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Abstract

We consider I uid queues in parallel. Each uid queue has a deterministic

inow with a constant rate. At a random instant subject to a Poisson process,

random amounts of uids are simultaneously reduced. The requested amounts

for the reduction are subject to a general I-dimensional distribution. The queues

with inventories that are smaller than the requests are emptied. Stochastic upper

bounds are considered for the stationary distribution of the joint bu�er contents.

Our major interest is in �nding exponential product form bounds, which turn out

to have the appropriate decay rates with respect to certain linear combinations of

bu�er contents.
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1 Introduction

In queueing and related stochastic models, concurrent movements make the analysis

of the system complicated even for very simple models. Here we are interested in

their steady state behavior. Just think of M=M=1 queues in parallel in which

either arrivals or departures simultaneously occur at di�erent queues. There is

no known closed form stationary distribution for such a system except in trivial

cases. Recently some upper bounds were obtained for a queueing network with

such concurrent movements at di�erent nodes (see, e.g., [4], [6], [11] and references
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therein). However, it has not been determined whether they give the exact decay

rates for the tail of the stationary distributions. In this paper, we will consider this

problem for a uid system described below.

We consider I uid queues in parallel. Each queue has a deterministic inow

with a constant rate. At random instants according to a Poisson process with

rate �, random requests arrive at the queues. These amounts have a general I-

dimensional distribution and are independent of the current uid levels and the

requests at the other time instants. Each uid level is reduced by the corresponding

requested amount, provided that it is larger than the request. Otherwise, the queue

is emptied.

Our interest is to study the stationary joint distribution of the uid levels in

this parallel system. Its marginal distributions are easy to obtain. However, the

joint distribution is not, because of the simultaneous reductions at di�erent queues

as we mentioned above. This is the case, even if the requests at the same instant

are independent, i.e., the I-dimensional distribution is the product of the marginal

distributions. So, we consider its stochastic upper bounds. We �rst introduce a

bounding process. This process is de�ned for an arbitrarily chosen distribution

on the permutations of I numbers. Assuming the existence of solutions of cer-

tain equations, we calculate its stationary distribution, which turns out to have

an exponential product form, so it gives a stochastic bound for the original sta-

tionary distribution. This is referred to as exponential bounds in short. However,

the stationary distribution does not always exist for a given distribution on the

permutations. Furthermore, the bounding process may yield di�erent exponential

bounds by changing the distribution on the permutations. Hence, there remain

the questions when it gives exponential bounds and which of them is suitable for

bounding the original stationary distribution.

We answer these questions in the following way. First we consider a class of

possible exponential bounds, then give necessary and suÆcient conditions for the

existence of the corresponding distributions on the permutations. This veri�es the

existence of the exponential bounds. Secondly, we show that each exponential

bound has the exact decay rate with respect to the stationary distribution of a

linear combination of bu�er contents, where coeÆcients of the liner combination is

uniquely determined by the exponential bound. We also give a condition such that

the total decay rate is maximized.

This paper is made up of �ve sections. In Section 2, we give a class of possible

bounding processes, which give the exponential bounds if they exist. Section 3

gives the procedure to get the exponential bounds, and their suitability is veri�ed

in Section 4. We �nally make some remarks in Section 5.
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2 The model and bounding process

Let fN(t)g be a Poisson process with rate � and denote the jump times by Tn,

where T0 = 0. Let D(n) = (D
(n)
1 ; : : : ;D

(n)
I ) be an i:i:d: sequence of nonnegative

nonzero random vectors distributed like D = (D1; : : : ; DI) having an arbitrary

joint distribution. Finally, let r = (r1; : : : ; rI) be a vector of positive (non-random)

numbers. Let

Wi(t) =Wi(0) + rit�

N(t)X
n=1

min(D
(n)
i ;Wi(Tn�))

It is easily seen that Wi(�) is a reected process (reected at the origin) with net-

input process rit�
PN(t)

j=1 D
j
i . It is clear that such a process is tight, provided each

of it's components are tight. The latter clearly holds when the following condition

is satis�ed:

ri < �EDi; i = 1; : : : ; I: (2.1)

Throughout the paper, we assume this stability condition, which is also necessary

for the stationary distribution to exist. From Theorems 3.1, 4.2 and Corollary 3.1

of [8], it follows that the vector valued process W (t) � (W1(t); : : : ;WI(t)) has a

unique limiting/stationary distribution which is independent of initial conditions.

Remark 2.1 We may set ri = 1 for k = 1; : : : ; I, by normalizing Wi(t) and D
(n)
i

as Wi(t)=ri and D
(n)
i =ri. This makes our calculations simpler, but we keep the

present setting to avoid possible confusion.

Since the processesWi(t) are dependent, it is diÆcult to compute the stationary

distribution of W (t), although it is quite easy to compute the marginals. By

coupling arguments it is easy to show that these marginals have a unique stationary

(limiting) distribution and by PASTA (see, e.g., [12]) it is the same distribution

as the limiting distribution of the process W
(n)
i =Wi(Tn�) embedded right before

jumps down. For the latter we have that the Markov kernel is determined from

W
(n)
i = (W

(n�1)
i �D

(n�1)
i )+ + riUn;

where Un = Tn�Tn�1. It turns out that the stationary distribution of this marginal

process is exponential. There are various ways to see this. The �rst is by noting

that the stationary distribution of W
(n)
i � riUn is the distribution of the maximum

of a random walk with increments distributed like riU �Di where U is exponential

with rate � and independent of Di. The result then follows from example (a) on

page 405 of [5] or Theorem 1.2 on page 203 of [1]. Both of these references apply

Wiener-Hopf techniques to obtain this. We prefer show this as follows. Assume

that Wi has the stationary distribution and write

Ee��Wi = Ee��(Wi�Di)
+ �

�+ ri�
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Assuming that Wi � exp(a) this gives the equation

a

a+ �
=

�
1�

�

� + a
Ee�aDi

�
�

�+ ri�

and thus a is the unique solution of the equation:

1�Ee�aDi

aEDi

=
ri

�EDi

< 1 : (2.2)

We denote this a by a0i . Observe that the left side is the LST of the stationary

forward recurrence time associated with Di, thus continuous in a, equal to 1 when

a = 0 and 0 when a = 1. Therefore, such 0 < a0i < 1 exists. Also, it is

easy to check that a0i is also the solution of Eea(riU�Di) = 1 which appears in

the references [5] and [1] mentioned above. Since the stationary distribution of

the original parallel process is diÆcult to compute (unless the distribution of D

is concentrated on the axes, which implies that W1(�); : : : ;WI(�) are independent

processes), we will consider another process which bounds the original one from

above pathwise (and thus its stationary distribution bounds that of the original

process stochastically).

The description of this process is as follows. Despite the possible abuse of

notations, we will describe it with a generic D and T1 rather than keep track

of the epoch index. At every arrival epoch of the Poisson process we perform

an independent experiment which determines one of I! permutations among the

processes. Given this order, say �1; : : : ; �I , and the current state w�1 ; : : : ; w�I

(before the jump down) we look for the �rst k for which w�k < D�k . If no such

k exists, we do nothing. Otherwise, the �kth process will jump down to zero, the

previous processes (in the given order) will jump to where they are supposed to

(that is, to w�` � D�`) but the following processes will not jump at all. In other

words, given the order and the �rst such k, the next state is

(w�1 �D�1 ; : : : ; w�k�1 �D�k�1 ; 0; w�k+1 ; : : : ; w�I ) + (r�1 ; : : : ; r�I )T1 :

We denote this process by ~W (t). The process ~W (t) seems much more compli-

cated than the original one, so that the reader may wonder why we are doing this at

all. The surprising answer is the following result. We recall that by `product form

distribution' it is meant that the joint distribution is the product of the marginals.

Theorem 2.1 Let fp�g be an arbitrary distribution for all the permutations � of

f1; : : : ; Ig. For an arbitrary given joint distribution of D, suppose that the following

equations have a positive solution fai; i = 1; : : : ; Ig.

IX
k=1

X
�j�k=i

�
Ee�S

�
k�1 �Ee�S

�
k�1�aiDi

�
p� =

riai
�

; i = 1; : : : ; I; (2.3)

where S�0 = 0 and

S�k =
kX
i=1

a�iD�i ; k = 1; : : : ; I:
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Then this is equivalent to the property that the uid level process ~W (t), constructed

using fp�g, has a product-form stationary distribution and its marginals are ex-

ponentially distributed with parameters ai (i.e., means 1=ai). Furthermore, these

parameters are unique, and always satisfy

�
�
1�Ee�

PI
i=1 aiDi

�
=

IX
i=1

riai : (2.4)

Proof: First, w.l.o.g. let us assume that the chosen permutation is the identity,

that is �1; : : : ; �I = 1; : : : ; I. For any permutation, the following computation will

be the same. Given a current state ~W , the next state (in column form) will be

rT1 +

IX
i=1

0
BBBBBBBBBBBB@

~W1 �D1

...
~Wk�1 �Dk�1

0
~Wk+1

...
~WI

1
CCCCCCCCCCCCA

0

1f ~W1�D1;:::; ~Wk�1�Dk�1; ~Wk<Dkg
+ ( ~W �D)1

f
~W�Dg

;

(2.5)

where 0 denotes transposition and r and ~W and D are independent row vectors.

Thus, if ~W has a product form exponential distribution with parameters a1; : : : ; aI ,

then it follows by independence and the memoryless property that

IX
k=1

E
�
e�
Pk�1

i=1 �i(
~Wi�Di)��k�0�

PI
i=k+1 �i

~Wi1f ~W1�D1;:::; ~Wk�1�Dk�1; ~Wk<Dkg

�

+E
�
e�
PI

i=1 �i(
~Wi�Di)1

f ~W�Dg

�
is given by

IX
k=1

(Ee�Sk�1 �Ee�Sk)
Y
i6=k

ai
ai + �i

+Ee�SI
IY
i=1

ai
ai + �i

where we omit the dependence on � for the sake of brevity. Dividing by
QI

i=1
ai

ai+�i

(the joint LST of ~W , which is the same for all permutations) gives

IX
k=1

(Ee�Sk�1 �Ee�Sk)
ak + �k
ak

+Ee�SI = 1 +

IX
k=1

(Ee�Sk�1 �Ee�Sk)
�k
ak

:

With this it is now evident that in order for the proposed distribution to be the sta-

tionary distribution of ~W (t) we must have (from (2.5)) and from Ee�
PI

k=1 �krkT1 =
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�=(� +
PI

k=1 �krk) that

IY
i=1

ai
ai + �i

=

IY
i=1

ai
ai + �i

 
1 +

X
�

IX
k=1

p�(Ee
�S�k�1 �Ee�S

�
k )
��k
a�k

!
�

�+
PI

k=1 �krk

which implies that

�
X
�

IX
k=1

p�(Ee
�S�k�1 �Ee�S

�
k )
��k
a�k

=

IX
k=1

�krk : (2.6)

Finally, we set �i = ai and �j = 0 for j 6= i in order to arrive at (2.3) and observe

that if (2.3) holds for every i than so does (2.6), which implies that the proposed

product form distribution is a stationary distribution. In order to obtain (2.4),

simply substitute �i = ai for all i in (2.6). The uniqueness of the ai's is concluded

by the fact that the uid level process admits a unique stationary distribution.

Remark 2.2 If we interpret the exponential distribution with parameter 0 as 1

with probability one, then Theorem 2.1 is also valid for nonnegative ai.

Remark 2.3 If only one departing request can occur at any instant, i.e., if Di > 0

implies that Dj = 0 for j 6= i, then no requests are cancelled, and the bound-

ing process coincides with the original one, provided no permutations are applied.

However, in this case, it is clear that the request processes to the various queues are

independent (compound Poisson) processes and thus the content processes become

independent as well. Thus, for this case, product-form of the stationary distribu-

tion is a triviality. However, if this is not the case, the original model does not have

a product-form distribution even if the Di's are independent.

In applications of Theorem 2.1, we �rst need to compute ai satisfying (2.3).

We may consider (2.3) as the �xed point of the IRI -valued function ', whose i-th

component is de�ned as

'i(a) =
�

ri

IX
k=1

X
�j�k=i

p�E
�
e�S

�
k�1(1� e�aiDi)

�
; a � 0: (2.7)

Clearly 'i is bounded by �=ri. Hence we only need to consider the function '

on the bounded rectangle A = [0; �=r1] � � � � � [0; �=rI ]. Since ' is a continuous

function with respect to the standard Euclidean norm, we can apply Brouwer's

�xed point theorem. However, this �xed point may be the origin 0 or the trivial

extreme points, a0i ei, where ei is the unit vector whose i-th component is unit and

the other components are 0. In fact, the following example shows that such trivial

points may be the only possible solutions except the origin. This occurs when the

bounding process is unstable.
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Example 2.1 Suppose that p� = 1 for � = (1; 2; ; : : : ; I). In this case, (2.3)

becomes

E
�
e�
Pi�1

`=1
a`D`(1� e�aiDi)

�
=
riai
�

; i = 1; : : : ; I: (2.8)

Hence, we need the condition

E
�
e�
Pi�1

`=1
a`D`Di

�
>
ri
�
; i = 1; 2; : : : ; I: (2.9)

to have a positive solution faig. This condition is clearly stronger than (2.1) for

i � 2. If the condition fails for all i � 2, then a01e1 is the only �xed point of '

of (2.7). Hence, (2.3) does not have a positive solution a and thus a stationary

product form exponential distribution does not exist.

Thus we cannot always expect a positive solution a in Theorem 2.1 and thus, we

do not always have a stationary product form exponential distribution. However,

it does have a positive solution in some cases.

Example 2.2 Consider the case where (D1; : : : ;DI) is exchangeable (in particular,

identically distributed like some D) and ri = r for all i. Then with a = (a; a; : : : ; a),

we have that for each �, S�k�1 and S�k�1 + aDi are distributed like a
Pk�1

j=1 Dj and

a
Pk

j=1Dj , respectively. Taking p� = 1=I!, noting that
P

�j�k=i
p� = 1=I and

denoting gk(a) = Ee�a
Pk

j=1Dj (g0(a) = 1), (2.3) becomes

1

I

IX
k=1

(gk�1(a)� gk(a)) =
1

I
(1� gI(a)) =

r

�
a ; (2.10)

or
1� gI(a)

a
= E

Z PI
j=1Dj

0
e�axdx = I

r

�
< IED ; (2.11)

for all i. Since (1 � gI(a))=a converges to 0 as a ! 1 and to IED as a # 0 there

is a unique 0 < a� < 1 for which (1 � gI(a
�))=a� = Ir=�. Therefore, in this

case the original stability condition r < �ED is also the stability condition for the

bounding process, the latter having a product form stationary distribution with

exp(a�) distributed marginals. Of course, the case where D1; : : : ;DI are i.i.d. is a

special case where gI(a) = (Ee�aD)I .

From these examples, one may ask what is a suitable fp�g for the bounding

process which assures the solution a of (2.3). We consider this problem in the next

section.

3 Existence of the exponential bounds

In Theorem 2.1, we �rst specify a distribution fp�g for the permutations, then

consider �nding faig satisfying (2.3). However, it may not be easy to choose an
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appropriate distribution for the permutations. How can we �nd it to get a suit-

able bound? In this section, we address this problem from the opposite direction.

Namely, we �rst consider a candidate vector a, then look for permutation distri-

butions associated with it. To this end, we �rst consider when (2.4) has a positive

solution a. The next lemma answers to this question.

Lemma 3.1 Let c = (c1; : : : ; cI) be an arbitrary positive vector. Then, under the

stability condition (2.1), there exists a positive number � such that a = �c satis�es

(2.4).

Proof: Substituting these ai to (2.4), we have

�
�
1�Ee��

PI
i=1 ciDi

�
= �

IX
i=1

ciri : (3.1)

Since the stability condition (2.1) implies

�E

 
IX
i=1

ciDi

!
>

IX
i=1

ciri; (3.2)

(3.1) has a unique positive solution � for the given ci's.

Thus we can always �nd a satisfying (2.4) for any given direction vector c > 0.

However, this does not imply the existence of p� that together with a solve (2.3)

(see Example 2.1). For this existence, we obviously need

0 < ai � a0i ; i = 1; : : : ; I; (3.3)

where a0i is the positive solution of (2.2), since the marginal distribution of queue

i is exponential with mean 1=a0i . We note that there always exists at least one

solution a of (2.4) that satis�es (3.3), which is proved in Lemma 3.4 below. Thus

all we need is to verify the existence of p� corresponding with the a that satis�es

appropriate conditions including (2.4) and (3.3).

We �rst consider the simple case that I = 2 to see how the existence can be

veri�ed.

Lemma 3.2 For I = 2, there exists the permutation distribution fp�g satisfying

(2.3) for any positive solution a of (2.4) as long as it satis�es (3.3), under the

stability condition (2.1).

Proof: In this case, (2.3) becomes

p(1;2)(1�Ee�a1D1) + p(2;1)(Ee
�a2D2 �Ee�a1D1�a2D2) =

a1r1
�

p(2;1)(1�Ee�a2D2) + p(1;2)(Ee
�a1D1 �Ee�a1D1�a2D2) =

a2r2
�
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which upon some rearrangement can be seen to be equivalent to

p(1;2)

�a1r1
�

� (1�Ee�a1D1)
�

= p(2;1)

�a2r2
�

� (1�Ee�a2D2)
�

(3.4)

1�Ee�a1D1�a2D2 =
a1r1 + a2r2

�
(3.5)

Both sides of (3.4) are negative, since ai < a0i . Hence, we can �nd p(1;2) and p(2;1)
such that (3.4) holds for a1 and a2 that satisfy (3.5).

To consider more general cases, let us make the following notation for i 62 A �

f1; : : : ; Ig:

pA;i =
X

f�jf�1;:::;�jAjg=A; �jAj+1=ig

p� (3.6)

�(a) = ar0 � �
�
1�Ee�aD

0
�

(3.7)

where a = (ai), r = (ri) and D = (Di) are row vectors,

ai(A) =

(
ai if i 2 A

0 if i 62 A

Then (2.3) can be rewritten as:X
A

(�(a(A [ fig)) � �(a(A)))pA;i = 0 : (3.8)

For i 2 A we de�ne pA;i = 0. Although it can be de�ned arbitrarily in (3.8), we

need this choice for (3.11). With these notations we now have.

Lemma 3.3 If a satis�es (2.3), then

�(a(A)) � 0; A � f1; : : : ; Ig: (3.9)

Proof: For each subset A � f1; : : : ; Ig, let aj = 0 for j 62 A, in (2.3), then we have

IX
k=1

X
�j�k=i

�
Ee�S

�
k�1(A) �Ee�S

�
k�1(A)�aiDi

�
p� �

riai
�

; i 2 A;

because the left-hand side of (2.3) is not decreased, where

S�k�1(A) =

k�1X
i=1

a�iD�i1f�i2Ag:

Similar to (2.4), summing these inequalities over all i 2 A yields

�
�
1�Ee�

P
i2A aiDi

�
�
X
i2A

riai ;

which is equivalent to (3.9).
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A particular instance of Lemma 3.3 is where A = fig, so that

�(a(fig)) = airi � �(1�Ee�aiDi) � 0: (3.10)

Evidently, (3.10) is equivalent to condition (3.3), since �(a0(fig)) = �(0) = 0 and

�(a(fig)) is convex for each i. In the following lemma we show that it is always

possible to �nd an a such that �(a) = 0 and �(a(fig)) � 0 for each i. However, it

is not clear to us as of yet whether it is possible to �nd an a for which in addition

(3.9) holds.

Before we proceed, let us now review the following. f : Rn ) R is called

supermodular if

f(x) + f(y) � f(x _ y) + f(x ^ y)

It is well known that if g is convex then g(
Pn

i=1 xi) is supermodular (e.g., [9] p.

152, D.4), so it is obvious that for a nonnegative c 2 Rn , g(cx0) is supermodular as

well (cixi _ (^)ciyi = ci(xi _ (^)yi)). Thus, it is clear that e
�aD

0

is supermodular

in a for each value of D and thus it is immediate that Ee�aD
0

is supermodular as

well, which �nally implies that �(a) is supermodular.

Noting that a(A)_a(B) = a(A[B) and a(A)^a(B) = a(A\B), this implies

that for a �xed positive a 2 R
n , �(a(A)) is supermodular in A. Now consider a

which satis�es (2.4), then �(0) = �(a(�)) = 0 and �(a) = �(a(f1; : : : ; ng)) = 0.

Thus, it follows that for such a, �(a(A))+�(a(Ac)) � 0. Finally we note that (3.8)

can be rewritten asX
A

[�(a(A [ fig) � �(a(A))� �(a(fig))]pA;i = ��(a(fig)); (3.11)

where we note that �(a(A [ fig)) � �(a(A)) � �(a(fig)) � 0 for all A and i, by

supermodularity. This gives an alternative reasoning for (3.10).

Lemma 3.4 Under the stability conditions (2.1), let a0iei with 0 < a0i <1 be the

unique solutions of �(a(fig)) = 0. Then there is a unique 0 < � � 1 for which

�(�a0) = 0 and �(�a0(fig)) � 0 for all i.

Proof: The existence of such a0i 's was established following (2.2). By supermod-

ularity and �(0) = 0 it is easy to show by induction that 0 =
P

i2A �(a
0(fig)) �

�(a0(A)) and in particular �(a0) � 0. Since g(�) � �(�a0) is convex in �, g(0) = 0,

g(1) � 0 and g0(0) =
PI

i=1 a
0
i (ri � �EDi) < 0, then there is a unique 0 < � � 1

for which g(�) = 0. Since gi(�) = �(�a0(fig)) is convex, with gi(0) = gi(1) = 0

and g0i(0) = ai(ri � �EDi) < 0, it follows that gi(�) � 0 for each 0 < � � 1 and in

particular the � we chose.

The following theorem shows that (3.9) together with �(a) = 0 is also suÆcient

for the existence of an appropriate p�.
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Theorem 3.1 Under the stability conditions (2.1), there are probabilities p� satis-

fying (2.3) for a given non-negative a if and only if it satis�es �(a) = 0 and (3.9).

If these conditions are satis�ed, we have the exponential bound with parameter a,

i.e.,

P [W > x] � e�xa
0
; x � 0: (3.12)

Proof: We have already shown the necessity of the conditions. So we shall prove

their suÆciency. Letting A�;i = f�j jj < ��1(i)g (that is, if � = (�1; : : : ; �k; i; : : :)

then A�;i = f�1; : : : ; �kg) then (2.3) becomesX
�

p�(�(a(A�;i [ fig)) � �(a(A�;i))) = 0 8i = 1; : : : ; I (3.13)

with
P

� p� = 1 and p� � 0 8�. Thus, applying Farkas' Lemma (eg. [3], p. 46),

such a solution exists if and only if there is no solution to

IX
i=1

yi(�(a(A�;i [ fig)) � �(a(A�;i))) + y0 � 0 > y0 8� (3.14)

which is equivalent to the nonexistence of a solution to

IX
i=1

yi(�(a(A�;i [ fig)) � �(a(A�;i))) > 0 quad8� : (3.15)

The last inequality is equivalent to the nonexistence of a solution to

IX
i=1

y�i(�(a(A�;�i [ f�ig)) � �(a(A�;�i))) > 0 8� ; (3.16)

which, since �(a) = �(0) = 0 is equivalent to the nonexistence of a solution to

I�1X
i=1

(y�i � y�i+1)�(a(f�1; : : : ; �ig)) > 0 8� : (3.17)

Since �(a(f�1; : : : ; �ig)) � 0 for all � and all i then for every y1; : : : ; yI there is some

� which orders these y's in a nonincreasing order which makes the left side of (3.17)

nonpositive. Thus the suÆciency is established. We now assume the conditions,

so permutation probabilities p� satisfying (2.3) exists for a nonnegative a. Then,

from Theorem 2.1 and Remark 2.2,

P [W > x] � P [ ~W > x] =
IY
i=1

e�aixi = e�xa
0
;

where ~W has the stationary distribution of the bounding process. Thus, we have

(3.12) and we are done.
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Remark 3.1 Since �(a(A)) is a convex function of a, the set:

S� � fa � 0; �(a(A)) � 0; for any A � f1; 2; : : : ; Igg

is a convex set (see, e.g., [10]). It is also bounded since S� is included in the bounded

set fa; 0 � ai � a0i ; i = 1; : : : ; Ig. All a's in this convex set give the exponential

bounds if it is on the surface fa; �(a) = 0g.

Note that when the joint LST Ee�aD
0

can be numerically evaluated then con-

dition (3.9) can be used to numerically identify the geometry of S� for I = 2; 3 with

standard mathematical packages.

Theorem 3.1 includes Lemma 3.2 as a special case since A is either f1g or

f2g for I = 2. Example 2.2 is also included as a special case. To see this, let

h(x) = xra� � �(1 � gx1 (a
�)) for real x > 0. Then h(x) is strictly convex in x,

h(1) < 0 and h(I) = 0. Hence, h(i) < 0 for all positive integer i � I � 1, so the

conditions of Theorem 3.1 are satis�ed.

4 Quality of the exponential bounds

As aforementioned, we here show that the proposed bounds are best in a certain

sense.

Theorem 4.1 Suppose the stability conditions ri < �EDi for all i are satis�ed.

Let c = (c1; : : : ; cI) be an arbitrary positive vector, and let a = �c for � such that

(3.1) is satis�ed. If the conditions of Theorem 3.1 hold for this a, we have

e��x � P (cW 0 > x) �

 
I�1X
i=0

(�x)i

i!

!
e��x; x � 0; (4.1)

where cW 0 =
PI

i=1 ciWi. Hence, such � gives the best exponential rate for bounding

the stationary distribution of cW 0.

Proof: Consider the single uid queue with inow rate
PI

i=1 ciri and the requested

amount
PI

i=1 ciDi. Obviously this process serves as a lower bound since the amount

of the reduction at each queue is not less than the corresponding one of the original

model in each time. For the upper bound, we use the bounding process determined

by a, whose stationary distribution is exponential product-form. Hence, the upper

bound in (4.1) is calculated as

Z
c1w1+:::+cIwI>x

exp

 
��

IX
i=1

ciwi

!
�Ic1 � � � cIdw1 : : : dwI

=

Z
u1+:::+uI>x

exp

 
��

IX
i=1

ui

!
�Idu1 : : : duI :
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This is the tail probability of an Erlang distribution of order I and phase rate �.

Thus we get the upper bound in (4.1).

The next result answers which ci's, equivalently, ai's, would be optimal.

Theorem 4.2 Under the same conditions as in Theorem 4.1, the total exponent

a1 + � � � + aI of the bounding distribution is maximized when positive ai's are de-

termined by (2.4) and

ri � �E(Die
�
PI

k=1 akDk) = rj � �E(Dje
�
PI

k=1 akDk); i 6= j; (4.2)

as long as the a satis�es (3.9).

Proof: We use S� de�ned in Remark 3.1, which is a bounded convex set. Note

that a 2 S� is equivalent to that a satis�es (3.9). The solution a 2 S� of (2.4)

belongs to the intersection of S0 � fx; �(x) � 0g and the hyperplane

Lc =

(
x 2 IRI ;

IX
k=1

rkxk = c

)

for some c > 0. Hence, c is maximized when Lc comes in contact with the boundary

of S0. Note that � is a continuously di�erentiable function in the interior of S0,

and (4.2) is the tangent condition. Hence, if (2.4) and (4.2) determine a positive

a, the point a is the contact point.

5 Remarks for further studies

There are a number of remarks for further studies.

Our procedure to get the exponential bound needs condition (3.9). But this does

not mean that this condition is needed for the existence of an exponential bound.

If we change the reduction processes at each queue, e.g., depending on its bu�er

content, then the corresponding bound may exist. However, such a modi�cation

would make the analysis much more complicated.

If D = (D1; : : : ;DI) is an associated random vector (see [2] for its de�nition),

it is not hard to see that the stationary bu�er content vector W is also associated.

Hence we have

P [W > x] �

IY
i=1

P [Wi > xi] =

IY
i=1

e�a
0
i xi :

Thus, we get the lower bound if D is associated. This lower bound may not be so

good, since the decay rate is not exact for any linear combination of bu�er contents.

If the process W (t) is reversed in time, we obtain a certain uid queues in

parallel with simultaneous batch inputs and constant release rates. This process

has extra inputs at queues when they are empty. Hence, the stationary distribution

of W gives a stochastic upper bound for the joint bu�er contents of parallel uid
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queues with simultaneous inputs and constant release rates. Since the exponential

bounds obtained in Section 3 stochastically bound W , they give stochastic upper

bounds for the simultaneous input system.

As we mentioned in the introduction, the bounding process of Theorem 2.1 is

similar to those for queueing networks with instantaneous movements (see, e.g.,

[6]). So one may wonder whether the latter bounds have the exact decay rates with

respect to certain linear combinations of queues. Studying this may be useful in

applications, in particular, telecommunications, since very few results are available

for decay rates of multi-dimensional distributions, but they are important to see

quality of service in the networks.
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