renewal processes. Martingales asso-
ciated with renewal processes have been constructed before and used for analyzing non-
Markovian queues in heavy traffic [15,16]. To contrast these contributions with [8], we point
out several differences. First, the Daley-Miyazawa decomposition addresses general point pro-
cesses, not only renewals. This is important in the setting of this paper as seen in §3 where
we apply the decomposition to complicated point processes denoted there by A™ and D", rep-
resenting arrival and departure counts. Further, it is not only the martingale component, but
the entire structure of the decomposition, including the bounded variation component and the
filtration, that comes into play in the analysis. We have already mentioned a useful property
of the bounded variation component. As for the filtration, it turns out that one can construct
the decomposition of the various processes on a common filtration (specifically, this is true for
A™ and D", as we will show in Lemma 3.1), a fact crucially used in our treatment. These
aspects are intrinsic to the decomposition proposed in [8] and are important elements of the
approach.

On convergence to diffusion with discontinuous coefficients. The paper [17] proposed an
approach to establishing weak limits given by diffusion with discontinuous coefficients. This
approach gives general conditions in any dimension, based on predictable characteristics. Al-
though potentially applicable here, the method seems less convenient to apply to queueing
systems driven by renewals. Indeed, the queueing model provided in [17] to demonstrate their
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approach is a Markovian one. The reader is referred to [17] for some other works proving
convergence of queueing models to diffusions with discontinuous coefficients.

One setting where such discontinuities arise naturally is that of control problem formulations,
where a cost is to be minimized in the heavy traffic limit. This was the case with [3], where
a controlled queueing problem gave rise to a diffusion with discontinuous drift, and in [1,2],
where, under various different settings, the limit process under asymptotically optimal control
was characterized as a diffusion where both coefficients are discontinuous.

On the multi-level queue. A model closely related to the one studied here has appeared
in [20], which is called the 2-level GI/G/1 queue. The two models have the same level structure,
but the dynamics for arrivals is different. In the model from [20], arrivals are subject to
different renewal processes according to the level to which the queue length belongs, while
service speed is changed in the same way as in our model. Our model simplifies the arrival
structure by using a single renewal process for arrivals. This simplification may be meaningful
in applications because it may well reflect the influence due to congestion through random time
change. Theoretically, it enables us to derive a reflected diffusion with discontinuous coefficients
as a process limit, whereas only the weak convergence of the stationary distribution is studied
in [20]. Furthermore, as discussed there, its process limit may not be characterized by the
form of (2.17) except for a special case of its system parameters, so it would be much harder
to derive the process limit for the model of [20]. Thus, from theoretical viewpoint, the present
result may be considered as the first step to solve this harder problem.

1.2. Paper organization and notation. This paper is structured as follows. In the rest
of this section, we introduce the notation used throughout this paper. In §2, the model is
defined and the main result is stated. A martingale toolbox based on the Daley-Miyazawa
decomposition is provided in §3. Finally, the proof of the main result is given in §4.

Let N denote the set of natural numbers. Let ¢ : [0,00) — [0,00) denote the identity map.
For (S,ds) a Polish space, let C(Ry,S) and D(R4,S) denote the space of continuous and,
respectively, cadlag paths [0,00) — S, endowed with the topology of uniform convergence on
compacts and, respectively, the J; topology (see [13] for the details of this terminology). We
typically put S = Ry = [0,00) or S = RY, where RY is the N-dimensional real vector space.
Denote by CT(Ry,R,) (resp., DT(R,,R;)) the members of C(R;,R,) (resp., D(R.,R,))
that are nondecreasing and start at 0. Denote the Euclidean norm of x € RY by |/z||. For

¢ € D(RL,RY) and T € (0,00), denote

Ag(t) =&(t) —&(t=),  t>0,  AL0) = £(0),
wr(§,0) = sup{[|E(t) — &(s)]| = s, € [0, T], [s — t[ < 6},
1€ll7 = sup{[[€(@)]| : ¢ € [0, TT}.

Denote by W a standard Brownian motion in dimension 1. Denote by =- convergence in
distribution. A sequence of probability measures on D(R,S) is said to be C-tight if it is tight
with the usual topology on D(R,S) and every weak limit point is supported on C(R,S). With
a slight abuse of terminology, a sequence of random elements (random variables or processes) is
referred to as tight when their probability laws form a tight sequence of probability measures,
and a similar use is made for the term C-tight.
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Some notation related to the Skorohod map on the half line is as follows (see e.g. [7, Section
8] for details). Given ¢ € D(Ry,R) with ¢(0) > 0, there exists a unique pair (¢,n) €
D(R+, R+) X CDT(R+, R+) such that

6=+, /[O o(tan(n) =

and this pair is given by
(L.1) n(t) = sup (s)”,  ¢@t) =¢(t) +n(t), t=0,

s€[0,t]

where 7 = max(0, —z) for z € R. The solution map from 9 to (¢,n) is denoted by I', i.e.,
I'(@) = (¢,m).

2. MODEL AND MAIN RESULTS

In this section we introduce a sequence of multi-level queues, and state heavy traffic condi-
tions for its diffusion approximation. Then, we present a main theorem, whose proof will be
given in the subsequent sections.

2.1. Sequence of queueing models. We index the sequence of multi-level queues by n € N.
The number of threshold levels, denoted by K > 2, does not depend on n. For the n-th
system, threshold levels are nonnegative numbers denoted by 0 = £ < £7 < --- < {%_,, which
partition [0, 00) into K + 1 disjoint sets given as

8:{0}, S?:( ?—la m’ 1<i<K-—-1, ?(:(Erll(—laoo)'
For each n € N, we are given positive numbers
(2.1) oA, b 1<i<K,

and pf = 0. These numbers specify the inter-arrival rate and the service rate, respectively, at
times when the queue length belongs to S}'.

Service is assumed to be head-of-the-line and non-idling. The queue length of the n-th
system at time ¢ is denoted by X"(t), and X™ = {X"(t);t > 0} is referred to as the queue
length process. Let

t
(2.2) ) = / Lixn(o—opds,  t>0,
0

which is the cumulative idleness process. To define the arrival and service processes, we are
given the two mutually independent sequences of positive ¢.¢.d. random variables,

(23) ZA(.])a ZS(.])? J=0,1,...

having unit means and finite and positive variances 0124 and ag, respectively. Then, define
renewal processes A and S by

(2.4) A(t):inf{izo;t<zz:ZA(j)}, S(t)zinf{izo;mizs(j)}, t>0.
=0 §=0

These notations without the index n are commonly used for all the indexed systems.



We return to the n-th system. Let
t
(2.5) HE (1) = / Lxnesids,  0<i<K, >0,

and note that H['(t) = I"(t). Further, let

K
(2.6) =D A'H(t) Z pH(t) t>0.

1=0

Using U"(t) and V"™(t), define the arrival and, respectively, departure counting processes of
the n-th system by

(2.7) A"(t) = A(U™(t)), D"(t) = S(V"(t)), t>0.
Then we have
(2.8) X"(t) = X"(0)+ A™(t) — D" (1), t>0.

For simplicity it will be assumed that X™(0) = 0. We regard the processes A and S as
the stochastic primitives, and the tuple (X", I", (H)o<i<k, U™, V", A", D), which represents
the queueing dynamics, to be determined from the primitives via the system of equations
(2.2), (2.5)—(2.8). This system of equations has a unique solution given the primitives, as
can be proved by induction on the jump times. The inductive argument is standard (e.g.,
see [6, Section 2.5]), and we omit the details. Note that, by construction, A and S are right-
continuous, and as a result so are X", A™, D".

2.2. Heavy traffic conditions and main theorem. We now introduce assumptions on the
scaling of the various parameters. The first assumption is about the levels. Assume that, for
given constants fp =0 < {1 < ... < fg_1, the levels are given by

(2.9) =0, =n"2+o0(1), 1<i<K-1,

where we write f(n) = o(1) for function f : N — R if f(n) vanishes as n — oco. Using these ¢;,
define a partition of Ry as

So = {0}, Si = (i1, 4], 1<i<K -1, Sk = (lx_1,00).

The second assumption is about the state dependent arrival and service rates given by (2.1).
Let constants

AOG(()?OO)a )‘inu”ie(oaoo)? S\in&iER; ]-SZSKa

be given. Recall that A} for 1 < i < K and pf' € (0,00) for 1 <1i < K are given for the n-th
system. Let

(2.10) AN=n I\ 0<i<K, l=nlul 1<i<K,
(2.11) AP =T 2N =), A i=n Y2l — ) 1<i< K.
Assume that

(2.12) AL — Ao, n — 00,
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and that, as n — oo,

(2.13) AP X, =, 1<i<K.
Note that, from (2.10) and (2.11), we have
(2.14) A=)+ 02N+ 0(1),  uf =np+n? (0 +0(1), 1<i<K.

Let the critical load condition hold, namely

Let
(2.15) X"(t) =n V2X"(t),  IM(t) = V2ApIM(E),  t>0,

and let b = A — i, b = Ai — fui, 01 = (A% + piod)!/? for 1 < i < K, and 00 = Ny oa.
Define

K K

(2'16) b(x) = Zbilsi(:ﬂ), O'(l') = ZO’ilsi({L'), e Ry.
=1 =0

Consider the SDE for (X, L) € €(Ry,R;) x CT(R,,R,)

t t
X(t) = X(0) —I—/ b(X(s))ds +/ o(X(s))dW (s) + L(t), t >0,
(2.17) 0 0
X(t)dL(t) = 0.
[0,00)
All assumptions made thus far are in force throughout the paper. The main result of this
paper is the following.

Theorem 2.1. There exists a weak solution to (2.17), and it is unique in law. Moreover,
denoting by (X, L, W) a solution corresponding to X(0) = 0, and by (X”,f”) the processes
associated with the mutli-level queue as in (2.15), one has (X™, I") = (X, L) in D(R4,R,) x
CT(R4,Ry).

Theorem 2.1 will be proved in §4. For this proof, we prepare our key tool in the next section.

Remark 2.2 (About our assumptions). Inter-arrival and service times are not assumed
to be continuously distributed, hence arrival and service completion may occur simultane-
ously. This presents no difficulty to the approach, but requires a computation of the qua-
dratic cross-variation between martingale components of the arrival and departure processes
(see Lemma 3.1).

The assumption that the system starts empty is posed only to simplify the construction of the
model. Under a more general initial system state, the limit process would involve a non-zero
ingtial condition in (2.17).

Remark 2.3 (About extensions). It is well known that strong existence for SDE of the type
(2.17) fails when o is discontinuous (see e.g. [22, p. 375]). Closely related is the fact that
discrete approximations of the dynamics do not, in general, converge to solutions of the SDE
in the presence of such discontinuities. As pointed out by one of the referees, one may ask
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whether the main result can be extended to the case where the sequences of inter-arrival and
potential service processes only satisfy a functional central limit theorem. Whereas in the
case of Lipschitz coefficients it is well known that the answer is positive and follows from the
continuous mapping theorem, the answer here is very likely negative, for the reason mentioned
above.

An extension of our setting that is left for future work is to network models, with level-
dependent service and arrival intensities, which may lead to SDE in higher dimension with
discontinuities along surfaces.

Another extension yet to be explored is the multi-level queueing model mentioned in the
introduction. When the arrivals are driven by different renewal processes at different levels,
there is a subtlety related to the behavior of the queue length and the time spent near the points
of discontinuity, leading us to believe that the limiting SDE would be a variant of (2.17) that
includes additional local time terms for the time spent at points of discontinuity. It is likely
that the Daley—Miyazawa tool will be useful in this setting as well.

3. DALEY-MIYAZAWA DECOMPOSITIONS

Recall that A and S were constructed based on Z4(j),Zs(j), j = 0,1,..., denoting the
times between successive counting events. Let

Caj) =1-2Za(j), (i) =1-2s(), 7=0,1,...
Let
Ra(t) = inf{s > 0: A(t+5) > A®)},  ¢>0

denote the residual time to the next counting event. Define similarly Rg(t¢). By definition,

(3.1) t+ Ra(t ZZA t+ Rg(t ZZS

Denote
A(t) S(t)

(3:2) Ma(t) =Y Cali), Z Cs(d
=1

We then have the Daley-Miyazawa semimartingale representation [8]
(3.3) A(t) =t+ Ra(t) — Za(0) + Ma(t), S(t) =t+ Rs(t) — Zs(0) + Ms(t), t >0,

with M4 and Mg being martingales with respect to the filtrations generated, respectively, by
{(A(t), Ra(t));t > 0} and {(S(t), Rs(t));t > 0}. Our main interest will be in martingales that
can be viewed as time changed versions of the above ones. These are

(B4) MO =03 GG), M@ = Z Cs(), NI = Nrg - NI
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Note, by (3.3), that, for ¢t > 0,
A™(t) = A(U™E)) = U"(t) + Ra(U™1)) — Za(0) + n'/2M3(2),

(35) n n n n 1/2 0rn
D*(t) = S(V"(t)) = V"(t) + Rs(V"(t)) — Zs(0) + n'/“Mg(2).

Of crucial importance to the analysis will be the fact, proved next, that (3.5) gives a semi-
martingale decomposition of the arrival and departure processes, A™ and D™, on a single
filtration. To make this precise, let the ‘state’ of the system be given by

FH(t) = (X"(t), A"(t), D"(t), Ra(U"(1)), Rs(V" (1)), U" (), V"(t)),  t=0.
and let
F=0c{F"(s):0< s <t} t>0.

where U”(t) and V"(t) are added in the system state so that M7 and ]\Z/g are adapted to the
filtration {#;"}. Then, we can see that M and Mg are {F"}-martingales.

We next compute the (predictable and optional) quadratic (cross-) variations associated
with M" 4 and M7 &. Recall that if §; and & are piece-wise constant semimartingales then their
optional cross-variation can be computed as

(3.6) (€1, & (t Z A&1(s)A&a(s), t>0,

0<s<t

whereas the optional quadratic variation is given by [£1](t) = [£1,&1](¢) (see [12, Definition
1.4.45, Theorem 1.4.47] for the definition of cross-variation and its computation). The pre-
dictable cross-variation (resp., predictable quadratic variation), denoted by (£1,&2) (resp., (£1))
is defined as the predictable component of [£1, 2] (resp., [£1]).

Lemma 3.1. The processes MX and Mg are {F" }-square integrable martingales, with optional
quadratic variations
A (1) D" (1)

(3.7) [MA](t *Z@ [ME)(t IZCS . >0,

and the optional cross-variation [M7%, M2](t), is an {F*}-martingale. Moreover, the pre-
dictable quadratic variations are given by

(38) (MA)(t)=n"'oR A1)  (ME)(t) =n"'odD"(1),  (MAMEH@H) =0, ¢=0.

Remark 3.2. If either interarrival times or service times have continuous distribution, arrivals
and departures never occur at the same time, a.s. In this case the proof somewhat simplifies,
as (M}, Mg](t) = 0 a.s. However, this is not true in general.

Proof. Because X" is, by definition, {F" }-adapted, so are H]*, U™ and V". Because RA(U"(-))
is {F/" }-adapted and R4(U™(0)) = Ra(0) = Z4(0), one has that ZA( ) is F'-measurable. The
same is true for Zg(0). In view of the identities (3.5), M% and M2 are also {F"}-adapted.

We turn to proving square integrability. To this end, note first that, as a renewal process,
EA(t) < oo for all ¢. Since, by (2.14), U"(t) < cnt for some constant ¢, it follows that
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EA™(t) < oo as well, and by a similar argument, ED"(t) < oo for all ¢. Next, for an {F"}-
stopping time 7, denote
(3.9) Fr=F'Vvo{Cn{t<7}:CeFt>0},

where 91 V 95 is the o-algebra generated by the union of o-algebras %; and 9-. Then it is a
standard fact that 7 € ™ [12, .1.11, 1.1.14]. Consider

s"(k) =1inf{t > 0: A"(t) >k},  ¢"(k)=inf{t>0:D"(t) >k}, k=12,...
These are {F, }-stopping times, and as a consequence
(3.10) s"(k) € G = Fgn () t"(k) € S0 = Ffny— k=1,2,...
We now argue that
(3.11) Ca(j) €9y for j <k —1, and {Ca(l),l > k} is independent of 4, k=1,2,...
and
(3.12) for every t, A"(t) is a stopping time on the discrete parameter filtration {%4;}.

To this end, let £ > 1. The first assertion in (3.11) follows from the fact that {Z4(j),j < k—1}
can be determined from {s"(j),j < k} and {U"(s),s < s"(k)}. We next consider the tuple

Or=1{240),7=0,1,...,k—1,Zs(j), 5 =0,1,2,...}.
By the construction of the model, all the information about the state of the system up to
s"(k)—, namely {&"(t),t < s"(k)}, is determined by Oy € 97*, whereas {Z4(l),l > k} (hence
{€a(l),l > k}) is independent of ©. This shows the second assertion in (3.11). Thus, (3.11)
is proved. Next, by (3.10),

{A™(t) <k} = {s"(k) > t} € 4,
proving (3.12).

The structure (3.10)—(3.11) makes it possible to apply Wald’s equations. In particular, by
Wald’s second equation [9, Theorem 4.1.6],

AR (1)
(2 b)) ] = B EKA©0)?) < oo
j=1

This shows that E[Mﬁ(t)ﬂ < oo for all t. The argument for Mg is completely analogous.
For the martingale property of MX, note first by (3.11) that

(3.13) E[Ca(k)|9;] =0, kE>1.
Next, as in the proof of [8, Lemma 2.1|, write
A ()
M) =02 Y7 Calk) = 02 Calk) <y
k=1 E>1
and for s < t,
(3.14) E[MA(6)|F] = M™(s) = n~ > E[Ca(k) scsnpy<y| F)-

k>1
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For k > 1, by (3.10),
(3.15) {s < s"(k) <t} 4.
By (3.9), if C € F' then C N {s < s"(k)} € 9}'. As a result, by (3.13),
ElCa(F)L{s<sniy<yle] = E[E[CaA(K)Ls<snky<ey Lol9r]]
= E[E[CA(K) |9 N (s<sny<ylc] =0,  VC € FJ.
This gives
(316) E[CA(k)l{s<s”(k)§t}‘gsn] =0, k>1.
Hence, going back to (3.14), we have
B[V (6)|F) — NI (s) = 0.
A similar argument holds for Mg This completes the proof that MQ and ]\ng are square
integrable {%"}-martingales.

The expression stated for [M?%](t) in (3. 7) (similarly for [M2](t)) is immediate from (3.4),
which can be written as M7%(t) = s<t AM?7(s) because it is piecewise constant with finitely
many jumps on finite intervals.

As for the cross-variation, by (3.6),

A" () D™ (t)

mn( ) [MAaMS ! CA l)l{s”(k) =tn(1)}s t>0.
k=1 I=1

The {Z"}-adaptedness of m™ is clear from that of MZ and Mg, and absolute integrability of
the former follows from square integrability of the latter. Let now u"(k,1) = min(s"(k),t"(1)).
For k,1 > 1, let

Ori={ZaK), ¥ <k, ,Zs('), ' <}

Then, by construction, all information about {#(s),s < u™(k,l)} can be determined by Oy,
whereas Z4(k), Zs(l) and ©y; are mutually independent. This gives

(3.17) BICA(R)CsDIF gy =0, k> 1.
Next, for 0 < s < t, it follows from (3.10) that
(3.18) {s <s"(k) =t"(1) <t} € Ty

Using the same reasoning by which (3.16) was derived from (3.13) and (3.15), we can now
deduce

E[Ca(k)Cs (D1 {s<sn(ky=tn@y<ey| T = 0
from (3.17) and, respectively, (3.18). Thus
E[mn(t)‘gsn] - =n" Z ZE CA 1{s<s”( ):t"(l)gt}|gsn] =0,
k>11>1

completing the proof of the martingale property of m”.
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For the first part of (3.8), it suffices to show that n~'o% A™(t) is the compensator of [M7](t)
(see [12, Proposition 1.4.50 p. 53]). This is an immediate consequence of A™ being {F}-
predictable and E[¢4(j)?] = 0% (indeed, the jumps are predictable because the residual times
are included in the filtration). A similar proof holds for the expression (Mg} Finally, <Mﬁ, Mg>
is the compensator of [MZ, Mg} Since the latter is a zero mean martingale, it follows that the
former is zero. O

4. PROOF OF MAIN RESULT

The proof of Theorem 2.1 is established via a compactness—uniqueness argument. In par-
ticular, it is shown that uniqueness in law holds for equation (2.17) (Lemma 4.3), that the
rescaled processes (X nJ ") form a tight sequence (Lemma 4.4), and that every subsequen-
tial limit of this pair forms a solution to (2.17) (Lemma 4.5). To state these lemmas, some
additional terminology and notation are required. We prepare them in the next subsection.

4.1. Preliminaries. We first recall some fundamental facts about semimartingales and the
solution of the SDE (2.17).

(i) For a semimartingale &, A[¢] = (A€)?, and therefore, the sample paths of [¢] are
continuous a.s. if and only if £ is a continuous semimartingale.

(ii) For a continuous semimartingale X and each a € R, one of the equivalent definitions
of the local time L:X(t) of X at a is

1 rt
(4.1) Ly (t) = lim = ; Lix(s)elaateyd{X)(s),  t=0.

Moreover, Lff exists a.s., and has a version that it is continuous in ¢ and continuous in
a from the right with left-hand limits. Note that, if X is not limited to be nonnegative
and if its finite variation component is absolutely continuous with respect to Lebesgue
measure on R, then L) can also be defined for a € R by [22, Corollary VI.1.6 and
Theorem VI.1.7] as

t
(4.2) Ly () = lim /O Lix(s)e(a—cateyd{X)(s),  t=0.

(iii) For any solution (X, L) to the SDE (2.17), the boundary term L and the local time

L (t) of X at 0 are related via L(t) = 1L (t) as.

The proofs of these three facts can be found in textbooks. For example, (i) is [12, Theorem
1.4.47 (c)]. For (ii) and (iii), see [22, Corollary VI.1.9] and [21, Section 1.3], respectively. By
these facts, the SDE (2.17) is equivalent to the following SDE for X € C(R4,Ry).

(4.3) X(t) = X(0) + /0 b(X (s))ds + /0 a(X(s))dW(s)—i—%Lé((t), t>0,

We aim at showing that there is a unique weak solution (X, W) of the SDE (4.3), equivalently,
(2.17). Although such results for SDE on R (and on RY) with discontinuous coefficients
are well-known, there are very few results concerning SDE with reflection and discontinuous
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coefficients. To make our exposition self-contained, we include a complete proof. To this
end, we consider another way to characterize the solution X, referred to as the martingale
problem, known as a powerful tool for constructing Markov processes [10,13,24]. It has different
versions depending on whether X has a boundary. We introduce two of them for a continuous
semimartingale X. For this, we use the following notation.

Let C3°(S,R) be the set of compactly supported functions S — R that are infinitely dif-

ferentiable, where S = R or S = R, and the differentiability at the origin is from right for
S=Ry.

We first recall the martingale problem for a semimartingale X with sample paths in C(R4, R)
corresponding to an SDE on all of R. While the notion is standard, we mention it here in order
to build on it the corresponding notion for SDE with reflection, such as (4.3). Let G be an
operator on Ci°(R,R). For each probability distribution v on R, if X(0) ~ v and

(4.4) / Gf(X(s))ds is a local martingale for all f € C5°(R,R),

then X is called a solution of the martingale problem for (v, §,R) (see [10, Section 2.3] for the
definition of a local martingale). When § is the elliptic operator, that is,

(145) 57(x) = u(x) /() + Jo@) (@), f € CFRR)

for measurable bounded functions u,v from R to R such that v(z) > 0 for z € R, X is the
diffusion process with drift u and diffusion coefficient v subject to the initial distribution v if
and only if X is the solution of the martingale problem (v, G,R). The proof of this important
characterization can be found in text books (e.g., see [13, Theorem 21.7]).

We next modify this notion so as to characterize the reflecting process X of our interest.
There are several ways to do this. Among the ones that are mentioned in [23, Section 2|, we
take the martingale condition in [23, Theorem 2.4], and refine it by (iii). Consider the operator
A on the domain C§°(R,R) defined as

1
(4.6) Af(@) =b@)f'(@) + 50% @) f"(@),  zER,fECFRLR),
with b, 0 as in (2.16).
Definition 4.1. A semi-martingale X with sample paths in C(Ry,R) is said to solve the
martingale problem for (v, A,R.) if X(0) ~ v and, denoting FX = {FX;t > 0},

wn /Af ))ds + - /f DALY (5))

is an FX-local martingale for all f € CF (R, R).

The next lemma shows that the solution of the SDE (4.3) is indeed characterized by this
martingale problem.

Lemma 4.2. Let X be a continuous and nonnegative semimartingale. Then X is a weak
solution of the SDE (4.3) if and only if X is a solution of the martingale problem for (v, A, R, ).
Furthermore, both solutions are unique in law if either one of them is unique in law.
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This lemma can be proved in the exactly same way as the proof of [13, Theorem 21.7].
However, we detail its proof in Appendix A.1 because of its importance in our proofs.

4.2. Key lemmas and proof of Theorem 2.1. We present key Lemmas 4.3-4.5, from which
Theorem 2.1 follows. We first consider the unique existence of a solution of the SDE (2.17).

Lemma 4.3. Let v be a Borel probability measure on [0,00). Then there exists a unique
solution to the martingale problem for (v, A,Ry). Fquivalently, there exists a unique weak
solution (X, L,W) to SDE (2.17) (namely, (X,W) to SDE (4.8)), with X (0) ~ v, and the law
of X is equal to the unique solution to the martingale problem (v, A,R,).

This lemma will be proved in §4.4. The proof is closely related to [18, Lemma 2.2], although
the latter does not involve a martingale problem. It is also very close to [1, Lemma 4.1(3)].

Next, note that by (3.4) and (3.5), we can write (2.8) as
Xn _ n—1/2Xn _ Mn + n—1/2(Un _ Vn) + en’
where

(4.8) (1) = n~ 2 [Ra(U" () = Rs(V"(1)) = Za0) + Zs(0)], ¢ =0,

Moreover, by (2.10), (2.11) and the definition of b7, we have n='/2(A\P —u?) = bl for 1 < i < K,
and n~1/2\2 = n'/2)\2. Therefore
K
nVAUT -V =Y bHP I
i=1
where we have used (2.6), the definition (2.15) of I", recalling from (2.5) that H} = I". We
arrive at the relation
K
(4.9) X"=Y"4+1I"  where Y"=M"+> bJH'+e".
i=1
Finally, let A® =n=1A" and D" = n~'D", and
ch = [MA] — (M), el =[MF] - (M),
Lemma 4.4. The tuple

(4.10) n = (A", D", X" I M M), Y™, (H ) o<i<k, €7, €, €%)
is C-tight in DR, R)ME and every subsequential weak limit is given by
(411) X = (zzl, D, X, L, M, [M], Y, (Hi)OSiSKa 0, 0, 0),

where M is a martingale (on its own filtration), and the following relations hold:

K
(4.12) (X,L)=T(Y), Hy=0, Y=M+)> bH,

=1

K K
(4.13) A=>"NH,, D=> wH, [M=> o/H,.
=1 ; =1
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Lemma 4.5. Given a subsequential limit X of X™ as in Lemma 4.4, (X, L) satisfies the SDE
(2.17) for some W, with X (0) = 0.

Lemmas 4.4 and 4.5 will be proved in Sections 4.5 and 4.6, respectively. Before presenting
the proofs of Lemmas 4.3-4.5, we show that Theorem 2.1 follows.

Proof of Theorem 2.1. By the tightness of X" stated in Lemma 4.4, one has relative
compactness of their laws. By Lemma 4.5, the weak limit of (X ”,f”) along any weakly
convergent subsequence of X" satisfies (2.17). Because Lemma 4.3 states that uniqueness in
law holds for solutions to (2.17), it follows that the entire sequence (X, ™) converges weakly
to the unique-in-law solution to (2.17). O

4.3. Tools. For the proofs of Lemmas 4.3-4.5, we provide some tools regarding martingale
problem, C-tightness, convergence of martingales.

We first introduce a stopped martingale problem. Let x A y = min(z,y) for z,y € R.

Definition 4.6. Let X be a continuous and nonnegative semi-martingale. For a relatively
open subset F C Ry, let 7 = 78 = inf{t > 0;X(t) ¢ F}, and define the stopped process
XT ={X"(t);t > 0} by X"(t) = X(t A7). Let A be the operator defined by (4.6). Then,
X is said to solve the stopped martingale problem for (v, A,Ri, F) if X(-) = X(- A T) a.s.,
X(0) ~v, and

tAT tAT

@)= [ AFX s+ [ S (X)L (s))

0
is an FX -local martingale for all f € CF°(Ry,R).

(4.14)

The martingale problems as well as this stopped ones will be also considered for a different
operator which may have a different domain in the proof of the lemma below. Furthermore,
the state space of X may be changed, by which the domain of the corresponding operator is
also changed.

The following lemma plays crucial roles in proving Lemma 4.3. The basic idea of its proof is
to construct X by alternatively connecting the independent copies of X™ and X™. The same
idea is used to prove [18, Section 4.1, Fig. 1].

Lemma 4.7. Assume that X is the solution of the martingale problem for (v, A,R;) with A
of (4.6). For z1,z9 such that 0 < zo < z1 < {1, let F1 = [0,21) and F» = (22,00), and let

n=inf{t>0;X(t) ¢ F}, i=12.

Define the stopped process X7 = {X7i(t);t > 0} by X" (t) = X(t A7) for i = 1,2. Then,
XTi is the solution of the stopped martingale problem for (v, A, Ry, F;), which is unique if X is
unique, for each i = 1,2. Furthermore, X is the unique solution of the martingale problem for
(v, A, Ry) if and only if both of X™ and X™ are the unique solutions of the stopped martingale
problems for (v, A,R4, F1) and (v, A,Ry, Fy), respectively.

Proof. This lemma can be proved in the same way as [10, Theorems 4.6.1 and 4.6.2] for the
stopped martingale problems because F;UF; = Ry and X7 =0 for X(0) € F; fori=1,2. O
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Lemma 4.8. A sequence of processes £ with sample paths in D(R4,R) is C-tight if and only
if the following two conditions hold:
For every T > 0, € > 0, there are ng and k such that if n > ng,

P(>E" 17 > k) <&
For every T >0, € >0, n >0, there are ng > 0, 8 > 0 such that if n > ng,
Pwr(£",0) >n) <e
Proof. See [12, Proposition VI.3.26, p. 351]. O
Lemma 4.9. Forn € N, let M™ be a square-integrable martingale with M"(O) =0 a.s. If the
sequence (M™) is C-tight in D(R4,R) then the sequence M™ is tight in D(R4,R).
Proof. See [12, Theorem VI1.4.13, p. 358]. O

Lemma 4.10. For n € N, let M™ be a local martingale, and assume

sup E(sup | AM™(s)|) < oo for all t.
n s<t
Then M™ = M implies that (M™,[M"]) = (M, [M]).
Proof. See [12, Corollary VI.6.30, p. 385]. O

4.4. Proof of Lemma 4.3. We first prove that the SDE (2.17) has a weak solution (X, L, W).
For this, extend b and o defined on R, to u and v defined on R via

(4.15) u(z) = sgn(z)b(|z]),  v(x) =sgn(z)o(lz]),  zeR,
where sgn(z) = 1if # > 0 and —1 if # < 0. By [14, Theorem 5.15 p. 341], the SDE
(4.16) dQ(t) = u(Q(1))dt + v(Q()dW (),  Q(0) ~ 7.

has a unique weak solution (@, W), where W is the standard Brownian motion, and an ex-
plosion never occurs in finite time by [13, Theorem 23.1] because 1/02(x) is locally integrable.

Furthermore, the quadratic variation [Q](t) = g v2(Q(s))ds is continuous in ¢ > 0, so Q is a
continuous semimartingale by (i) in §4.1.

Define X (t) = |Q(¢t)| and W(t) = Sgn(Q(t))W(t) for ¢ > 0, then it follows by Tanaka’s
formula [22, Theorem IV.1.2, p. 222] that (X, W) satisfies the SDE

(4.17) dX(t) = b(X (1)) + o (X ()dW (t) + dLE(t),  X(0) ~ v,
where ng is the local time of @ at 0. Now, from the definitions (4.1) and (4.2) for the local
times of X and @, respectively,

o1t 1t 1
L§(t) = hm/ 1{_ccqs)<c}oids = hm/ Lio<x(s)<e) d(X) (s) = L (¢),
el0 2e 0 2

because X (s) = |Q(s)| and fo (0 < X(s) < e)(X)(s) = o3t for e < £1. Hence, let L(t) =
3L (t), then the laws of L and therefore (X, L) are determined by that of X. Thus, (X, L, W)
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is the weak solution of the SDE (2.17), equivalently, (X, W) is a weak solution of the SDE
(4.3). Hence, by Lemma 4.2, X is also the solution of the martingale problem for (v, A,R).

We next show the uniqueness of this solution X. To this end, we consider two stopped
processes X™ and X" defined in Lemma 4.7. Let (X1,L) € Cl0.00) (Ry) x €M(R,,R,) be the
solution of the SDE

dX1(t) = bydt + o1 dWi (t) + dL(t),  X1(0) ~ v,

(4.18) X1 (dL(t) = 0.
0,00

where W is the one dimensional standard Brownian motion, and recall that b; = b(x) and
o1 = o(x) for z € S;. Then, it is well known that X; is the unique strong solution of the
SDE (4.18), called the reflecting Brownian motion on [0, 00). Furthermore, X; is a reflecting
process similar to the solution X of the SDE (2.17), and therefore L = %Léﬁ similarly by (iii)
in §4.1.

Define operator A; with domain C§°(R4,R) as

1
(4.19) Af@) =bif' (@) + 5ot f"(2),  f€CFR,R).
Since the SDE (4.18) has the unique solution and L = %Léﬁ, X is the unique solution of the
martingale problem (v, A1, R;) by Lemma 4.2 for A = A;. Hence, by Lemma 4.7, the stopped
process X' is also the unique solution of the stopped martingale problems for (v, A1, Ry, FY).
Furthermore, X|* is identical with X™ in law. Since we already see that X is the solution of

the martingale problem for (v, A,R;), X™ is the unique solution of the stopped martingale
problem for (v, A,Ry, F1) by Lemma 4.7.

We next consider the process @, and recall that it is the unique weak solution of the SDE
(4.16). Then, @ is the unique solution of the martingale problem for (v, §,R) by [13, Theorem
21.7], where § is given by (4.5) with u,v of (4.15). Hence, Q™ is also the unique solution of
the stopped martingale problem for (v, A, R, F3) by Lemma 4.7. Furthermore, Q™ is identical
with X7 in law because Af(x) for € F; is unchanged and both of @™ and X™ are positive
valued, so X™ is the unique solution of the stopped martingale problem (A, v, Ry, F).

Thus, X™ and X™ are the unique solutions of the stopped martingale problems for (v, A, R, F})
and (v, A, R4, Fy), respectively. Hence, by Lemma 4.7, X is the unique solution of the mar-
tingale problem (v, A, R, ), and therefore X is also the unique solution of the SDE (4.3) by
Lemma 4.2. ]

4.5. Proof of Lemma 4.4. The proof proceeds in several steps.

Step 1. The sequence (A", D") is C-tight, and, for each ¢, the sequences A"(t) and D"(t)
are uniformly integrable.

To prove the claim regarding C-tightness, recall that A is a renewal process for which the
first moment of inter-event distribution has mean 1. Therefore n='A(n-) — ¢ in probability.
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Let A™(t) = n=1A"(t), then
K
(4.20) AMt) = n_lA(n S oarmE? (t)) ,
i=0
and noting that 5\? are bounded and H;' are 1-Lipschitz, gives C-tightness of A" in view of
Lemma 4.8. A similar conclusion holds for D".

As for the claim of uniform integrability, in view of (4.20), the boundedness of A\ and the
bound H'(t) < t, one has for fixed t, A"(t) < n~1A(cn) for some deterministic ¢ = c(t).
Uniform integrability of n='A(cn) is well known (see [11, (5.6), Chapter 2, page 58]), proving
the claim for A™(t), and similarly for D"(t).

Step 2. Let Z(j), 7 = 1,2,... be a collection of i.i.d. nonnegative random variables such
that E[Z(1)?] < co. Then
(4.21) n~1/2 max Z(7) — 0 in probability, as n — co.
msn

This is a standard fact, but for completeness we provide a proof. Then, for each € > 0,
P(n~1/? max Z(j) >¢e) <nP(Z(1) > en'/?) = nP(Z(1)? > &%n)
msn

1
< ?E[Z(l)Ql{Z(1)2>52n}]‘

The last expression converges to 0 as n — oo by E[Z(1)?] < oo. This proves (4.21).
Step 3. The processes e, €’y and € converge to 0 in probability in D(R,R).
We prove the claim regarding e’y (a similar proof holds for e%). By Lemma 3.1,

AN (t)

ext)=n""Y"B8G),  BU) =Calh)? - o7

Denoting y(N) = ZN:1 B(j), N € Zy, we have €’(t) = n~1y(A"(t)). Fix t. Given ¢, using
Step 1, we can find ¢ such that P(A"(¢) > ¢) < e. On the event A"(t) < c,
In =y (A < 0™ -

Now, ((j) are ii.d. with mean 0. By the functional LLN, N~1|v||%, — O in probability as
N — oo. Thus for any § > 0

P(A™(t) < ¢, |lehllf > 8) < P(n |yl > 8) =0,

as n — oo. Hence limsup,, P(||e’}||; > 0) < e. Since € > 0 is arbitrary, this shows that e’y — 0
in probability.

We now show that ||e"||; — 0 in probability as n — oo for each fixed ¢ > 0. It suffices to
show

K
(4.22) sup n~ V2R, (Z )\"Hi"(s)) — 0 in probability as n — oo,
0<s<t =0
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and a similar statement for the term involving Rg in (4.8). To this end, using (3.1), we can
write

sup Ra(s) = max Z4(j).
OSSIS)T (5) 0<j<A(T) b)

Fix ¢ > 0,e > 0and § > 0. Let ng and ¢; < oo be such that P(A(cn) > cin) < 0 for all n > ng
(such constants exist again by the fact that n='A(n-) — ¢ in probability). Then

P(n~ 2| R4’ > €) < P(A(cn) > ein) + P(n~ /2 Jmax  Z(j) > e).
<j<ein

The first term on the right is bounded by ¢ for n > ng, and the second term converges to 0
as n — 0o, by Step 2. Sending § — 0, it follows that lim, .o P(n~Y2||Ral%, > €) = 0. In
other words, n=Y2||Ra||%, — 0 in probability. for any constant c¢. Because this constant c is
arbitrary, >, H'(t) = t, and A are bounded, this shows that (4.22) holds. A similar argument
holds for the term involving Rg, and it follows that |€"|; — 0 for each fixed ¢ > 0.

Step 4. The sequences (M™) and [M"] are C-tight in D(R,,R).

In view of Lemma 3.1, the C-tightness of (M7%) and (M2%) follows from that of A" and D",
proved in Step 1. In view of (3.8),

(M™) = (M) — 2(M}, MF) + (M§) = (M) + (MF),
and the C-tightness of (M™) follows.

By Step 3 and the C-tightness of (M%) and (M2), [M7%] and [M2] are also C-tight. To
prove C-tightness of [M"] it thus suffices to prove C-tightness of m"™ = [M}, Mg]. We argue as
follows. Given T and 4,

wp(m™,d) = sup{’ Z AMZ($)AME ()| : 0 <t) <ty < T, ty—t; < 5}

t1<s<tg
1 - R
< sup{ > (AN + ANE(5)) 0 St <t ST, ta— 1 < 5}
t1<s<tg

< 5 (wr([M3], 6) +wr([M§], 0)).

N

Similarly, ||[m" |4 < ([M3](T) 4 [M2](T))/2. As a result, C-tightness of m™ follows from that
of [M%] and [M2], by virtue of Lemma 4.8.

Step 5. The sequence M" is tight in D(R4,R). This is immediate from Step 4, using
Lemma 4.9.

Step 6. The sequence (M n [M "]) is C-tight, and if, along a subsequence, M™ = M, then
(M™ [M™]) = (M, [M]) along this subsequence.

To prove this statement, we first verify the condition

(4.23) sup E(sup |AM™(s)|) < oo for all ¢.

n s<t
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To this end, write

SUPj<An(t) €a(4)?)
nr?

dr.

~ 0 Sl )
E(sup |AM}%(s)]) <1 +/ P(n_1/2 sup [Ca(y)| >r)dr <1 +/ (
s<t 1 j<An() 1

For ¢t > 1, we have A"(t) < A(ent) for suitable constant ¢, and so

2
Q
S

=

E[ sup aGP| <E[ swp ()] SE[ Y Cal)?] = E(Aent)E(Ca(1)?).
<A™ (t) j<A(ent) j=1

Since E(A(cnt)) < cint for some constant ¢, we obtain that E(supg<, |AM?7(s)|) is bounded
uniformly in n. A similar statement holds for Mg, and, since [AM"| < |AM?| + ]AMEL], also
for M™. This verifies (4.23).

Consider a subsequence along which M"™ converges in distribution in D(R4+,R) and denote
its limit by M. We can now apply Lemma 4.10 by which, under condition (4.23), (M™, [M™]) =
(M, [M]) holds along the same sequence. Next, in view of Step 4, [M] is continuous. This
implies that M is also continuous by item (i) of §4.1. Therefore (M™, [M™"]) is C-tight.

Step 7. X" is C-tight.

To prove this statement, it remains to show the C-tightness of X™, I, Y™ and H". To this
end, note that X" =YY" + I™ > 0 and, by definition,

X"(t)dI™(t) = 0.
[0,00)

As a result, we can rewrite (4.9) as
(4.24) (X", ™) =T(Y™).

Now, H* are uniformly Lipschitz and are therefore C-tight. Also, b' are bounded, therefore
it follows from Steps 1 and 6 that Y" are C-tight. The Lipschitz continuity of the map
I': D(Ry,R) — D(R;,R)? with respect to the uniform topology on compacts, implies that
the sequence (4.10) C-tight, and that the relation (4.24) is preserved under the limit. Moreover,
the tightness of I™ implies that H{ — 0 in probability.

Step 8. Fix a convergent subsequence of (4.10) and denote its weak limit by (4.11). Then
M is a martingale and relations (4.12) and (4.13) hold.

Because M is the weak limit of the martingales M™, to show that M is a martingale, it suf-
fices to show that for fixed ¢, M™(t) are uniformly integrable. This is true by sup,, E(M™(t)?) <
o0, which follows from Lemma 3.1 and sup,, n !EA™(t) < co. Hence M is a martingale.

As for (4.12), its first two parts have been already verified at the end of Step 7. Its last part
is immediate from (4.9).

Next, we show (4.13). The fact that the limit A of A" is given by the expression in (4.13)
follows from (4.20) and the convergence n='A(n-) — ¢. The form (4.13) of D follows similarly.
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It remains to show that [M] is given by the expression in (4.13). By Lemma 3.1 and the
convergence of (A", D"), we have ((M7%),(MZ2)) = (¢4 A4,0%D). Because (M7, M%) = 0, it
follows that (M™) = 04 A+0%D, which is S K 62H;, in view of 02 = \jo4+piok, 1 <i<K.

=11

By Step 6, (M n [M ") = (M,[M]) along the convergent subsequence. Suppose we also
show that the limit along this subsequence satisfies

(4.25) (M)=H:=> olH,

Since M is a continuous martingale, [M] = (M), and thus the expression for [M] in (4.13)
would be proved.

Thus, it remains to show (4.25). To this end, note that we have shown that
A" = (M™)? — (M™) = A:= M? — H.

Let us show that A™(t) are uniformly integrable for each t. Recall from Step 1 that A™(¢) and
D"(t) are uniformly integrable for each fixed t. In view of (3.8), this implies that (M™)(t)
is uniformly integrable. By the definition (3.4), we can apply [11, Theorem 6.2, Chapter 1,
page 32] to M7 and ]\;[g, which gives the uniform integrability of (MZ)Q(t) and (M2)2(t).
This proves the uniform integrability of (M™)2(t) because (M™)2(t) < 2[(M7)2(t) + (Mg‘)?(t)]
Hence, A™(t) is uniformly integrable. Next, let F = %ﬁ v FM. We will now show that A is
an {F}-martingale. Since this process is adapted and integrable, it remain to show that for
0 < s <t E[A(t) — A(s)|%] = 0 a.s. For this, it suffices that for any bounded continuous
h: D[R4, R) x (R4, R) = R,

(4.26) E[R(M(-Ns),H(- A s))(A(t) — A(s))] = 0.
Since A™ is an {%/"}-martingale for each n > 1, we have
E[L(M" (- A 8), (M")(- A 5))(A"(t) — A™(s))] = 0.

The convergence (M™, (M™), A™) = (M, H, A), the boundedness of h and uniform integrability
of A"(s) and A™(t) imply (4.26). This shows that A is an {% }-martingale. Since H is adapted
to this filtration and continuous, it is predictable on it. Hence by the uniqueness of the Doob-
Meyer decomposition for the submartingale M?, we conclude that (M) = Zfi L02H;. This
proves (4.25) and completes the proof of the lemma. O

4.6. Proof of Lemma 4.5. Fix a convergent subsequence of X" (as in (4.10)), and denote
its limit by X (as in (4.11)). The convergence of this tuple occurs in a space D(Ry,R)1+K 5
Polish space. Thus one can invoke Skorohod’s representation theorem [5, Theorem 25.6], and
assume without loss of generality that this convergence is a.s. We show that this a.s. limit
establishes (2.17), which proves Lemma 4.5.

Denote ¥, = %X v FM. We show that M is an {F }-martingale (which strengthens the
claim from Lemma 4.4 that M is a martingale on its own filtration), by an argument similar
to the one in Step 8 of the proof of Lemma 4.4. Clearly, it is adapted and integrable, so it
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remains to show that for 0 < s < ¢, E[M(t) — M(s)|%s] = 0 a.s. For this, it suffices to show
that for any bounded continuous h : D(R,,R)? — R,

(4.27) E[R(X (- As),M(-As))(M(t)— M(s))] = 0.
Since M" is an {F"}-martingale, we have
E[R(X"(- A s), M"(- A s))(M"(t) = M"(s))] = 0.
Moreover, (X”,M”) — (X, M) as. in D(R4,R)2, and so (4.27) will follow provided that
R(X™(-ANs), M™(-ANs))(M"(t) — M"(s)) are uniformly integrable. This last condition holds by

the boundedness of h and the fact that sup,, E(M"(t)?) < oo, which follows from Lemma 3.1
and sup,, n TEA"(t) < .

Next we show that

oo
(428) / 1{Xt=f}dt = 0, = go,gl, cee 7€K717 a.s.
0
To this end, note first that, a.s., d(M)(t) = d[M](t) > cidt as measures, where ¢; = minj<;<x 0> >
0. This follows from the fact that Zfi 1 Hi(t) =t (recall that Hy = 0), and the expression for
[M] in (4.13).
Fix 0 < i < K —1 and set £ = ¢;. Then by the occupation time formula [22, Corollary
VI.1.6],
t o] <
| 1 = [ RO e =0,
But d(X)(t) = d(M)(t) > c1dt, and (4.28) follows.

Finally, we show that for any subsequential limit (4.11) of (4.10), the law of X is a solution
to the martingale problem.

The convergence X" — X and the continuity of X imply that for fixed ¢ > 0, X" — X
uniformly in [0,¢] a.s. As a result, fgg(X”(s))ds — fg g(X(s))ds a.s. for every g that is
continuous and bounded. For any deterministic sequence ¢, — 0, we similarly have

t t
/ g(X"(s) + ¢n)ds —>/ g(X(s))ds
0 0
a.s. for all such g. Thus m, — m a.s., where m,, and m are the probability measures on R
defined by
L[ L[
my([a,b]) =t~ /0 1{X”(s)+cne[a,b]}ds’ m([a,b]) =t~ /0 1{X(s)€[a,b]}d87 —o0 < a<b<oo.

Hence Portmanteau’s theorem gives that, for C' > 0, if m({C}) = 0 a.s. then a.s.,

To use this fact, ix 1 <: < K —1and let C =¥; and ¢, = —nil/QK? + ¢;. By (2.9), ¢,, — 0.
By (4.28), m({C}) = 0 a.s. This shows that, a.s.,

t t t
/O 1{X”(s)§é?}d5:/0 1{X"(s)+cn§&'}ds_>/o Lix(s)<e}ds.
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From this, we obtain that H;, 1 < ¢ < K, which are the limits of H' = fo 1{Xn(s)eszl}d8, are
given by H; = [ Lix(s)es;}ds. As a result,

K t
> hi() = / b(X(s))ds,

where the expression (2.16) for b is used. Hence, let Y (t) = fg b(X(s))ds + M(t), then, from
(4.12), we have

(4.29) X(t) = /0 DX ()ds + M) + L), (X.L) =T(Y).

As for [M], the expression in (4.13) and the fact that Hy = 0 shows that

K K .
[M(t) =) o7H; =) o?H; z/ o?(X(s))ds,
i=1 i=0 0

where the expression in (2.16) for o is used. As explained in the proof of Lemma 4.2 in
Appendix, this implies that there exists a standard Brownian motion W which is independent
of X such that

M(t):/o o(X(s)dW(s),  t>0.

Hence, (4.29) implies (2.17). O

APPENDIX

A.1l. Proof of Lemma 4.2. Assume that a continuous and nonnegative semimartingale X
is the solution of the SDE (4.3). Then, applying Ito’s formula to (4.3) for test function
f € CF R4, R),

= t S S 1 ! S X S
. XN = £0c0) + [ (AFCK(s + L7 (X)L ()

4 / F1(X ()7 (X (5))dW (s).
0

This equation shows that X solves the martingale problem (v, A, R} ) because
t
/ (X (s))a(X(s))dW (s) is a martingale.
0

Conversely, assume that X solves the martingale problem for (v, A,R;). For ¢ = 1,2, denote
by M; = {M;(t);t > 0} the local martingale in (4.7) for f € C;°(R4,R), and let x(t) =
fg 2b(X (s))ds + L (t). For this localization, we choose stopping times T}, = inf{t; M;(t) > n}
for each n > 1, then {T},;n > 1} can be used as the localizing sequence for M;, and, for each
n > 1, the f for martingale M;(- AT},) can be replaced by f, € €3°(Ry,R) such that f,(x) = x°
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for € [0,n]. Since x is continuous and has bounded variations, we have, through localization
arguments,

(A.2) My(t) = X(t) — X(0) — =x(t),  t>0,

(A.3) Mo (t) = X2(t) — X%(0) — /0 t(X(s)dx(s) +0%(X(s))ds), t>0,

and both of M; and M, are continuous. On the other hand, from Ito integration formula to
X for test function f(z) = 22 and (A.2),

X2(t) = X%(0) + Z/OtX(s)dX(s) + [X](t)

— X2(0) + Z/tX(s)dMl(s) + /tX(s)dX(s) XN, >0,
0 0

where [X] is the quadratic variation of X. Substituting this X?2(¢) into (A.3) and writing
dX(s) as dMy(s) + 27 1dx(s) by (A.2), we have

Ma(t) — 2 /0 X ()M (s) = [X](t) — /O (X (s))ds.

The left-hand side of this equation is a continuous martingale, while its right-hand side is
a process with bounded variations. Since a continuous martingale cannot have a bounded
variation component as is well known, both sides must vanish, and therefore, using (A.2), we
have

(A4) ML(8) = [X](t) = /0 o*(X(s))ds, ¢ 0.

Thus, by the well known characterization of Brownian motion by a local martingale (e.g.,

see [13, Theorem 18.12]), there exists a standard Brownian motion W which is independent of
X such that

Ml(t):/o o(X(s)dW(s), >0,

This together with (A.2) implies the SDE (4.3). Thus, if X is the solution of the martingale

problem for (v, A, R, ), then (X, W) is the weak solution of the SDE (4.3). This together with
the first paragraph completes the proof of this lemma. O
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