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Abstract

We are concerned with a discrete-time Markov additive process (MAP) gener-
ated by a Markov chain with transition probabilities similar to that for the M/G/1
queue. We are interested in its occupation measure before the additive component
returns to the origin. We study its asymptotic behavior as the additive component
goes to infinity. This asymptotic problem is motivated by studies on the tail asymp-
totics of the stationary distribution of a reflected two-dimensional random walk and
its applications in queueing theory. This is also related to sample path large devia-
tions for the random walk with discontinuous statistics, which includes the present
MAP as a special case. We study the asymptotic problem through the matrix mo-
ment generating function of the Markov additive kernel, called the Feynman-Kac
transform. We find the right and left positive invariant vectors of the Feynman-Kac
transform, and compute the convergence parameter of this transform and the value
of its variable for the convergence parameter to be unit. Using these results, we
completely characterize for this MAP under exponential change of measure to be
transient, null recurrent and positive recurrent. These results lead to an answer to
how the occupation measure decays for each fixed background state as the additive
component goes to infinity. We have a complete answer for rough asymptotics and
a partial answer for exact asymptotics.

1 Introduction

We are concerned with a discrete-time Markov additive process generated by a Markov
chain with transition probabilities similar to that for the M/G/1 queue. For simplicity, we
assume that the additive component of this Markov additive process is one-dimensional
and integer-valued, but it can be generalized to be finite-dimensional and real-vector-
valued which will be remarked later. Thus, this Markov additive process has discrete
time and discrete states. We refer to it as a MAP with an M/G/1-type background
process. Our focus is on its occupation measure, that is, the expected sojourn time at
each state of this MAP before the additive component returns to the origin. We are
interested in its asymptotic behavior as the additive component goes to infinity.
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This asymptotic problem is motivated by studies on the tail asymptotics of the sta-
tionary distribution of two-dimensional reflected random walks on the nonnegative integer
quadrant. In these studies, it is important to consider the asymptotic behavior of the lo-
cal process obtained from the reflected random walk by removing one of its reflecting
boundaries. Such a local process exactly corresponds to the present Markov additive
process. For example, it is studied recently by the second author [10] to obtain the tail
asymptotics of the stationary distribution. In that study, this reflected random walk is
assumed to be skip free in all directions, and formulated as a quasi-birth-and-death (QBD
for short) process whose state is composed of a pair of level and background states. This
QBD process is called a double QBD process since the level and background states are
exchangeable. In this paper, we view the level as an additive component, and relax the
skip free assumption. Specifically, the background process is skip free in the downward
direction, and no extra skip free condition is assumed. We also do not assume any drift
condition.

Another motivation is its own interest as a performance measure in queueing appli-
cations. For example, the occupation measure describes how a queue builds up during a
busy period at one node in a two-node queueing network. It is also related to sample path
large deviations for a random walk with discontinuous statistics, which includes the MAP
with the M/G/1-type background process as a special case (see, e.g., Chapter 7 of [2]).
In particular, the latter process has been studied in seminal work of Ignatiouk-Robert
[6, 7, 8]. Although our interest is different from those in the large deviations literature,
some of the present results sharpen their results (see Remark 3.3).

For studying the asymptotic behavior of the Markov additive process, it is a key to
find the convergence parameter of the matrix moment generating function of the Markov
additive kernel, called the Feynman-Kac transform. For this purpose, we then need to
identify the value of its variable such that the convergence parameter is unit. These facts
have been well recognized (see, e.g., [6, 5, 10]), but it is generally not easy to compute
those characteristics in particular when jumps are unbounded.

We attack these problems, and not only solve them, but also find the right and left
positive invariant vectors of the Feynman-Kac transform whose convergence parameter is
unit. In this paper, those vectors are referred to as a harmonic function and an invariant
measure, respectively. It turns out that the harmonic function is particularly useful to
see how the MAP with the M/G/1-type background process behaves under exponential
change of measure. We completely characterize for this twisted MAP to be transient, null
recurrent and positive recurrent. These results provide an answer to how the occupation
measure decays for each fixed background state as the additive component goes to in-
finity. We have a complete answer for rough asymptotics and a partial answer for exact
asymptotics, where function f(n) is said to have the rough decay rate θ if its logarithm
at n divided by n converges to −θ as n → ∞, and said to have the exact asymptotic h
for some function h if the ratio f(n)/h(n) converges to a constant as n → ∞.

In this paper, we do not fully study the tail asymptotics of the stationary distribution
since this is slightly away from the main interest of this paper. However, it is rather
obvious to apply our results to find the tail asymptotics in certain cases of the reflected
two-dimensional random walk, particularly when jumps are skip free in the direction
toward the boundaries. We refer to this reflected random walk as a double M/G/1-type
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process, and obtain the tail asymptotics of its stationary distribution by applying the
results of Borovkov and Mogul’skii [1] and their refinements in [10].

This paper is made up by five sections and an appendix. In Section 2, the MAP with
the M/G/1-type background process is formally introduced. The superharmonic function
of its Feynman-Kac transform is computed in Section 3 while the invariant measure is
computed in Appendix A.1. Their basic properties are also studied there. In Section 4,
asymptotics of the occupation measure are considered. Finally, we discuss three topics
in Section 5. We first relax our assumptions, then remark on a generalization for the
multi-dimensional additive component. At the end, we apply our results to the double
M/G/1 process to have some answers to its tail decay rate problem.

2 MAP with the M/G/1-type background process

We first introduce a discrete-time Markov additive process of our interest. This is a
discrete-time Markov process {(Xn, Yn); n = 0, 1, . . .} with the state space S = Z × Z+

where Z is the set of all integers and Z+ = {k ∈ Z; k ≥ 0}. This Markov process has the
following transition probabilities:

P ((Xn+1, Yn+1) = (ℓ, j)|(Xn, Yn) = (k, i)) = Aij(ℓ − k), k, ℓ ∈ Z, i, j ∈ Z+,

where Aij(ℓ) ≥ 0 and
∑

(ℓ,j)∈S Aij(ℓ) = 1 for each i ∈ Z+. Let matrix A(ℓ) ≡ {Aij(ℓ)}i,j∈Z+

for ℓ ∈ Z. The set of the matrices {A(ℓ); ℓ ∈ Z} is called the Markov additive kernel.

This Markov additive process is referred to as a MAP with the M/G/1-type back-
ground process if there exist probability distributions {p(0)(ℓ, j); (ℓ, j) ∈ S} and {p(ℓ, j); (ℓ, j) ∈
Z2} satisfying that, for each ℓ ∈ Z, p(ℓ, j) = 0 for j < −1 and

Aij(ℓ) =

 p(0)(ℓ, j), i = 0, j ≥ 0,
p(ℓ, j − i), i ≥ 1, j ≥ i − 1,
0 otherwise.

We denote random vectors subject to the distributions {p(ℓ, j)} and {p(0)(ℓ, j)} by (∆X, ∆Y )
and (∆X(0), ∆Y (0)), respectively. Thus, these random variables represents the jump size
of one step transition from an inner state and a boundary state, respectively.

In this paper, we assume

(2a) The random walk generated by one step distribution {p(ℓ, j)} is irreducible, and
p(0)(ℓ, j) > 0 for some ℓ, j > 0.

(2b) The joint moment generating functions,

ϕ(θ, η) = E
(
eθ∆X+η∆Y

)
, ϕ(0)(θ, η) = E

(
eθ∆X(0)+η∆Y (0)

)
,

are finite for all (θ, η) ∈ R+×R, where R is the set of all real numbers and R+ =
{x ∈ R; x ≥ 0}.

By (2a), Markov chain {(Xn, Yn)} is irreducible. In particular, A ≡
∑+∞

ℓ=−∞ A(ℓ) is also
irreducible. Assumption (2b) can be replaced by the following weaker condition.
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(2b’) There is an ϵ > 0 such that {(θ, η) ∈ R+ ×R; ϕ(θ, η) ≤ 1 + ϵ} is a closed convex set
and ϕ(0)(θ, η) is finite for any (θ, η) satisfying ϕ(θ, η) = 1.

Let τ 0−
0 = inf{n ≥ 1; Xn ≤ 0}, and define the matrix H(ℓ) for each ℓ ≥ 0 by

[H(ℓ)]ij = E

1(τ 0−
0 < ∞)

τ0−
0 −1∑
n=0

1((Xn, Yn) = (ℓ, j))

∣∣∣∣∣∣ (X0, Y0) = (0, i)

 , i, j ∈ Z+,

where τ 0−
0 might be defective. Then, [H(ℓ)]ij represents the occupation measure given i.

Define the tail sum of the matrices H(ℓ) by

H(n) =
∞∑

ℓ=n

H(ℓ), n ≥ 0.

We are interested in how [H(ℓ)]ij and [H(ℓ)]ij decay as ℓ → ∞ for each fixed i, j ∈ Z+.
From (2a), we have the following fact.

(2c) For each i, j ∈ Z+, there is an ℓ0 such that [H(ℓ)]ij > 0 for all ℓ > ℓ0.

This is a property needed in the asymptotic analysis of [H(ℓ)]ij. We will make a remark
on how (2a) can be weakened to still have (2c). On the other hand, one more condition
is needed for the asymptotic analysis of [H(ℓ)]ij. Namely, we will assume:

(2d) The Markov additive kernel {Aij(ℓ)} is 1-arithmetic with respect to the additive
component. That is, the greatest common devisor of {ℓ1 + . . . + ℓn; [A(ℓ1) × . . . ×
A(ℓn)]jj > 0, n ≥ 1} is equal to 1 for some j (see [11] for details).

This condition will be used to have a similar fact to (2c) for [H(ℓ)]ij. Using a duality
argument for the Markov additive process, the asymptotics for the occupation measure
also provide an answer to that for the maximum of −X−n for n ∈ [1, τ 0−

0 ] (see, e.g., [12]).

In applications, particularly for queueing models, frequently either E(∆X) or E(∆Y )
is negative, which is usually required for stability. However, we do not need any drift
condition in this paper.

Let p
(0)
∗j (θ) =

∑
ℓ∈Z eθℓp(0)(ℓ, j) and p∗j(θ) =

∑
ℓ∈Z eθℓp(ℓ, j), and define A∗(θ) as

A∗(θ) =


p

(0)
∗0 (θ) p

(0)
∗1 (θ) p

(0)
∗2 (θ) p

(0)
∗3 (θ) · · ·

p∗−1(θ) p∗0(θ) p∗1(θ) p∗2(θ) · · ·
0 p∗−1(θ) p∗0(θ) p∗1(θ) · · ·

. . . . . . . . . · · ·
. . . . . . . . .

 .

This is a transform Markov additive kernel, called the Feynman-Kac transform. Here, one
can observe that the background process indeed has a similar structure for the transition
probabilities to that for the M/G/1 queue.
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We next provide the Wiener-Hopf factorization for the Markov additive process {(Xn, Yn)}.
For this purpose, some notation is needed. For a nonnegative Z+×Z+ matrix T , the con-
vergence parameter cp(T ) of T is defined as

cp(T ) = sup

{
z ≥ 0;

∞∑
n=0

znT n < ∞

}
.

For θ ≥ 0, define Z+ × Z+ matrices R+
∗ (θ) and G0−

∗ (θ) by their (i, j) entries:

[R+
∗ (θ)]ij = E

(
∞∑

n=1

eθXn1(Yn = j, 0 < Xn ≤ min(X1, . . . , Xn−1))

∣∣∣∣∣ (X0, Y0) = (0, i)

)
,

[G0−
∗ (θ)]ij = E

(
e

θX
τ0−
0 1(Yτ0−

0
= j)

∣∣∣ (X0, Y0) = (0, i)
)

.

Similarly, denote the matrix moment generating function of {H(ℓ)} by H∗(θ). That is,

[H∗(θ)]ij =
∞∑

ℓ=0

eθℓ[H(ℓ)]ij = E

 τ0−
0∑

n=1

eθXn1(Yn = j)

∣∣∣∣∣∣ (X0, Y0) = (0, i)

 .

Define the dual Markov additive process {(X̃n, Ỹn)} by (X̃n, Ỹn) = (−X−n, Y−n). Let
τ̃+
0 = inf{n ≥ 1; X̃n > 0}, and define matrix G̃+ by

[G̃+
∗ (θ)]ij = E

(
e

θX̃
τ̃+
0 1(Ỹτ+

0
= j)

∣∣∣∣ (X̃0, Ỹ0) = (0, i)

)
.

Since A∗(0)(= A) is stochastic, it has the invariant measure, that is, there exists a vector
x > 0 such that xA∗(0) = x. We denote this invariant vector by π.

Then, we have the following identity called the Wiener-Hopf factorization as long as
the convergence parameter of A∗(θ) is not less than 1, that is, cp(A∗(θ)) ≥ 1 (see Corollary
3.1 of [12]).

I − A∗(θ) =
(
I − R+

∗ (θ))(I − G0−
∗ (θ)

)
. (2.1)

We further have the following relationship.

R+
∗ (θ) = D−1

π [G̃+
∗ (θ))]tDπ, (2.2)

H∗(θ) = (I − R+
∗ (θ))−1, (2.3)

where the superscript t indicates the transpose, Dπ is the diagonal matrix with the i-th
entry of π as its i-th diagonal entry, and the right-hand side is defined as

∑∞
n=0(R

+
∗ (θ))n.

From these identities, one can expect that the asymptotics of [H(ℓ)]ij can be studied
through invariant vectors of A∗(θ) satisfying cp(A∗(θ)) = 1. The following fact is also
useful for this. First note that A∗(θ) is irreducible by (2a). Then, it is known that

cp(A∗(θ)) = sup{t ≥ 0; txA∗(θ) ≤ x for some x > 0}, (2.4)

cp(A∗(θ)) = sup{t ≥ 0; tA∗(θ)y ≤ y for some y > 0}, (2.5)

where inequality of vectors is element-wise. See the book of Seneta [14] for a proof of (2.4)
and (2.5) (see also [13]). In this paper, the row vector x satisfying the condition in (2.4) is
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referred to as a subinvariant measure (or left subinvariant vector) while the column vector
y in (2.5) as a superharmonic function (or right subinvariant vector). If their equalities
hold, then x and y are called an invariant measure and a harmonic function, respectively.

In the next sections, we will find an explicit expression for y while that for x will be
found in Appendix A.1.

3 Superharmonic functions of A∗(θ)

Let y ≡ (y0, y1, . . .)
t be a superharmonic function of A∗(θ) for θ ≥ 0. That is, y is positive

and satisfies the following inequalities.

y0 ≥
∞∑

j=0

yj p
(0)
∗j (θ), (3.1)

yk ≥
∞∑

j=−1

yj+k p∗j(θ), k = 1, 2, . . . . (3.2)

We assume that y0 = 1 without loss of generality. From the definition of ϕ, we have

ϕ(θ, η) =
∞∑

j=−1

eηj p∗j(θ).

Note that ϕ is convex in (θ, η) ∈ R+×R, and by assumption (2a), for each θ ≥ 0,

lim
η→−∞

ϕ(θ, η) = lim
η→+∞

ϕ(θ, η) = +∞. (3.3)

From these facts, for each θ ≥ 0, if the equation

ϕ(θ, η) = 1 (3.4)

a solution, it should have two solutions counting multiplicity for η ∈ R. In what follows,
we often use the partial derivative of ϕ(θ, η) with respect to η. For convenience, we denote
it by ∂2ϕ(θ, η), that is,

∂2ϕ(θ, η) =
∂ϕ

∂v
(θ, v)|v=η.

In the following, we show that for a fixed θ, if (3.4) does not have solutions for η,
then there does not exist any finite superharmonic function y and provide an explicit
expression for y if (3.4) has solutions. For this purpose, arbitrarily fix θ ≥ 0. Assume
that (3.4) has no solution for this θ. That is, ϕ(θ, η) > 1 for all η ∈ R due to (3.3).
Obviously, θ = 0 cannot be such a choice since two solutions exist. Denote by η0 the
point of η such that ϕ(θ, η) attains its minimum at η0. Clearly, ∂2ϕ(θ, η0) = 0. We define
the transition probabilities {qij(θ, η); i, j ≥ 0} as

qij(θ, η) =



eη(j−i)p∗j(θ)

ϕ(θ, η)
, i ≥ 1, j ≥ i − 1,

1

ϕ(θ, η)
, i = j = 0,

0, otherwise.

(3.5)
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The Markov chain with this transition matrix is a random walk on Z+ with the absorbing
state at 0, and the transition from 0 is defective. Let ỹk = yke

−η0k for k ≥ 0. Then, (3.2)
can be written as

ỹk ≥ ϕ(θ, η0)
∞∑

j=−1

qk(k+j)(θ, η0)ỹk+j, k ≥ 0.

Let f
(n)
k0 (θ, η) be the probability that the Markov chain with transition matrix {qij(θ, η)}

visits state 0 for the first time at time n given that it starts at state k, and let

f ∗
k0(v; θ, η) =

∞∑
n=1

vnf
(n)
k0 (θ, η). (3.6)

Then, from a well known fact for the positive subinvariant vector for a nonnegative matrix
(e.g., see Lemma 4.1 of Vere-Jones [15] and apply its right invariant version), we have

ỹk ≥ f∗
k0(ϕ(θ, η0); θ, η0) ỹ0, k ≥ 1. (3.7)

However, the random walk is skip free in the downward direction, and has null drift in
the positive integer region due to ∂2ϕ(θ, η0) = 0. Hence, f ∗

k0(ϕ(θ, η0); θ, η0) = ∞ because
ϕ(θ, η0) > 1. This concludes that there is no finite solution y for (3.2).

We next assume that (3.4) has two solutions. Denote them by η1 and η2 with η1 ≤ η2.
Then, it is not difficult to see that the following y satisfies (3.2) with equality since y0 = 1.
If η1 ̸= η2, then

yk = c1e
η1k + c2e

η2k, k ≥ 0, (3.8)

and, if η1 = η2, then, denoting them by η,

yk = (c1 + c2(k + 1))eηk, k ≥ 0, (3.9)

where c1 and c2 are constants such that c1 + c2 = 1. We need to check (3.1) and the
positivity of y. This will be done in the proof to the theorem below.

We are now ready to find the superharmonic function y. For this, we let

V(r)
A = {(θ, yt) ∈ R × R∞

+ ; y > 0, A∗(θ)y ≤ y}.

Theorem 3.1 For the MAP with the M/G/1-type background process satisfying the con-
ditions (2a) and (2b) of Section 2, let D denote the subset of all (θ, η) in R2 such that

ϕ(θ, η) = 1 (3.10)

ϕ(0)(θ, η) ≤ 1 (3.11)

(θ, η) ∈ R+×R.

Then, there exists a (θ, y) ∈ V(r)
A if and only if there exists a (θ, η) ∈ D. Furthermore, if

these conditions hold, then we can find y such that
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(i) y is harmonic and given by either (3.8) with coefficients given by (3.12), or (3.9)
with coefficients given by (3.13). For η1 ̸= η2,

c1 =
ϕ(0)(θ, η2) − 1

ϕ(0)(θ, η2) − ϕ(0)(θ, η1)
, c2 =

1 − ϕ(0)(θ, η1)

ϕ(0)(θ, η2) − ϕ(0)(θ, η1)
, (3.12)

and, for η1 = η2 ≡ η, using the notation ∂2ϕ
(0)(θ, η) = ∂

∂v
ϕ(0)(θ, v)|v=η,

c1 =
ϕ(0)(θ, η) + eη(∂2ϕ

(0)(θ, η)) − 1

eη∂2ϕ(0)(θ, η)
, c2 =

1 − ϕ(0)(θ, η)

eη∂2ϕ(0)(θ, η)
. (3.13)

(ii) The y given in (i) is geometric (that is, c2 = 0) if and only if (3.11) holds with
equality.

Remark 3.1 By assumption (2a), D is included in the boundary of the bounded convex
set {(θ, η) ∈ R+ × R; ϕ(θ, η) ≤ 1, ϕ(0)(θ, η) ≤ 1}.

Remark 3.2 This theorem is an extension of Theorem 1 of [10], in which both of
(∆X, ∆Y ) and (∆X(0), ∆Y (0)) are skip free in all directions.

Remark 3.3 Under the stronger assumptions that E(∆X) ̸= 0, E(∆Y ) ̸= 0, E(∆X +
∆X(0)) ̸= 0 and E(∆Y + ∆Y (0)) ̸= 0, the same harmonic function y is obtained for
each (θ, η) ∈ D in Proposition 3.1 of [7]. In the above, we derived the result under a
weaker assumption. Furthermore, we have shown that (θ, η) ∈ D is also necessary for the
existence of the superharmonic function.

Proof. We have already observed that the condition:

ϕ(θ, η) ≤ 1, for some η ∈ R (3.14)

is necessary for (3.2) to have a positive solution. We first show that (3.10) and (3.11) are
sufficient. For (θ, η) satisfying (3.10), we have already provided a solution y that satisfies
(3.2) by (3.8) and (3.9) and the positivity of y. So, it remains to check (3.1). Substituting
the y of (3.8) and (3.9) into (3.1) and using the condition that c1 + c2 = 1, we have (3.12)
and (3.13). Since c1e

η1k + c2e
η1k = eη1k + c2(e

η2k − eη1k) and c1 + c2(k + 1) = 1 + kc2,
we only need c2 ≥ 0 for y to be positive. Since ϕ(0)(θ, η) is nondecreasing in η, (3.11)
is sufficient for the y to be positive and to satisfy (3.1). Note that this y is harmonic.
Furthermore, c2 = 0 only if (3.11) holds with equality. These prove (i) and (ii).

We next show that (3.10) and (3.11) are necessary. Since ϕ(θ, η′) ≤ 1 for some η′ ∈ R,
there exists an η such that ϕ(θ, η) = 1 by the convexity. Thus, (3.10) is obtained.
Furthermore, we can always find two solutions counting their multiplicity for ϕ(θ, η) = 1.
Denote them by ηi with i = 1, 2. Recall the transition matrix {qij(θ, η)} in (3.5) and
f ∗

k0(θ, η) in (3.6). This time, we let ỹk = yke
−ηik for k ≥ 0. Then, similarly to (3.7), we

have

ỹk ≥ f ∗
k0(1; θ, ηi), k ≥ 1.
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Since the random walk with jump size distribution {qk(θ, ηi)} is skip free in the downward
direction, f∗

k0(1, θ, ηi) must be geometric, so it must be, for some β ≥ 0,

f ∗
k0(1, θ, ηi) = e−βk.

Again by the convexity, either ∂2ϕ(θ, η1) or ∂2ϕ(θ, η2) must not be positive. Denote such
ηi by η. Then, the random walk with this η has the null or negative mean drift, which
implies that β = 1. Hence, ỹk ≥ 1, that is, yk ≥ eηk for k ≥ 1 and y0 = 1. Applying this
y to (3.1), we have

1 ≥ ϕ(0)(θ, η).

Thus, we also have (3.11).

This theorem shows that a harmonic function can be found for any (θ, η) ∈ D. In
other words, if a superharmonic function exists for A∗(θ), then a harmonic function exists
for A∗(θ). It is known that the existence of a superharmonic function is equivalent to the
existence of a subinvariant measure because both are equivalent to that their convergence
parameters are not less than 1. Hence, letting

V(ℓ)
A = {(θ, x) ∈ R × R∞

+ ; x > 0,xA∗(θ) ≤ x}.

we have the following result.

Corollary 3.1 Under the same assumptions of Theorem 3.1, there exists a (θ, x) ∈ V(ℓ)
A

if and only if there exists a (θ, η) ∈ D.

From (2.1) and (2.3), we can expect that the asymptotics of H is obtained from θ
such that cp(A∗(θ)) = 1. It is obviously seen from Theorem 3.1 that cp(A∗(θ)) ≥ 1 for
(θ, η) ∈ D. To find an appropriate θ, we let

θ(c) = sup{θ ∈ R; (θ, η) ∈ D for some η ∈ R}. (3.15)

To compute this θ(c), let

θmax = max{θ; ϕ(θ, η) = 1, for some η ∈ R},
θend = max{θ; ϕ(θ, η) = ϕ(0)(θ, η) = 1, for some η ∈ R},
ηi (i = 1, 2) be the solutions of ϕ(θend, ηi) = 1 such that η1 ≤ η2.

Then, it is not hard to see that

θ(c) =

{
θmax, ϕ(0)(θend, η1) < 1,
θend, otherwise.

(3.16)

We have the following answer for θ such that cp(A∗(θ)) = 1.

Corollary 3.2 Under the same assumptions of Theorem 3.1, cp(A∗(θ
(c))) = 1.
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Proof. We only need to prove that there is no t > 1 such that there exists a y > 0
satisfying

tA∗(θ
(c))y ≤ y. (3.17)

Closely look at the proof of Theorem 3.1 (in particular, see (3.1) and (3.2)), we can see
that (3.17) holds if and only if there exist η′ ∈ R such that

ϕ(θ(c), η′) = t−1, ϕ(0)(θ(c), η′) ≤ t−1. (3.18)

We consider two cases separately. Firstly, assume that θ(c) = θmax. In this case, it is easy
to see that the first equation cannot be true for any η′. Secondly, assume that θ(c) ̸= θmax.
In this case, for some η(c) ∈ R,

ϕ(θ(c), η(c)) = 1, ϕ(0)(θ(c), η(c)) = 1.

Then, ϕ(θ(c), η′) = t−1 implies η(c) < η′. Since ϕ(0)(θ, η) is increasing in η, we have

ϕ(0)(θ(c), η′) > ϕ(0)(θ(c), η(c)) = 1 > t−1.

Thus, (3.18) cannot be true again, and the claimed fact is proved.

Note that the correspondence between (3.17) and (3.18) is also valid for any θ ≥ 0
instead of θ(c). Since cp(A∗(θ)) ≥ t is equivalent to tA∗(θ)y ≤ y for some y > 0, we also
have the following fact.

cp(A∗(θ)) = sup{t ≥ 0; ϕ(θ, η) = t−1, ϕ(0)(θ, η) ≤ t−1 for some η ∈ R}. (3.19)

From Corollary 3.1, we can use conditions (3.10) and (3.11) of Theorem 3.1 to find a
subinvariant measure. Furthermore, this theorem suggests the existence of an invariant
measure. In fact, we can find an invariant measure corresponding to the harmonic function
obtained in Theorem 3.1. It might be interesting to see its analytic expression, but we do
not need such an expression for considering the asymptotics of the occupation measure.
Thus, we defer the derivation of the invariant measure into Appendix A.1.

4 Asymptotic behavior of the occupation measure

Because of (2.3), the asymptotics of H can be studied through R+
∗ (θ). We first note the

following fact.

Lemma 4.1 Under the same assumptions of Theorem 3.1, cp(R
+
∗ (θ(c))) = 1, where θ(c)

is defined by (3.15).

Proof. For θ > 0, G0−
∗ (θ) is strictly substochastic, and therefore (I − G0−

∗ (θ))−1

exists. Hence, it follows from (2.1) that, for θ > 0, xA∗(θ) ≤ x implies xR+
∗ (θ) ≤ x.

This and (2.4) imply that cp(A∗(θ)) ≥ 1 implies cp(R
+
∗ (θ)) ≥ 1. Similarly, R+

∗ (θ)y ≤ y
implies A∗(θ)y ≤ y. From this and (2.5), cp(R

+
∗ (θ)) ≥ 1 implies cp(A∗(θ)) ≥ 1. Thus,

10



cp(A∗(θ)) ≥ 1 if and only if cp(R
+
∗ (θ)) ≥ 1, provided that θ(c) > 0, which implies such

θ > 0 does exist. Hence, if θ(c) > 0, then

sup{θ ∈ R; cp(R
+
∗ (θ)) ≥ 1} = sup{θ ∈ R; cp(A∗(θ)) ≥ 1} = θ(c).

This concludes that cp(R
+
∗ (θ(c))) = 1 because cp(R

+
∗ (θ)) is continuous and strict decreasing

in θ and cp(R
+
∗ (0)) ≥ 1 by (2.2). We next assume that θ(c) = 0. The proof is completed

if we show that cp(R
+
∗ (0)) = 1. Suppose that this were not true. Because cp(R

+
∗ (0)) ≥ 1

again by (2.2), this is equivalent to cp(R
+
∗ (0)) > 1. Since cp(R

+
∗ (θ)) is strictly decreasing

in θ, there would exist a θ > 0 such that cp(R
+
∗ (θ)) = 1. Applying the same arguments in

the first part of this proof, we would find a positive vector x such that xA∗(θ) ≤ x for the
θ > 0. However, this is impossible because θ(c) = 0. Thus, we must have cp(R

+
∗ (0)) = 1.

From this lemma, we obtain the following rough asymptotic behavior of H.

Theorem 4.1 For the MAP with the M/G/1-type background process satisfying the con-
ditions (2a) and (2b) of Section 2,

lim
n→∞

1

n
log[H(n)]ij = −θ(c), i, j ∈ Z+. (4.1)

Furthermore, if the condition (2d) is satisfied, then the same as (4.1) is true for [H(n)]ij.

Proof. From Lemma 4.1 and (2.3), it is easy to see that sup{θ ≥ 0; H∗(θ) < ∞} = θ(c).
Therefore, if θ(c) > 0, then it follows from

H∗(θ) ≡
∞∑

ℓ=0

eθℓ[H(ℓ)] =
1

eθ − 1
(H∗(θ) − H∗(0))

that sup{θ ≥ 0; H∗(θ) < ∞} = θ(c), but this is also true for θ(c) = 0. Since {H(ℓ)} is
irreducible by (2c), we have, by the Cauchy-Hadamard theorem,

lim sup
n→∞

(
[H(n)]ij

) 1
n = e−θ(c)

.

Since [H(m + n)]jj ≥ [H(m)]jj[H(n)]jj for m,n ∈ Z, we can see from (2c) and the
subadditive limit theorem that the above limit sup can be replaced by limit for i = j (see,
e.g., Lemma A.4 of [14]). Since [H(m)]ij > 0 for some m > 0, we have

lim inf
n→∞

(
[H(n)]ij

) 1
n ≥ lim inf

n→∞

(
[H(m)]ij[H(n − m)]jj

) 1
n = e−θ(c)

.

Thus, we get (4.1). For the remaining part, assume (2d). Note that R+
∗ (θ) is irreducible

by (2c). Hence, it can be shown from (2d) that {R+(ℓ)} is 1-arithmetic (see the proof of
Lemma 4.1 [11]). Thus, the exactly same arguments are valid for H(n) instead of H(n).
This completes the proof.

It is notable that no drift condition is involved in Theorem 4.1. Thus, we can see
various scenarios on the decay rate θ(c). In particular, θ(c) = 0 occurs only if either one
of the following conditions hold.
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(5a) E(Y ) = 0.

(5b) E(X) ≥ 0, E(Y ) < 0 and E(X)E(Y (0)) − E(Y )E(X(0)) ≥ 0.

This fact is easily verified by observing the following three facts. Firstly, the third con-
dition of (5b) is equivalent to that the tangent of the convex curve ϕ(θ, η) = 1 at the
origin has no smaller gradient than that of the convex curve ϕ(0)(θ, η) = 1. Secondly,

if E(Y ) ̸= 0, then the gradients of these tangents are given by −E(X)
E(Y )

and −E(X(0))

E(Y (0))
,

respectively. Finally, if E(Y ) = 0, we obviously have θ(c) = 0.

It is interesting to compare (5b) with the corresponding conditions in Theorems 3.3.1
and 3.3.2 of [3] for the reflected random walk on the nonnegative quadrant Z2

+ satisfying
similar skip free conditions to the present model. That is, (5b) implies that this reflected
random walk is either transient or null recurrent. This is consistent with our result that
θ(c) = 0.

We next consider the exact asymptotics of H. For this, we need the following notion on
Z+ ×Z+ nonnegative irreducible matrix T with cp(T ) = 1 (see, e.g., [14] for details). T is
called recurrent if (I−T )−1 diverges, and called transient otherwise. When T is recurrent,
it is called positive recurrent if T has the left and right positive invariant vectors a and
b such that ab < ∞, and called null recurrent otherwise. We then have the following
results.

Lemma 4.2 Under the same assumptions of Theorem 3.1, let η1 and η2 be the solution
η of ϕ(θ(c), η) = 1 such that η1 ≤ η2. Then, A∗(θ

(c)) is classified in the following way.

(i) It is positive recurrent only if η1 < η2 and ϕ(0)(θ(c), η1) = 1.

(ii) It is null recurrent only if η1 = η2 and ϕ(0)(θ(c), η1) = 1.

(iii) It is transient only if η1 = η2 and ϕ(0)(θ(c), η1) < 1.

Proof. Let Â∗(θ
(c)) = D−1

ŷ A∗(θ
(c))Dŷ, where ŷ ≡ (ŷ0, ŷ1, . . .)

t is defined by ŷi = eη1i.

Clearly, Â∗(θ
(c)) is substochastic, and it is stochastic if and only if ϕ(0)(θ(c), η1) = 1.

Denote the Markov chain with this transition probability matrix by {Ŷ (c)
n ; n = 0, 1, . . .}.

We observe that Â∗(θ
(c)) has the same form as the transition probability matrix of the

M/G/1 queue, and, for i ≥ 1, it has the mean drift:

E(Ŷ
(c)
n+1 − Ŷ (c)

n |Ŷ (c) = i) =
∞∑

j=−1

jp∗j(θ
(c))eη1j = ∂2ϕ(θ(c), η1). (4.2)

We first consider case (i), supposing that η1 < η2. In this case, Â∗(θ
(c)) is stochastic,

and we have that ∂2ϕ(θ(c), η1) < 0. Hence, the M/G/1 queue generated by Â∗(θ
(c)) has

negative drift at off boundary, and therefore it is positive recurrent, which verifies (i). We
next consider case (ii), assuming the given conditions. Similarly to case (i), it is easy to
see that A∗(θ

(c)) is null recurrent because ∂2ϕ(θ(c), η1) = 0 (see also Theorem 2.2.1 of [3]).
We finally consider case (iii) by assuming the given conditions. In this case, Â∗(θ

(c)) is
strictly substochastic since the sum of its first row entries is less than 1 by the assumption
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that ϕ(0)(θ(c), η1) < 1. Hence, Â∗(θ
(c)) must be transient, which implies that A∗(θ

(c)) is
also transient.

This lemma and Theorem 4.1 show how the Markov additive process {(Xn, Yn)} be-
haves under exponential change of measure by the exponent θ(c). However, it should be
noticed that this change of measure is slightly different from that by the harmonic function
in the null recurrent case. To make our arguments precise, we introduce some notation
for this change of measure. Let y be the harmonic function of A∗(θ

(c)), and define

Ã(c)
∗ (θ) = D−1

y A∗(θ
(c) + θ)Dy.

Matrix Ã
(c)
∗ (0) is stochastic, and Ã

(c)
∗ (θ) can be interpreted as the matrix moment gener-

ating function of the Markov additive process, which is denoted by {(X̃(c)
n , Ỹ

(c)
n )}. Then,

we can see that the matrices corresponding with R+
∗ (θ) and H∗(θ) are given, respectively,

by

R̃(c)+
∗ (θ) ≡ D−1

y R∗(θ
(c) + θ)Dy, H̃(c)+

∗ (θ) ≡ D−1
y H∗(θ

(c) + θ)Dy.

We then have

P (Ỹn = ℓ, X̃ = j|Ỹ0 = 0, X̃ = i) =
yj

yi

eθ(c)ℓP (Yn = ℓ,Xn = j|Y0 = 0, X0 = i). (4.3)

Thus, we can consider the asymptotics of the original MAP through the asymptotics of
that under the change of measure. Using these facts, we now have the following exact
asymptotics for H.

Theorem 4.2 Under the assumptions of Theorem 4.1, we have the following results using
the notations of Lemma 4.2. If (4a): η1 = η2 and ϕ(0)(θ(c), η1) < 1 holds, then

lim
n→∞

eθ(c)n[H(n)]ij = 0. (4.4)

Otherwise, if (2b) holds and if (4b): η1 < η2, ϕ(0)(θ(c), η1) = 1, then there exists positive
constants cij for i, j ∈ Z+ such that

lim
n→∞

eθ(c)n[H(n)]ij = cij, i, j ∈ Z+. (4.5)

Remark 4.1 There remains the case: (4c) η1 = η2, ϕ(0)(θ(c), η1) = 1. We conjecture that
(4.4) holds for this case. This conjecture can be verified if the recurrence classification of
R∗(θ

(c)) is identical with that of A∗(θ
(c)). This looks true, but its verification seems very

hard.

Remark 4.2 It is also conjectured that (4.4) is refined in the following way.

lim
n→∞

n
3
2 eθ(c)n[H(n)]ij = c′ij, for case (4a), (4.6)

lim
n→∞

n
1
2 eθ(c)n[H(n)]ij = c′′ij, for case (4c), (4.7)

for i, j ∈ Z+ and some positive constant c′ij and c′′ij for i, j ∈ Z+. These cases indeed hold
true if |∆Yn| ≤ 1 with probability 1, that is, if Yn is also skip free upward (see [4]).
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Proof. From (2.1), it follows that if (I − A∗(θ
(c)))−1 is finite, then

(I − A∗(θ
(c)))−1 =

(
I − G0−

∗ (θ(c))
)−1 (

I − R+
∗ (θ(c))

)−1
,

which implies that H∗(θ
(c)) =

(
I − R+

∗ (θ(c))
)−1

is finite. If (4a) holds, then A∗(θ
(c)) is

transient by Lemma 4.2. Hence, from (4.3), we have (4.4). We next assume (4b). In this
case, A∗(θ

(c)) is positive recurrent by Lemma 4.2 and G0−
∗ (θ(c)) is strictly substochastic

by the assumption that θ(c) > 0. From these facts, we can apply the same arguments
in the proof of Lemma 4.2 of [11], which proves that R+

∗ (θ(c)) is also positive recurrent.
Furthermore, R+

∗ (θ(c)) is irreducible and {R+(ℓ)} is 1-arithmetic by (2c) and (2d) as noted
in the proof of Theorem 4.1. Thus, (4.4) can be obtained from (2.3) and (4.3) using the
Markov renewal theorem (see, e.g., the proof of Theorem 4.1 of [11]).

5 Concluding remarks

We make remarks on how our results are strengthened, generalized and applied.

5.1 Relaxing assumption (2a)

As remarked after (2c), assumption (2a) may be too strong. For example let

p(1, 0) = p(0, 1) = p(0,−1) =
1

3
, p(0)(0, 1) = p(0)(1, 0) = p(0)(−1, 0) =

1

3
.

Then, the first condition in (2a) does not hold although (2c) is true. This model corre-
sponds with a priority queue.

Closely looking at our arguments in Section 3, we can see that the key conditions are
(3.3) and the irreducibility of A. They are sufficient to consider the non existence of the
superharmonic function, and to prove Theorem 3.1 as well as Lemmas 4.1 and 4.2. For
example, (3.3) is satisfied if p(ℓ0,−1) > 0 for some ℓ0 ∈ Z and if p(ℓ1, i) > 0 for some
ℓ1 ∈ Z and some i ≥ 1. Similarly to the above example, this case may not satisfy the first
condition in (2a).

We next consider Theorems 4.1 and 4.2. For them, we do need condition (2c) in
addition to (3.3) and the irreducibility of A. For (2c), the second condition in (2a) is
crucial. In general, it would not be so hard to examine condition (2c) for each case. Thus,
we will not discuss it further.

5.2 Multidimensional additive component

We generalize the additive component Xn to be real vector valued. Let d be its dimension.
Thus, Xn takes values in Rd. We denote the i-th component of Xn by Xni. We assume
that {(Xn, Yn)} is a Markov additive process in which the background Markov chain
{Yn} is of M/G/1-type. Since we have not used the fact that Xn is integer valued in our
discussions, the results in Sections 2 and 3 and Appendix A.1 are still valid if the notation
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is appropriately changed. As for the Wiener-Hopf factorization, the reader may refer to
[12] for this.

As for the asymptotics of the occupation measure, we need some modification to
specify the direction that the additive component is increased. Let c be a vector with

unit length, that ∥c∥ ≡
√∑d

i=1 c2
i = 1, and define the one dimensional process Zn by

Zn =
d∑

i=1

ciXni, n = 0, 1, . . . .

Then, {(Zn, Yn)} is again a Markov additive process since Zn+1 −Zn =
∑d

i=1 ci(X(n+1)i −
Xni). Hence, we can apply all our arguments replacing Xn by Zn.

5.3 Application to the double M/G/1-type process

We consider the tail decay rate problem for the double M/G/1-type process. For this,
we formally define this process. Let Xn ≡ (Xn1, Xn2) be a two dimensional nonnegative
integer valued Markov process, whose transition probabilities are given for i = (i1, i2) by

P (Xn+1 = j|Xn = i) =


p(0)(j) i = 0, j ≥ 0,
p(1)(j − i) i1 > 0, i2 = 0, j ≥ 0,
p(2)(j − i) i1 = 0, i2 > 0, j ≥ 0,
p(j − i) i > 0, j ≥ i − (1, 1),
0, otherwise.

This Markov chain is the so called 0-partially homogeneous chain of Borovkov and Mogul’skii
[1] whose transitions are skip free in the direction toward the boundary. We refer to this
process as the double M/G/1-type process.

Denote the random vectors subject to the probability distributions {p(0)(i)}, {p(1)(i)},
{p(2)(i)} and {p(i)} by ∆X(0), ∆X(1), ∆X(2) and ∆X, respectively. We further need
their moment generating functions:

ϕ(θ) = E(eθ∆X), ϕ(i)(θ) = E(eθ∆X(i)

), i = 0, 1, 2.

Taking (3.15) into account, we let, for i = 1, 2,

θ
(c)
i = sup{θi ≥ 0; ϕ(θ) = 1, ϕ(i)(θ) ≤ 1},

θi =

{
max{θ1; ϕ(θ1, θ

(c)
2 ) = 1}, i = 1,

max{θ2; ϕ(θ
(c)
1 , θ2) = 1}, i = 2,

θi =

{
min{θ1; ϕ(θ1, θ

(c)
2 ) = 1}, i = 1,

min{θ2; ϕ(θ
(c)
1 , θ2) = 1}, i = 2.

Assume that {Xn} is irreducible and has the stationary distribution {π(i)}, ϕ(θ) and
ϕ(i)(θ) for i = 0, 1, 2 are finite for all θ ∈ R2, and the distribution {p(i)} is non arithmetic
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and its marginal distributions have non-zero means. Then, we can apply Corollary 5.1 of
[10], and have the following rough asymptotics.

lim
n→∞

1

n
log π(n, i) =

{
−θ

(c)
1 , θ2 ≤ θ

(c)
2 ,

−θ1, otherwise ,
(5.1)

lim
n→∞

1

n
log π(i, n) =

{
−θ

(c)
2 , θ1 ≤ θ

(c)
1 ,

−θ2, otherwise .
(5.2)

Furthermore, applying case (i) of Lemma 4.2 to Theorem 4.1 of [11], we have the

following exact asymptotics when θ1 < θ
(c)
1 and θ2 < θ

(c)
2 are satisfied. For some positive

constants ci and c′i,

lim
n→∞

eθ
(c)
1 nπ(n, i) = ci, lim

n→∞
eθ

(c)
1 nπ(i, n) = c′i, i ∈ Z+. (5.3)

Those asymptotic results are straightforward extensions of those for the double QBD
processes (see Theorems 4.1 and 4.2 of [10]). Unfortunately, we cannot obtain the exact
asymptotics for other cases although they are obtained for the double QBD process. There
are some attempts not for fixed background states but for marginal distributions in [9],
but the problem has not yet been completely solved.
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Appendix

A.1 Invariant measures of A∗(θ)

In this appendix, we derive analytic expressions for the invariant measure, assuming (3.10)
and (3.11). Let x ≡ {xk; k ∈ Z+} be the invariant measure, which is characterized by

xk = x0p
(0)
∗k (θ) +

k+1∑
ℓ=1

xℓ p∗k−ℓ(θ), k = 0, 1, 2, . . . . (A.1)

For this system of difference equations, consider its characteristic equation:

eη =
∞∑

k=−1

p∗k(θ)e
η(k+1), (A.2)

or equivalently,
ϕ(θ, η) = 1.

From (3.10), there exists such an η. Let η1 be its minimal solution.
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Viewing A∗(θ) as a nonnegative matrix, we apply the RG-factorization for I − A∗(θ)
(for example, see Zhao [16]). Then we can find matrices RU(θ), Dd(θ) and GL(θ) such
that

I − A∗(θ) = [I − RU(θ)][I − Dd(θ)][I − GL(θ)], (A.3)

where

RU(θ) =


0 r

(0)
1 (θ) r

(0)
2 (θ) r

(0)
3 (θ) · · ·

0 r1(θ) r2(θ) · · ·
0 r1(θ) · · ·

0 · · ·
. . .

 ,

Dd(θ) is the diagonal matrix with the first entry on the diagonal equal to d0(θ) and all the
other diagonal entries equal to d1(θ), and

GL(θ) =


0

g0(θ) 0
g1(θ) 0

g1(θ) 0
. . . . . .

 .

It should be noted that this factorization (A.3) is different from the Wiener-Hopf factor-
ization (2.1) and θ here is just a parameter in (A.3).

In the present case, define

χk(θ, η1) =
∞∑

ℓ=k

p∗ℓ(θ)e
(ℓ−k)η1 , χ

(0)
k (θ, η1) =

∞∑
ℓ=k

p
(0)
∗ℓ (θ)e(ℓ−k)η1 , k ≥ 0,

then we have that for k ≥ 1,

r
(0)
k (θ) =

eη1χ
(0)
k (θ, η1)

p∗(−1)(θ)
, rk(θ) =

eη1χk(θ, η1)

p∗(−1)(θ)
, (A.4)

g0(θ) = g1(θ) = eη1 , and

d0(θ) = p
(0)
∗0 (θ) + eη1χ

(0)
1 (θ, η1) = ϕ(0)(θ, η1), (A.5)

d1(θ) = p∗0(θ) + eη1χ1(θ, η1) = 1 − e−η1p∗(−1)(θ). (A.6)

It is obvious that d1(θ) ̸= 1. Furthermore, 0 < d1(θ) < 1 because of equation (A.2).
Notice that 0 < d1(θ) < 1 is not relevant to the condition for a positive invariant measure
of A∗(θ). To find a condition under which A∗(θ) has a positive invariant measure, consider
the following two cases.

Case I: d0(θ) = 1. In this case, we solve x[I − A∗(θ)] = 0 by the following two steps. In
the first step, we let z = x(I − RU(θ)), which is equivalent to

x0 = z0,

xk = x0r
(0)
k (θ) +

k−1∑
i=1

xirk−i(θ) + zk, k ≥ 1.
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In the second step, we solve z(I −Dd(θ))(I − GL(θ)) = 0. Since d0(θ) = 1 and d1(θ) < 1,
z = (z0, 0, 0, . . .) is a solution.

Case II: d0(θ) ̸= 1. In this case, we solve x(I − A∗(θ)) = 0 by two steps, but different
from Case I. In the first step, let z̃ = x(I − RU(θ))(I − Dd(θ)), which is equivalent to

x0 = z̃0(I − d0(θ))
−1,

x1 = x0r
(0)
1 (θ) + z̃1[I − d1(θ)]

−1,

xk = x0r
(0)
k (θ) +

k−1∑
i=1

xirk−i(θ) + z̃k[I − d1(θ)]
−1, k ≥ 2.

In the second step, solve
z̃(I − GL(θ)) = 0, (A.7)

which is given by

z̃k =
z̃0

g(θ)k
= z̃0e

−η1k, k ≥ 1.

Therefore, in this case, A∗(θ) has a positive invariant measure if and only if d0(θ) < 1.
Combining the two cases and (A.5), we reach the following conclusion.

Lemma A.1 For the matrix A∗(θ) satisfying (2b) and (3.10), there exists a positive
invariant measure if and only if (3.11) holds. Furthermore, the Case I occurs if and only
if the equality in (3.11) holds.

Combining this results with Theorem 3.1, we have the following theorem.

Theorem A.1 Under the same assumptions of Theorem 3.1, there exists a (θ, x) ∈ V(ℓ)
A ,

if and only if there exists a (θ, η) ∈ D, where D is defined in Theorem 3.1. Furthermore,
the invariant vector x is given by

xk = x0r
(0)
k (θ) +

k−1∑
j=1

xjrk−j(θ) +
x0[1 − ϕ(0)(θ, η1)]

p∗(−1)(θ)
e−η1(k−1), k ≥ 1, (A.8)

where r
(0)
k and rk are given by (A.4).

The equations (A.8) uniquely determine the invariant measure x. By Lemma 4.2,
we have already known when the inner product xy is finite, which is equivalent to that
A∗(θ

(c)) is positive recurrent. Nevertheless, it can be reconfirmed by computing xy.

Let x∗(η) be the moment generating function for x, that is,

x∗(η) =
∞∑

k=1

eηkxk.

Then, the finiteness of xy is determined by that of x∗(ηi) for i = 1, 2 since entries of y
are the linear combination of geometric terms with rates η1 and η2 by Theorem 3.1.
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Let us compute this moment generating function. For this, let

r(0)
∗ (θ, η) =

∞∑
k=1

eηkr
(0)
k (θ), r∗(θ, η) =

∞∑
k=1

eηkrk(θ).

Then, we have, for (θ, η1) ∈ D, where η1 is the smaller solution t of ϕ(θ, t) = 1,

r(0)
∗ (θ, η) =

eη1+η

(eη1 − eη)p∗(−1)(θ)

(
ϕ(0)(θ, η1) − ϕ(0)(θ, η)

)
, (A.9)

r∗(θ, η) = 1 +
eη1+η

(eη1 − eη)p∗(−1)(θ)
(1 − ϕ(θ, η)) . (A.10)

Thus, taking the moment generating function of (A.8), we have

x∗(η) (ϕ(θ, η) − 1) = x0

(
1 − ϕ(0)(θ, η)

)
, (A.11)

where ϕ(θ, η) = 1 has two solutions η1 and η2 such that η1 ≤ η2 and ϕ(0)(θ, η1) ≤ 1. Thus,
we can prove the following result.

Lemma A.2 Under the assumptions of Theorem 3.1, for the harmonic function y of
(3.8) and (3.9) and the invariant measure x of (A.8), xy < ∞ if and only if ϕ(0)(θ, η1) = 1
and η1 < η2.

Proof. From (A.11), positive valued function x∗(η) may diverges only at η = η1 or
η = η2 on the real line. If ϕ(0)(θ, η1) = 1, then the singularity at η1 is removable. Hence,
η1 < η2 implies that x∗(η1) < ∞. In this case, yk = eη1k by (3.8), so we have xy < ∞.
Otherwise, x∗(η1) = ∞, which implies xy = ∞.
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