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Abstract

We consider a process associated with a stationary random measure, which may

have infinitely many jumps in a finite interval. Such a process is a generalization of a

process with a stationary embedded point process, and is applicable to fluid queues.

Here, fluid queue means that customers are modeled as a continuous flow. Such

models naturally arise in the study of high speed digital communication networks.

We first derive the rate conservation law (RCL) for them, and then introduce a

process indexed by the level of the accumulated input. This indexed process can be

viewed as a continuous version of a customer characteristic of an ordinary queue,

e.g., of the sojourn time. It is shown that the indexed process is stationary under a

certain kind of Palm probability measure, called detailed Palm. By using this result,

we consider the sojourn time processes in fluid queues. We derive the continuous

version of Little’s formula in our framework. We give a distributional relationship

between the buffer content and the sojourn time in a fluid queue with a constant

release rate.

Keywords: Palm probability distribution; stationary random measure; fluid queue;

Levy process; rate conservation law; Mecke’s formula; Little’s formula; sojourn time;

single-server queue.
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1. Introduction

We are concerned with basic mathematical techniques for fluid queues and related stochas-

tic processes. Here, fluid queue means that customers are modeled as a continuous flow.

Fluid queues naturally arise in performance evaluation of digital communication net-

works, in which very small units of data, called cells, are processed with high speed (e.g.,

see Chen and Mandelbaum [5], Kella [11], Kella and Whitt [12], Kino and Miyazawa [13],

Pan, Okazaki and Kino [24]). ATM (Asynchronous Transfer Mode) networks are typical

examples, which are expected to spread rapidly. Most discussions of fluid queues are de-

voted to time-characteristics, i.e., characteristics defined at each time such as the buffer

content, which corresponds to the queue length, since there is no notion of a customer in

fluid queues. However, from the point of view of queueing models, it is natural to consider

characteristics defined for each customer such as the waiting time. Of course, we need a

device to define them. For this purpose, we measure the accumulated input instead of

the number of customers. We then introduce a process indexed by the level of the ac-

cumulated input. This indexed process exactly corresponds to a customer-characteristic

in an ordinary queueing model. Note that the accumulated input process represents a

random measure while a counting process does a point process. Similar types of indexed

processes have appeared in Glynn and Whitt [8] and Rolski and Stidham [27], but they

have not been fully discussed in the context of stochastic processes.

The major concern of this paper is to give a stationary framework for the indexed

process mentioned above. We begin by defining Palm probability measure for a stationary

random measure. Such a Palm measure was originally introduced by Mecke [15], and

extensively studied in the literature (e.g. see Daley and Vere-Jones [6] and Kallenberg

[9]). Here we normalize this measure to get a probability measure as in Miyazawa [19].

By using this Palm probability measure, we derive a rate conservation law (RCL) for a

stationary process which is absolutely continuous with respect to the stationary random

measure. Such a stationary process is said to be under the stationary increment scheme.

In particular, we detail the case where infinitely many jumps occur in a finite interval,

which is an extension of a nondecreasing pure jump Levy process. We then introduce the

process indexed by the level of the accumulated input, and an operator group such that

the indexed process is consistent with it. The key idea is to derive a Palm probability

measure such that the indexed process is stationary under it. This probability measure is

said to be detailed Palm. We study the basic properties of the detailed Palm probability

measure, and derive the modified Mecke’s formula for it.
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Those results are applied to fluid queues. We first consider their formulations under

the stationary increment scheme. We give two formulations for fluid queues with sojourn-

times, the sojourn-time process being defined as a nonnegative indexed process. In this

paper, the term ”sojourn-time” will be used in this sense, which is different from the

one of the conventional queue. We prove the continuous version of Little’s formula of

Rolski and Stidham [27] in our stationary framework. We then concentrate on a fluid

queue with a constant release rate, which means that the output rate equals a given

constant if the buffer is not empty (see Example 3.1 for details). In this case the buffer

content process corresponds to the workload process of an ordinary single-server queue,

so we can construct a stationary process for it under the well-known stability condition.

By using this buffer content process, we define the sojourn-time of the fluid queue with

a constant release rate. This sojourn-time corresponds to that of the ordinary queue

with FIFO (First-In First-Out) service discipline. We derive a distributional relationship

between the buffer content and the sojourn-time processes. By using this relationship,

we get the stationary distributions of the sojourn time for two special input processes, a

nondecreasing pure jump Levy process and a Poisson cluster process with i.i.d. cluster

size, where the latter is called a gradual input.

This paper is organized as follows. We first discuss preliminary results for a stationary

process under the stationary increment scheme in Section 2. In Section 3, we introduce

the indexed process and detailed Palm probability measure, and consider their proper-

ties including extension of Mecke’s formula. We apply these results to fluid queues in

Section 4.
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2. Preliminary results

We first give our basic assumptions and notation. Let (Ω,F , P ) be a probability space

with a measurable shift-operator group {θt}t∈R on Ω, and A a random measure on the

line, i.e., it is a measure for each fixed sample ω ∈ Ω. We assume that

(2-i) {θt} is stationary with respect to P , i.e., P (C) = P (θ−1
t (C)) for C ∈ F ,

(2-ii) A is consistent with {θt}, i.e.,

A(B) ◦ θt = A(B + t) (B ∈ B(R)) ,

(2-iii) λA = E(A((0, 1])) is positive and finite; we call λA the intensity of A.

Here θ−1
t (C) = {ω|θt(ω) ∈ C}, f◦g(ω) = f(g(ω)) and B+t = {s+t|s ∈ B}. Assumptions

(2-i) and (2-ii) are equivalent to assuming that A is a stationary random measure, which

means that it has stationary increments. A probability model satisfying assumptions

(2-i)-(2-iii) is called a stationary increment scheme. To represent the random measure A

as a function, we introduce the following notation.

A(t) =

⎧⎨
⎩ A((0, t]) if t > 0

−A((t, 0]) if t ≤ 0
(2.1)

The same notation A will be used for both a random measure and a non-decreasing

random function. But they will be distinguished by their arguments.

In the following discussions we assume that there exists a family of nondecreasing

and right-continuous σ-fields {Ft}t∈R on Ω such that A(t) is Ft-adapted. This is always

possible without further assumptions (see, e.g., page 16 of Protter [26]). A typical ex-

ample of the random measure A is a point process, which means that the non-decreasing

process A(t) is a pure jump process and has finitely many jumps in a finite interval,

i.e., locally finite jumps, whose sizes are positive integer-valued. However, the stationary

random measure allows for a more general class of random jump processes. For example,

a non-decreasing pure jump Levy process may have locally infinite jumps (see Prabhu

[25] and Section 1.4 of [26]). We will use the random measure A as the input of a fluid

queue.

For the random measure A we define the following probability measure.

Definition 2.1 Define,

PA(C) = λ−1
A E

(∫ 1

0
1C ◦ θuA(du)

)
(C ∈ F) , (2.2)
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where 1C is the indicator function of a set C. Then, it is clear that PA is a probability

measure on (Ω,F). We call it a Palm probability measure with respect to A.

Remark 2.1 The definition (2.2) is originally due to Mecke [15], in which the expectation

in the right-hand side of (2.2) was introduced as a Palm measure. The present form is

due to Miyazawa [19]. For the case where A is a point process, (2.2) goes back to Ryll-

Nardzewski [28]. There is another way of defining Palm measure through Radon-Nikodym

derivative (see e.g. Kallenberg [9]). The details of those approaches can be found in Daley

and Vere-Jones [6].

Let us consider this Palm probability measure. In some situations, certain events

under PA are identical with those under P , which is called the ASTA (Arrivals See Time

Averages) property in the literature if A is a point process (see Melamed and Whitt [16],

[17]). The ASTA property greatly simplifies certain calculations as is well known for the

M/GI/1 queues. Here we note that ASTA for a random measure can be characterized

by a compensator.

Lemma 2.1 For a random measure A satisfying (2-ii) and (2-iii), the following two

conditions are equivalent:

(a) A(t) − λAt is a martingale with respect to {Ft}.

(b) PA(C) = P (C) for all C ∈ F0−,

where Ft− =
⋂

s<t Fs. In particular, if A(t) has independent increments with respect to

{Ft}, i.e., A(t) − A(s) is independent of Fs for t > s, then (a) and (b) hold.

Proof Since A(t) is a sub-martingale, by Doob’s decomposition (see page 97 of [26]),

there exists a unique predictable increasing process (compensator) Ã(t) satisfying A(t)−
Ã(t) is a martingale with respect to {Ft}. Hence, (b) holds if and only if

E
(∫ t

0
1C ◦ θu(Ã(du) − λAdu)

)
= 0 (C ∈ F0−, t > 0) ,

which is equivalent to Ã(t) = λAt and hence to (a). It is easy to see that if A(t) has

independent increments, then A(t) − λAt is a martingale. �

Remark 2.2 If A is a simple point process and if (a) holds, then A has to be a Poisson

process by Watanabe’s theorem (see Bremaud [2] and Section 3.1 of Bremaud et al. [4]).
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Thus Lemma 2.1 is in spirit similar to Mecke’s [15] characterization of Poisson process.

A similar characterization for a single event is described by Melamed and Whitt [16] (see

Remark 5 of the paper). Since a Levy process has independent increments, we get (b)

for a nondecreasing pure jump Levy process.

We next consider the discontinuous component Ad of A; that is,

Ad(B) =
∑
u∈B

∆A(u)1{∆A(u)>0} (B ∈ B(R)) ,

where ∆A(u) = A(u) − A(u−). Note that Ad is consistent with {θt} because ∆A(u)

is so. It is also easy to see that Ad has at most countably many jumps in a finite

interval. We here relate it to locally finite jump processes (i.e. point processes) using

an idea to the Levy measure for Levy processes. Define a probability measure µ by

µ(B) = PAd(∆Ad(0) ∈ B) (B ∈ B(R)), and a σ-finite measure ν on ((0, +∞),B((0, +∞))

by

ν((x, +∞)) =
∫ +∞

x

λAd

y
µ(dy) .

Note that ν((0, +∞)) may be infinity, but
∫ ∞
0 xν(dx) = λAd < ∞. We next define

counting process NAd(B, t) for B ∈ B((0, +∞)) by

NAd(B, t) =
∑

0<u≤t

1{∆Ad(u)∈B} (t ≥ 0) ,

and NAd(t) = NAd((0, +∞), t); NAd is called a point process associated with Ad. From

the definitions, we have, for all x > 0,

E(NAd((x, +∞), 1)) = E(
∫ 1

0
1{∆Ad(u)>x}

1

∆Ad(u)
Ad(du))

= λAdEAd(
1

∆Ad(u)
1{∆Ad(u)>x})

=
∫ +∞

x

λAd

y
µ(dy) = ν((x, +∞)) < ∞ . (2.3)

Thus, ν agrees with the Levy measure of a nondecreasing pure jump Levy process if Ad

has independent increments, and so we call it a generalized Levy measure. The following

results are direct consequences of (2.3).

Lemma 2.2 For all x > 0, {NAd((x, +∞), t), t ≥ 0} is a point process with the finite

intensity ν((x, +∞)), and, if ν((0, +∞)) is finite, NAd is a point process with the intensity

ν((0, +∞)). �
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We derive a rate conservation law (RCL) for a stationary process defined together

with the random measure A. We make the following assumptions.

(2-iv) {X(t)}t≥0 is a real-valued stochastic process defined on (Ω,F) which is adapted to

{Ft}, is continuous on the right and has limits on the right, CORLOL for short.

Lemma 2.3 Suppose EAd( ∆X(0)
∆Ad(0)

) is finite. Then, we have

λAdEAd(
∆X(0)

∆Ad(0)
) =

∫ ∞

0
EAd(∆X(0) | ∆Ad(0) = x)ν(dx) , (2.4)

and, in particular, if ν((0, +∞)) is finite, then

λAdEAd(
∆X(0)

∆Ad(0)
) = λN

Ad
EN

Ad
(∆X(0)) , (2.5)

Proof These results follow from the definition of ν and Lemma 2.2. �

We now present the rate conservation law, which is an easy consequence of Lemma

2.2 and Theorem 2.1 of Miyazawa [20].

Lemma 2.4 In addition to (2-i)-(2-iv), suppose the following conditions hold:

(2-v) X(t) is consistent with {θt}, i.e., X(s) ◦ θt = X(s + t) for all s, t ∈ R.

(2-vi) X(t) is absolutely continuous with respect to A, i.e., for all bounded interval I ∈
B(R), A(I) = 0 implies that the total variation of X(t) over I is zero.

Then, if EAc

(
dX
dAc (0)

)
and EAd

(
∆X(0)
∆Ad(0)

)
are finite, we have

λAcEAc

(
dX

dAc
(0)

)
+ λAdEAd

(
∆X(0)

∆Ad(0)

)
= 0 , (2.6)

or, equivalently,

λAcEAc

(
dX

dAc
(0)

)
+

∫ ∞

0
EAd

(
∆X(0) | ∆Ad(0) = x

)
ν(dx) = 0 , (2.7)

where Ac = A − Ad is the continuous component of A. �

Remark 2.3 If X(t) has the right-hand derivative X ′(t) for all t ∈ R, then X(t) is

absolutely continuous with respect to m+Ad, where m denotes Lebesgue measure. Hence,

(2.6) becomes

E (X ′(0)) + λAdEAd(
∆X(0)

∆Ad(0)
) = 0 . (2.8)
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If A has independent increments, Ac also does so, and therefore Ac(t) has to be a

linear function of t; this follows as in Watanabe’s theorem (see Bremaud [2]). Hence,

Lemmas 2.1 and 2.4 lead to the next result.

Corollary 2.1 Under the assumptions of Lemma 2.4, if A has independent increments,

then we have

E (X ′(0)) +
∫ ∞

0
E(∆X(0) | ∆Ad(0) = x)ν(dx) = 0 . � (2.9)

This result can be extended to a time-dependent process {X(t)} in the sense of

Miyazawa [21], which will be discussed in the forthcoming paper [22].
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3. Detailed Palm probability measure

In this section we study a process indexed by the level of A(t). We first define an inverse

function of A(t) by

A−1(x) = inf{u|A(u) ≥ x} (x ∈ R) .

Remark that A−1(x) is left-continuous, and therefore A−1(A(t)) �= t and A(A−1(x)) �= x

at the jump points of A(t) and A−1(x), respectively. To consider a process continuously

parametrized by {A(t)}, we introduce the two dimensional random measure M by

M(B1 × B2) =
∫

B1

∫
B2

MA(dv|u)A(du) (B1 ∈ B(R), B2 ∈ B(R+)) .

where, R+ = [0,∞) and

MA([0, v]|u) =

⎧⎨
⎩

min(v,∆A(u))
∆A(u)

if ∆A(u) > 0

1 if ∆A(u) = 0
,

Note that, if there are no jumps at A, then M degenerates to one-dimensional random

measure A. We also note that MA(·|u) is consistent with {θu}, i.e.,

MA(B|0) ◦ θu = MA(B|u) (B ∈ B(R+)) . (3.1)

To define the indexed process, we further introduce a real-valued process {Z(u, v)}
with parameter (u, v) in R × R+, which satisfies

(3-i) For each fixed v, Z(u, v) is consistent with {θu}, i.e.,

Z(u, v) ◦ θt = Z(u + t, v) (t ∈ B(R)) .

Note that A and {Z(u, v)} are jointly stationary for each fixed v. Then, for {Z(u, v)},
we define a process {Z∗(x)} parametrized by the accumulated input level by

Z∗(x) = Z(A−1(x)−, x − A(A−1(x)−)) (x ∈ R) . (3.2)

The process {Z∗(x)} is one of our major concerns. As seen in this definition, the domain

of {Z(u, v)} can be restricted to the set {(u, v)|u ∈ R, v ∈ [0, A(u)]} for each fixed

ω ∈ Ω. However, for convenience, we do not make this restriction. To explain our idea

we consider the following example.
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Example 3.1 Suppose that a system has an input described by a random measure A

and releases its content with a constant rate if the system is not empty or if the input

rate is not less than 1, the release rate being equal to the input rate otherwise. This

model can be also viewed as a storage or dam model. We here call it a fluid queue with

a constant release rate. In the following, we assume that the release rate is 1, i.e. unit

release rate for simplicity, but this assumption is not essential in our arguments. Let l(t)

be the content in system at time t. {l(t)} is said to be a buffer content process. Assume

that λA < 1 and {A(t)} is consistent with {θt}. Then, by the well-known construction of

the stationary process due to Loynes [14] (see Franken et al. [7]), {l(t)} can be given by

l(t) = sup
u≤t

{A(t) − A(u) − (t − u)} (t ∈ R) . (3.3)

Clearly, {l(t)} is a nonnegative CORLOL process and is consistent with {θt}. To consider

the sojourn time of the continuous flow, we set

Z(t, u) = l(t−) + u (t ∈ R, u ≥ 0) .

Note that assumption (3-i) is satisfied because of the consistency of {l(t)}. Let us suppose

that the flow is processed according to the FIFO (First-In First-Out) service discipline.

Then, Z∗(x) ≡ l(A−1(x)−) + x − A(A−1(x)−) represents the sojourn time of the flow

whose accumulated input attains level x. We will consider this model further in Section

4.

We next introduce a probability measure so that {Z∗(x)} is stationary under it. Let

H be a set of all measurable functions h from (R×Ω,B(R)×F) to (R,B(R)) satisfying

h(x, θt(ω)) = h(x + A(t)(ω), ω) (x, t ∈ R, ω ∈ Ω) . (3.4)

We write (3.4) as h(x) ◦ θt = h(x + A(t)) for simplicity. Note that this condition (3.4)

does not contradict the group property of {θt}. In fact, since A(s) ◦ θt = A(s + t)−A(t),

we have

(h(x) ◦ θs) ◦ θt = h(x + A(s)) ◦ θt

= h(x + A(t) + A(s) ◦ θt)

= h(x + A(s + t)) = h(x) ◦ θs+t .

Set h(·) = h(x, ·). For each x ∈ R, denote by ηx a mapping on H which maps h(·) to

h(x+ ·). Clearly, {ηx} is an operator group on H, i.e., ηx ◦ ηy = ηx+y for all x, y ∈ R. Let
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FH be the sub-σ-field of F generated by all events [h(x)]−1(B) for all x ∈ R, B ∈ B(R)

and for all h ∈ H. Then, ηx is well defined for C ∈ FH in the sense that

η−1
y ([h(x)]−1(B)) = [h(x + y)]−1(B) (B ∈ B(R)) . (3.5)

Definition 3.1 A real-valued process {Y (x)} is said to be adapted to {ηx} if Y (·) is a

measurable mapping from (R×Ω,B(R)×FH) to (R,B(R)), and consistent with {ηx} if it

is adapted to {ηx} and Y (x) ◦ ηy = Y (x+ y) for all x, y ∈ R, i.e., Y (x) ◦ θt = Y (x+A(t))

for all x, t ∈ R.

Remark 3.1 The notion of adaptiveness is introduced so that ηx can directly operate

to a function of ω ∈ Ω. For example, if C ∈ FH, then we can operate ηx to the

indicator function 1C in the sense of (3.5). Roughly speaking, ηx-adaptiveness of {Y (x)}
is equivalent to the property that there exist a h ∈ H and a function f from (R ×H) to

R so that Y (x)(ω) = f(x, h(ω)) for all x ∈ R and for all ω ∈ Ω.

The following lemma is important in our applications.

Lemma 3.1 Z∗(x) of (3.2) is consistent with {ηx}.

Proof We first note that

A−1(x) ◦ θt = inf{u|A(u) ≥ x} ◦ θt

= inf{u|A(u + t) − A(t) ≥ x}
= inf{u|A(u) ≥ x + A(t)} − t

= A−1(x + A(t)) − t .

Hence

A(A−1(x)−) ◦ θt = A((A−1(x) ◦ θt + t)−) − A(t)

= A(A−1(x + A(t))−) − A(t) .

By applying those calculations to (3.2), we obtain

Z∗(x) ◦ θt = Z((A−1(x) ◦ θt + t)−, x − A(A−1(x)−) ◦ θt)

= Z(A−1(x + A(t))−, x + A(t) − A(A−1(x + A(t))−))

= Z∗(x + A(t)) .

Thus, we get (3.4), and the desired result follows. �

We are now in a position to define the following Palm probability measure on (Ω,FH).
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Definition 3.2 Define,

P̃A(C) = λ−1
A E

(∫ 1

0

∫ ∞

0
1C ◦ ηA(u−)+vM(du, dv)

)
(C ∈ FH) . (3.6)

We call the probability measure P̃A detailed Palm probability measure.

Remark 3.2 A similar Palm probability measure has been studied for discrete-time

processes by Miyazawa and Takahashi [23], in which shift operations were considered

not for a random measure but for a sequence of random variables. In fact, if we define

A and M for discrete-time, then we get their definition. Thus our approach provides

unified definitions for the detailed Palm probability measures for both continuous- and

discrete-time processes. This simultaneously simplifies arguments in [23].

Since M is one-dimensional except for the epochs when A has jumps and such epochs

are countable, we can change the two-dimensional integration in (3.6) into the one-

dimensional one. To see this, we transform the variable (u, v) to

y = A(u−) + v if A(u−) ≤ y < A(u) . (3.7)

Then, (3.6) becomes

P̃A(C) = λ−1
A E

(∫ A(1)

0
1C ◦ ηydy

)
(C ∈ FH) . (3.8)

This is an alternative definition of the detailed Palm probability measure P̃A and yields

the following fundamental properties of P̃A.

Lemma 3.2 If {θt} is ergodic, i.e., if, for D ∈ F , θt(D) = D a.s. P for all t ∈ R implies

that P (D) = 1 or = 0, then we have

lim
t→∞

1

t

∫ t

0
1C ◦ ηydy = P̃A(C) a.s. P . (3.9)

Proof Define a random measure Ψ on (R,B(R)) by

Ψ(B) =
∫

B

∫ ∞

0
1C ◦ ηA(u−)+vM(du, dv) (B ∈ B(R)) .

Then, it is easy to see that Φ is consistent with {θt}, and therefore the ergodic theorem

(see Theorem 2.1 of Miyazawa [19]) and (3.6) yield

lim
t→∞

1

t

∫ t

0

∫ +∞

−∞
1C ◦ ηA(u−)+vM(du, dv) = E

(∫ 1

0

∫ +∞

−∞
1C ◦ ηA(u−)+vM(du, dv)

)

= λAP̃A(C) a.s. P .
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Hence, by changing variables (3.7), we have

lim
t→∞

1

t

∫ A(t)

0
1C ◦ ηydy = λAP̃A(C) a.s. P .

On the other hand, the ergodic theorem also implies

lim
t→∞

A(t)

t
= λA a.s. P .

Combining those results, we obtain (3.9). �

Lemma 3.3 {ηx} is stationary with respect to P̃A on FH. That is, P̃A(η−1
x (C)) = P̃A(C)

for all C ∈ FH.

Proof From (3.8), we have

P̃A(η−1
x (C)) = λ−1

A E

(∫ A(1)

0
1C ◦ ηx+ydy

)

= λ−1
A

[
E

(∫ A(1)

0
1C ◦ ηydy

)
− E

(∫ x

0
1C ◦ ηydy

)
+ E

(∫ A(1)+x

A(1)
1C ◦ ηydy

)]
.

On the other hand,

E

(∫ A(1)+x

A(1)
1C ◦ ηydy

)
= E

(
(
∫ A(1)+x

A(1)
1C ◦ ηydy) ◦ θ−1

)

= E

(∫ −A(−1)+x

−A(−1)
1C ◦ ηy+A(−1)dy

)

= E
(∫ x

0
1C ◦ ηydy

)
.

This leads to the desired result. �

From Lemmas 3.2 and 3.3, we can see that, if {Y (x)} is consistent with {ηx}, then

it is a stationary process under P̃A, and its sample average converges to the expectation

concerning P̃A under P if we further assume that {θt} is ergodic. Thus, we can conclude

that P̃A is a suitable probability measure so that {Z∗(x)} is stationary under it.

We finally modify Mecke’s formula for P̃A. Now Mecke’s formula for a random measure

A is given by

E
(∫ +∞

−∞
f(u) ◦ θuA(du)

)
= λAEA

(∫ +∞

−∞
f(u)du

)
, (3.10)

where f is a nonnegative measurable function on (R × Ω,B(R) × F). See Mecke [15] or

Theorem 6.1 of Miyazawa [20] for its derivation. We here derive a similar relation for P

and P̃A.
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Theorem 3.1 Under assumptions (2-i), (2-ii) and (2-iii), we have, for a nonnegative

ηx-adapted process {g(x)},

E
(∫ +∞

−∞

∫ ∞

0
g(u) ◦ ηA(u−)+vMA(dv|u)A(du)

)
= λAẼA

(∫ +∞

−∞
g(u)du

)
, (3.11)

where ẼA denotes the expectation concerning P̃A.

Proof We put

f(u) =
∫ ∞

−∞
g(u) ◦ ηA(0−)+vMA(dv|0) .

Then, the ηx-adaptiveness of g implies

g(u) ◦ ηA(0−)+v ◦ θu = g(u + v + A(0−)) ◦ θu

= g(u + v + A(0−) ◦ θu + A(u))

= g(u + v + A(u−)) = g(u) ◦ ηA(u−)+v.

Hence (3.10) yields

E
(∫ +∞

−∞

∫ ∞

0
g(u) ◦ ηA(u−)+vMA(dv|u)A(du)

)

= λAEA

(∫ +∞

−∞

∫ ∞

0
g(u) ◦ ηA(0−)+vMA(dv|0)du

)
. (3.12)

On the other hand, by the definitions (2.2) and (3.1), the right-hand side of (3.12) be-

comes,

λAEA

(∫ +∞

−∞

∫ ∞

0
g(u) ◦ ηA(0−)+vMA(dv|0)du

)

= E
(∫ 1

0

(∫ +∞

0

(∫ ∞

−∞
g(u)du

)
◦ ηA(0−)+vMA(dv|0)

)
◦ θsA(ds)

)

= E
(∫ 1

0

∫ +∞

0

(∫ ∞

−∞
g(u)du

)
◦ ηA(s−)+vM(ds, dv)

)

= λAẼA

(∫ ∞

−∞
g(u)du

)
.

Thus, we get (3.11), as desired. �

14



4. Application to fluid queues

In this section, we consider fluid models for queues, fluid queues for short, and sojourn

times in them. Our main concern is with the sojourn time, which has been discussed

in the literature (see, e.g., Glynn and Whitt [8], Rolski and Stidham [27]). However, its

property as a stochastic process seems not to be fully studied. For example, one may

ask what kind of stochastic processes are possible for the sojourn time process of a given

continuous-time buffer content process. To answer this question, we need to define fluid

queue and sojourn time in a formal way. We here consider two definitions, both of which

have their own merits. In the first definition, the input flow process {A(t)} and the

sojourn-time process {W (x)} are given first, and from them we construct an output flow

process {D(t)} and a buffer content process {l(t)}. In the second definition {A(t)} and

{l(t)} are given, from which the other two processes are defined.

(General formulation) Let A be a random measure, and {A(t)} be a nondecreasing

process defined by (2.1). In the following, A will be used as an input for a fluid queue.

Let {W (x)} be a nonnegative and ηx-adapted process (see Definition 3.1); {W (x)} will

be regarded as a sojourn time process, but we put no additional condition at the start.

Define a random measure D by

D(B) =
∫ +∞

−∞

∫ +∞

0
1{W (A(u−)+v)+u∈B}M(du, dv) (B ∈ B(R)) . (4.1)

We assume that D is well defined, i.e. (4.1) is finite for all bounded Borel set B. Define

{D(t)} similarly to {A(t)} by (2.1). Then, the nondecreasing process {D(t)} can be view

as the output flow process of this system. Note that, if A satisfies (2-ii) and (2-iii) and if

{W (x)} is consistent with {ηx}, then D is consistent with {θt} and has the intensity λA.

For example, the latter statement is verified by applying Theorem 3.1 in the following

way:

E(D((0, t])) = λAẼA

(∫ +∞

−∞
1{0<W (A(0−))+u≤t}du

)

= λAẼA

(∫ t−W (A(0−))

−W (A(0−))
du

)
= λAt (t > 0) . (4.2)

We next define a buffer content process. Suppose that {l(t)} is a real-valued process

satisfying

l(t) = l(s) + A(t) − A(s) − (D(t) − D(s)) (t ≥ s) , (4.3)

By substituting (4.1) into (4.3), we obtain

l(t) = l(s) −
∫ s

−∞

∫ +∞

0
1{s<W (A(u−)+v)+u≤t}M(du, dv)
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+
∫ t

s

∫ +∞

0
1{t<W (A(u−)+v)+u}M(du, dv) . (4.4)

Since the second integration of the right hand side of (4.4) is increasing as s decreases,

there exists, for each fixed t, the limit

lt−∞ ≡ lim
s↓−∞

(
l(s) −

∫ s

−∞

∫ +∞

0
1{s<W (A(u−)+v)+u≤t}M(du, dv)

)

= lim
s↓−∞

(
l(s) −

∫ s

−∞

∫ +∞

0
1{s<W (A(u−)+v)+u}M(du, dv)

)
,

where the last equality is obtained because W (x) is finite. Thus the limit lt−∞ does not

depend on t and is denoted by l−∞. Hence (4.4) yields

l(t) = l−∞ +
∫ t

−∞

∫ +∞

0
1{t<W (A(u−)+v)+u}M(du, dv) .

To define l(t) uniquely, we assume that l−∞ = 0. Then, we have

l(t) =
∫ t

−∞

∫ +∞

0
1{t<W (A(u−)+v)+u}M(du, dv) (t ∈ R) . (4.5)

We adopt (4.5) as the definition of l(t), which clearly represents the total quantity of the

fluid in system at time t.

Definition 4.1 For a nondecreasing process {A(t)} and a nonnegative and ηx-adapted

process {W (x)}, if {D(t)} and {l(t)} are well defined by (4.1) and (4.5), respectively, then

{A(t)}, {D(t)}, {l(t)} and {W (x)} are respectively called input, output, buffer content

and sojourn-time processes, and the stochastic model with those characteristics is called

a fluid queue with the input A and with the sojourn time process {W (x)}.

Remark 4.1 Clearly {l(t)} is CORLOL. If A(t) = 0 for t < 0, then the fluid queue is

considered as starting at time 0. On the other hand, if A is defined on the whole line R

and consistent with {θt} and if {W (x)} is consistent with {ηx}, then {l(t)} is consistent

with {θt}, and therefore {l(t)} is stationary under P .

Remark 4.2 By using change variable of (3.7), (4.5) becomes

l(t) =
∫ A(t)

−∞
1{t<W (x)+A−1(x)}dx

=
∫ +∞

−∞
1{A−1(x)≤t<W (x)+A−1(x)}dx . (4.6)

This is exactly the definition of the continuous version of the queue length process due

to Rolski and Stidham [27] (see also Section 6 of [20]). Hence, our definition of {l(t)} is

identical with theirs.
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From the above discussions, we can see that, under condition (4.3) with l−∞ = 0,

the expressions (4.1) and (4.5) are equivalent to each other. This leads to an alternative

definition for the fluid queue.

Definition 4.2 For a nondecreasing process {A(t)} and a nonnegative process {l(t)}, if

there exits a nonnegative and ηx-adapted process {W (x)} satisfying (4.5), then {A(t)},
{l(t)} and {W (x)} are respectively called input, buffer content and sojourn-time pro-

cesses. In this case, the output process {D(t)} is defined by either (4.1) or (4.3).

Remark 4.3 In the framework of Definition 4.2, we have a choice for {W (x)}. This

choice corresponds to the service discipline in an ordinary queue. For example, the flow

control by FIFO service discipline has been implicitly assumed in the literature (see, e.g.,

Kella and Whitt [12]), but one can also consider other flow controls, e.g., corresponding to

LIFO (Last-In First-Out) and priority queues. The cases of FIFO and LIFO are discussed

later.

Rolski and Stidham [27] and Miyazawa [20] obtain the sample path version of Little’s

formula for the fluid queue under appropriate conditions. Here we derive its expectation

version.

Theorem 4.1 For a fluid queue with an input A and with a sojourn-time process

{W (x)}, if A satisfies (2-i)-(2-iii) and if {W (x)} is consistent with {ηx}, then we have

E(l(0)) = λAẼA(W (0)) . (4.7)

Proof We apply Theorem 3.1 for g(u) = 1{−W (0)<u≤0}. Then, (4.7) is a direct conse-

quence of (3.11) and the definition (4.5) of l(t). �

We consider the fluid queue introduced in Example 3.1, in which the input process

A and the buffer content process l(t) are firstly given. Hence this model fits our second

formulation (Definition 4.2). According to Example 3.1, we define a process {W (x)} by

W (x) = l(A−1(x)−) + x − A(A−1(x)−) (x ∈ R) . (4.8)

By Lemma 3.1, W (x) is consistent with {ηx}. We show that it satisfies (4.5). Those

two facts imply that W (x) is a sojourn-time process in the sense of Definition 4.2. Note

that, by the assumption λA < 1 and (3.3), there exists a finite τ(t) satisfying τ(t) =

sup{u|l(u) = 0, u ≤ t}. Then, (3.3) implies

l(u) = A(u) − A(τ(t)) − (u − τ(t)) (τ(t) ≤ u ≤ t) .
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By using this and the definition (4.8), we find that

∫ t

τ(t)

∫ ∞

0
1{t<W (A(u−))+u+v}M(du, dv) =

∫ t

τ(t)

∫ ∞

0
1{t<l(u−)+u+v}M(du, dv)

=
∫ t

τ(t)

∫ ∞

0
1{t<A(u−)−A(τ(t))−(u−τ(t))+u+v}M(du, dv)

=
∫ t

τ(t)

∫ ∞

0
1{t−τ(t)+A(τ(t)))<A(u−)+v}M(du, dv)

=
∫ A(t)

A(τ(t))
1{t−τ(t)+A(τ(t)))<y}dy

= A(t) − (t − τ(t) + A(τ(t))) = l(t) .

Thus, (4.5) is satisfied. Since the output time W (x) + A−1(x) is increasing in x in this

model, we call this {W (x)} the sojourn-time process under FIFO flow control.

Example 4.1 For the above fluid queue, we consider another sojourn time process cor-

responding to LIFO service discipline. Define WLIFO(x) for x ∈ R by

WLIFO(x) = inf{u > 0|A(u + A−1(x)) < u + x} , (4.9)

if

lim inf
u↓0

A(u + A−1(x)) − x

u
> 1 ,

and WLIFO(x) = 0 otherwise. Then, {WLIFO(x)} is a sojourn time process for the fluid

queue. To see this, we prove that {WLIF0(x)} is consistent with {ηx} and satisfies (4.6),

which is equivalent to (4.5). The consistency is a direct consequence of the fact that

(A(u + A−1(x)) − x) ◦ θt = A(u + A−1(x + A(t))) − (x + A(t)) .

To verify (4.6), we consider the case where WLIFO(x) > 0. Note that, for A−1(x) ≤ t,

WLIFO(x) + A−1(x) > t ⇔ inf{u ≥ 0|A(u + A−1(x)) < u + x} > t − A−1(x)

⇔ inf
0<u≤t−A−1(x)

{A(u + A−1(x)) − u} ≥ x

⇔ sup
0<u≤t−A−1(x)

{u − A(u + A−1(x))} ≤ −x

⇔ sup
A−1(x)<v≤t

{v − A(v)} ≤ A−1(x) − x

⇔ L(A−1(x), t) ≤ A(t) − x + A−1(x) − t , (4.10)

where L(s, t) = sups<v≤t{A(t) − A(v) − (t − v)}. Let τ(t) be the same random time

defined for the case of FIFO flow control. If A−1(x) < τ(t), then l(t) = L(A−1(x), t) and
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l(t) > A(t)−A(A−1(x))− (t−A−1(x)). Hence the last inequality of (4.10) does not hold.

So we can assume that τ(t) ≤ A−1(x). In this case, we have

l(t) − l(A−1(x)) = A(t) − A(A−1(x)) − (t − A−1(x)) .

Hence

A(t) − x − (t − A−1(x)) = A(t) − A(A−1(x)) − (t − A−1(x)) + A(A−1(x)) − x

= l(t) − W (x) ,

where W (x) is the sojourn time under the FIFO flow control. Thus we get, for τ(t) ≤
A−1(x) ≤ t and WLIFO(x) > 0,

WLIFO(x) + A−1(x) > t ⇔ W (x) + L(A−1(x), t) ≤ l(t) .

As we can see in Fig. 1, the set of x for which the last condition holds has length l(t).

Thus we get (4.6).

Fig. 1 is placed here.

We now return to the case of FIFO flow control. Because {l(t)} of a fluid queue with

unit release rate can be viewed as the workload process of a single server queue if {A(t)}
is a pure jump process, there are many studies of the stationary distribution of l(t).

There are also some studies for the case where A(t) is continuous in t, which is known as

the gradual input (see, e.g., Kino and Miyazawa [13]). Fortunately, those buffer content

distributions can be used to derive the stationary distributions of W (x).

Theorem 4.2 For a fluid queue with unit release rate, suppose that λA < 1 and A is

consistent with {θt}. Define the sojourn-time process {W (x)} by (4.8). Then, we have,

for all nonnegative right-continuous function φ,

ẼA (φ(W (0))) = φ(0) +
1

λA

E(φ(l(0)) − φ(0); l(0) > 0) , (4.11)

In particular, for a positive number α,

E(lα(0)) = λAẼA (W α(0))) . (4.12)

To establish this theorem, we need the following lemma.
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Lemma 4.1 Suppose the assumptions of Theorem 4.2 holds and denote by An random

measures consistent with {θt} and satisfying λAn < 1 for n = 1, 2, · · ·. Let ln(t) be the

buffer content at time t in the fluid queue with unit release rate and with the input An.

Then, if Ad
n = Ad for all n and if |A(t) − An(t)| converges uniformly to 0 as n → ∞,

then, for each fixed ω ∈ Ω, ln(t) uniformly converges to l(t) with respect to t ∈ R, and

we have, for a continuous and bounded function φ,

lim
n→∞

∫ 1

0
φ(ln(u))Ac

n(du) =
∫ 1

0
φ(l(u))Ac(du) , (4.13)

where Ad and Ac are the jump and continuous component of A, respectively (see Lemma

2.4).

Proof By the uniform convergence of An(t) to A(t), we have, for all ε > 0 and for all

t ∈ R, there exists an n0 such that, for any n ≥ n0, |A(t) − An(t)| < ε, which implies

that |A(I) − An(I)| < 2ε for all bounded interval I. Thus, from (3.3), we have, for such

n’s, |l(t) − ln(t)| < 2ε. Hence, we get the uniform convergence of ln(t) to l(t). This also

yields

|
∫ 1

0
φ(ln(u))Ac

n(du) −
∫ 1

0
φ(l(u))Ac(du)|

≤
∫ 1

0
|φ(ln(u)) − φ(l(u))|Ac

n(du) + |
∫ 1

0
φ(l(u))Ac

n(du) −
∫ 1

0
φ(l(u))Ac(du)|

≤ 2εAc
n(1) + |

∫ 1

0
φ(l(u))Ac

n(du) −
∫ 1

0
φ(l(u))Ac(du)| . (4.14)

Since Ac(t) and Ac
n(t) are continuous and φ(l(t)) is bounded for t ∈ [0, 1], we can choose a

sequence of bounded and continuously differentiable functions fn and a positive number

K satisfying |fn(x)| < K for all x ∈ [0, 1] and for all n ≥ n0, and

|
∫ 1

0
(φ(l(u)) − fn(u))Ac

n(du)| + |
∫ 1

0
(φ(l(u)) − fn(u))Ac(du)| < ε .

On the other hand, by applying the integration by part, we have

|
∫ 1

0
fn(u)Ac

n(du) −
∫ 1

0
fn(u)Ac(du)|

= |fn(1)(Ac
n(1) − Ac(1)) − fn(0)(Ac

n(0) − Ac(0)) −
∫ 1

0
f ′

n(u)(Ac
n(u) − Ac(u))du|

< (|max(fn(0), fn(1))| + |fn(1) − fn(0)|)ε < 2Kε .

Hence, the last term of (4.14) is less than ε(2Ac(1) + 2ε + 2K). �

Proof of Theorem 4.2 Without loss of generality, we can assume that φ is bounded and

continuous. Define a function Φ by Φ(x) =
∫ x
0 φ(y)dy. Then, from the definition of P̃
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and (4.8), we obtain

λAẼA (φ(W (0))) = E
(∫ 1

0

∫ ∞

0
φ(l(u−) + v)M(du, dv)

)

= λAcEAc (φ(l(0))) + λAdEAd

(
1

∆Ad(0)

∫ ∆Ad(0)

0
φ(l(0−) + v)dv

)

= λAcEAc (φ(l(0))) + λAdEAd

(
∆Φ ◦ l(0)

∆Ad(0)

)
. (4.15)

We approximate A by a sequence of random measures An satisfying the conditions of

Lemma 4.1 and that Ac
n has a density ac

n for all n. Such a sequence is easily obtained.

For example, let, for (Ac)−1(k2−n) ≤ t < (Ac)−1((k + 1)2−n),

Ac
n(t) = k2−n +

t − (Ac)−1(k2−n)

(Ac)−1((k + 1)2−n) − (Ac)−1(k2−n)
,

and An = Ac
n + Ad. Let ln(t) and Wn(x) be the buffer content and the sojourn time,

respectively, of the corresponding fluid queue with the input An. Then, by Lemma 4.1,

ln(t) and hence Wn(x) uniformly converge to l(t) and W (x), respectively, as n tends to

infinity. Furthermore, since φ is bounded, (4.13) implies

lim
n→∞

E
(∫ 1

0
φ(ln(u))Ac

n(du)
)

= E
(∫ 1

0
φ(l(u))Ac(du)

)
.

Thus, the first and last two terms of (4.15) are well approximated by λAnẼAn (φ(Wn(0))),

λAc
n
EAc

n
(φ(ln(0))) and λAdEAd

(
∆Φ◦ln(0)
∆Ad(0)

)
, respectively. Hence, we can assume that Ac

has a density ac(t) in (4.15). We apply Lemma 2.4 to X(t) = Φ(l(t)). Since X ′(t) =

l′(t)φ(l(t)) = (ac(t) − 1)φ(l(t))1{l(t)>0} (see Remark 2.2), we have

E((ac(0) − 1)φ(l(0)); l(0) > 0) + λAdEAd

(
∆(Φ ◦ l)(0)

∆Ad(0)

)
= 0 . (4.16)

Since

λAcEAc (φ(l(0))) = E
(∫ 1

0
φ(l(u))Ac(du)

)
= E(ac(0)φ(l(0))) ,

(4.15) and (4.16) yield

λAẼA (φ(W (0))) = E(φ(l(0)); l(0) > 0) + φ(0)PAc(l(0) = 0) . (4.17)

Letting φ(x) = 1 in (4.17), we have λA = P (l(0) > 0) + PAc(l(0) = 0), and therefore

(4.17) leads to (4.11). (4.12) is a direct consequence of (4.11) with φ(x) = xα. �

Remark 4.4 The result (4.11) can be viewed as the continuous version of Little’s Law

in Distribution, LLD for short (see Whitt [31] for a survey). In general, LLD has been
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obtained for a rather wide class of ordinary queues with renewal inputs and FIFO service

discipline (see e.g. Bertsimas and Nakazato [1]). However, those general LLDs are not

useful to derive the waiting time distributions from the queue length distributions. For

this purpose, useful results have been obtained for a rather restricted class of input

processes, e.g., compound Poisson processes (see Keilson and Servi [10] and Takahashi

and Miyazawa [30]). On the other hand, (4.11) holds for a general class of stationary

inputs and is available for the sojourn time distributions of fluid queues. However, this

generality are not so surprising. In fact, if A(t) is a point process, then (4.11) may

be obtained from a continuous version of Finch’s theorem (see, e.g., [20]), which tells

that the queue length observed by arriving customers has the same distribution as that

by departing customers, and from the fact that, in the fluid queue, the buffer content

observed by the output flow is statistically identical with the one at an arbitrary time

under the condition that the system is not empty.

The next corollary easily follows from (4.16) and (4.17).

Corollary 4.1 Under the assumptions of Theorem 4.2, if the output rate is changed to

µ and if λA < µ, then

ẼA (φ(µW (0))) = φ(0) +
µ

λA

E(φ(l(0)) − φ(0); l(0) > 0) . (4.18)

In particular, if A is purely atomic, then

ẼA (φ(µW (0))) = E(φ(l(0))|l(0) > 0) . � (4.19)

We apply Theorem 4.2 to two specific examples.

Corollary 4.2 Under the assumptions of Theorem 4.2, if A(t) is a nondecreasing and

pure jump Levy process with a Levy measure ν, then we have

ẼA

(
e−θW (0)

)
=

(1 − λA)ψ(θ)

λA(θ − ψ(θ))
(θ > 0) , (4.20)

where ψ(θ) =
∫ ∞
0 (1 − e−θx)ν(dx).

Proof It is well-known that LST (Laplace Stieltjes Transform) of the stationary distri-

bution of l(t) is given by

E
(
e−θl(0)

)
=

(1 − λA)θ

θ − ψ(θ)
. (4.21)

For example, see Theorem 4 of Section 3 of Prabhu [25], in which l(t) appears as the

storage level. Then, we have (4.20) by substituting (4.21) into (4.11) (or (4.18)). We

here note that P (l(0) > 0) = λA. �
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Remark 4.5 Formula (4.20) is also a direct consequence of Corollary 2.1. That is, put

X(t) = θe−θl(t) for RCL (2.9). Since X ′(t) = θe−θl(t) and ∆X(t) = e−θ(l(t)+∆Ad(t))−e−θl(t),

(4.21) is obtained.

We next consider the gradual input queue of Kino and Miyazawa [13]. This is a special

case of a fluid queue with unit release rate, in which the input is composed of clusters,

and each cluster flows into system with rate 1. In the following discussions, it is essential

that the release rate equals the input rate of each cluster, but not that they equal 1.

Denote the arrival time of the n-th cluster and its size by Tn and Sn, respectively. Then,

the input A is given by

A(B) =
+∞∑

n=−∞

∫
B

1{Tn≤u<Tn+Sn}du (B ∈ B(R)) .

Note that A(t) is continuous in this case. Assume that A is consistent with {θt} and

λA < 1.

Let Wn be the waiting time of the ordinary single-server queue with the input {(Tn, Sn)},
where Sn is the service time of the n-th customer. Then, Sigman and Yamazaki [29] (see

also Proposition 3.5 of [13]) proved that

E(l(0)) = λNA
ENA

(S0W0) , (4.22)

where ENA
denotes the expectation concerning Palm probability measure PNA

with re-

spect to the point process NA (see Section 2), and λNA
is the intensity of NA. Since

{Wn} is not the sojourn-time of the fluid queue, (4.22) is not the continuous version

of Little’s Law. Nevertheless, we can interpret (4.22) in this manner if we modify the

model. Suppose that the input Sn suddenly arrives at time Tn like the ordinary queue

and that the flow of this input has the common sojourn time Wn in our sense. That is,

W ∗(A(Tn−) + v) = Wn for v ∈ [0, Sn]. Define the buffer content process {l∗(t)} by (4.5).

Then, we have a fluid queue with the sojourn time process {W ∗(x)}. Note that {l∗(t)}
is different from {l(t)} of (3.3) and {W ∗(x)} from {W (x)} of (4.8). But, we clearly have

E(l(0)) = E(l∗(0)). Hence, Theorem 4.1 leads to

E(l(0)) = E(l∗(0)) = λAẼA(W ∗(0))

= λAEA(
1

∆A(0)

∫ ∆A(0)

0
W ∗(A(0−) + v)dv)

= λNA
ENA

(A(0)W0)

= λNA
ENA

(S0W0) . (4.23)
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We now return to the fluid queue with the gradual input A and the sojourn time process

{W (x)} under FIFO flow control. Since λA = λNA
ENA

(S0), Theorem 4.1 (or Theorem

4.2) and (4.23) yield

ẼA(W (0)) =
ENA

(S0W0)

ENA
(S0)

, (4.24)

Thus, if S0 and W0 are independent under PNA
, e.g., if {(Tn+1 − Tn, Sn)} is a sequence

of independent random vectors, then we have ẼA(W (0)) = ENA
(W0) as is expected.

However, W0 is biased by S0 in general.

For a general input A, it is not easy to get the stationary distribution of l(t). Kino and

Miyazawa [13] recently obtained it for the M/GI/1 gradual input queue, in which NA is

a Poisson process and {Sn} is sequence of i.i.d. random variables which are independent

of NA. We combine this result with Theorem 4.2.

Corollary 4.3 For the M/GI/1 gradual input queue with FIFO flow control, if λA < 1,

we have

ẼA

(
e−θW (0)

)
=

∫ ∞

0
e−λNA

t(1−φ(θ,t))Ψ(θ, t)dt (θ > 0) , (4.25)

where, for the distributions G and H of the service time and of the stationary waiting

time, respectively, of the ordinary M/GI/1 queue which corresponds to the gradual input

queue, φ and Ψ are given by

φ(θ, t) =
1

t

∫ t

0
{
∫ u

0
e−θxG(dx) + e−θu(1 − G(u))}du

and

Ψ(θ, t) =
e−µt

θ + µ

∫ t

0
{µeµu + θe−θu}H(du) .

Proof From Corollary 4.1 of [13], we have, in our notation,

E
(
e−θl(0)

)
= 1 − λA + λNA

∫ ∞

0
e−λNA

t(1−φ(θ,t))Ψ(θ, t)dt .

Theorem 4.2 now yields (4.25). �
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Appendix

We prove that {WLIF0(x)} of Section 4 is a sojourn time process for the buffer content

process {l(t)} of (3.3). That is, we show that {WLIF0(x)} is consistent with {ηx} and

satisfies (4.4). The consistency is a direct consequence of the fact that

(A(u + A−1(x)) − x) ◦ θt = A(u + A−1(x + A(t))) − (x + A(t)) .

To verify (4.4), we consider the case where WLIFO(x) > 0. Note that, for A−1(x) ≤ t,

WLIFO(x) + A−1(x) > t ⇔ inf{u ≥ 0|A(u + A−1(x)) < u + x} > t − A−1(x)

⇔ inf
0<u≤t−A−1(x)

{A(u + A−1(x)) − u} ≥ x

⇔ sup
0<u≤t−A−1(x)

{u − A(u + A−1(x))} ≤ −x

⇔ sup
A−1(x)<v≤t

{v − A(v)} ≤ A−1(x) − x

⇔ L(A−1(x), t) ≤ A(t) − x + A−1(x) − t ,

where L(s, t) = sups<v≤t{A(t) − A(v) − (t − v)}. Let τ(t) be the same time as defined

in Section 4. That is, τ(t) is the last time when the buffer content attains 0 before t. If

A−1(x) < τ(t), then l(t) = L(A−1(x), t) and therefore the above condition does not hold.

So we can assume that τ(t) ≤ A−1(x). In this case, we have

l(t) − l(A−1(x)) = A(t) − A(A−1(x)) − (t − A−1(x)) .

Hence

A(t) − x − (t − A−1(x)) = A(t) − A(A−1(x)) − (t − A−1(x)) + A(A−1(x)) − x

= l(t) − W (x) ,

where W (x) is the sojourn time under the FIFO flow control. Thus we get, for τ(t) ≤
A−1(x) ≤ t and WLIFO(x) > 0,

WLIFO(x) + A−1(x) > t ⇔ W (x) + L(A−1(x), t) ≤ l(t) .

As we can see in Fig. 1, the set of x for which the last condition holds has length l(t).

Thus we get (4.4).
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