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We survey the rate conservation law, RCL for short, arising in queues and related stochas- 
tic models. RCL was recognized as one of the fundamental principles to get relationships 
between time and embedded averages such as the extended Little's formula H = AG, but we 
show that it has other applications. For example, RCL is one of the important techniques for 
deriving equilibrium equations for stochastic processes. It is shown that the various techniques, 
including Mecke's formula for a stationary random measure, can be formulated as RCL. For 
this purpose, we start with a new definition of the rate with respect to a random measure, and 
generalize RCL by using it. We further introduce the notion of quasi-expectation, which is a 
certain extension of the ordinary expectation, and derive RCL applicable to the sample average 
results. It means that the sample average formulas such as H = AG can be obtained as the sta- 
tionary RCL in the quasi-expectation framework. We also survey several extensions of RCL 
and discuss examples. Throughout the paper, we would like to emphasize how results can be 
easily obtained by using a simple principle, RCL. 

Keywords: Queue; rate conservation law; equilibrium equation; Palm calculus; stationary pro- 
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1. I n t r o d u c t i o n  

W e  are  c o n c e r n e d  wi th  techniques  for  der iving equ i l ib r ium equa t ions  ar is ing in 

queues  a n d  re la ted  s tochas t ic  models .  Such techniques  were  or ig ina l ly  d ev e lo p ed  
t o g e t h e r  wi th  analyses  o f  M a r k o v  chains  an d  processes.  Here ,  we use the  t e r m  

" c h a i n "  for  a p rocess  wi th  a coun tab l e  s tate  space. Th e  ra te  ba lance  equa t ions  o f  
M a r k o v  chains,  the K o l m o g o r o v  di f ferent ia l  equa t ions  an d  D y n k i n s  f o r m u l a s  o f  

M a r k o v  processes  are  thei r  classical  examples .  H o w e v e r ,  in app l i ca t ion  areas  o f  
o p e r a t i o n s  r e sea rch  and  c o m p u t e r  science, there  has  been  in teres t  in m o r e  genera l  
classes o f  s tochas t ic  processes ,  which  are  no t  easi ly or  ef fect ively  f o r m u l a t e d  b y  

M a r k o v  processes .  F o r  example ,  cons ider  the w o r k l o a d  process  in a single server  

queue  wi th  a s t a t i ona ry  input ,  where  the w o r k l o a d  is the to ta l  r ema in ing  service 
t imes  o f  cus tomer s  in system. As  is well know n ,  the w o r k l o a d  process  has  a s imple 
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sample path, but it will be very complicated if one wants to formulate it by a Mar- 
kov process. In the last decade, several techniques have been developed for such a 
general class of processes. The cycle formula (mean-value formula) for regenera- 
tive type of processes (e.g. see [1] and [107]), Campbell's formula of Franken [31], 
the level crossing methods of Brill and Posner [14] and of Cohen [15], the rate con- 
servation laws of KSnig et al. [50] and of Miyazawa [73] are such examples. While 
those techniques are mainly concerned with stationary processes, there have been 
developed other techniques such as the martingale method, which are applicable 
for nonstationary processes (e.g. see [7]). Especially in queueing theory, the sample 
average method has been extensively studied. This gives relationships among dif- 
ferent kinds of sample averages of various characteristics, which are obtained for 
fixed sample paths but can be interpreted as equilibrium equations through the 
ergodic theorem. Little's formula, L = A W and its extension H = AG are their cele- 
brated examples (e.g. see [34,60,106,108]). Stidham and E1-Taha [ 112] developed 
an idea to get various relationships, which can be interpreted as equilibrium equa- 
tions, too. The correspondence among those different kinds of approaches have 
been remarked by several authors [8,105,109,119,120]. 

In this paper, we survey all of those techniques from a unified point of view. 
Our primary concern is with stochastic processes in queueing and related stochastic 
models, but the results can be applied to any stochastic processes. This type of 
review has been done by Whitt [119]. While his central principal is the extended Lit- 
tle's formula H = AG, ours is the rate conservation law, RCL for short. RCL of 
Miyazawa [73] is known to be equivalent to H = AG, since each can be derived 
from the other [105,119]. However, we present more general RCLs and focus on a 
broader range of applications. We are concerned with various techniques for deriv- 
ing equilibrium equations, the relationships among characteristics and the sample 
average method for them. They also cover Mecke's [66] formula for a stationary 
random measure, which is a fundamental theorem of the Mecke's theory and 
includes cycle and Campbell's formulas as special cases. We show that all the tech- 
niques can be formulated as RCL. For this purpose, we introduce a new definition 
of the rate with respect to a random measure, and give RCL by using it. We further 
introduce the notion of quasi-expectation, which is a certain extension of the ordin- 
ary expectation, and derive RCL applicable to the sample average results. Thus, 
our formulation can be regarded as a variant of what is called the stationary frame- 
work of Whitt [119]. But, unlike him, we formulate all the techniques under it, and 
do not use the so-called deterministic framework of [119]. In other word, results in 
the deterministic framework are reproduced in the stationary quasi-expectation 
framework. We would like to emphasize how results can be easily obtained by 
using a simple principle, RCL. 

To discuss the rate conservation law, RCL, we first clarify the notion of the 
rate. The rate is usually considered as the expected number of events occurring in a 
unit time interval. That is, let N(t) be a counting process, i.e. a nondecreasing inte- 
ger-valued process with N(0) = 0. Then, the rate of N at time t is defined by 
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rN(t) = lim E(N( t  + ~) -- N(t)) 
6~0 5 (1.1) 

In applications, it might be convenient to distinguish those counting epochs by 
marks attached to them. For example, let N be an arrival process of customers to a 
queue. Then, we can distinguish accepted customers in systems by marks. This 
counting process with marks is called a marked point process in the literature. Let 
M,  be the nth mark at the nth increasing epoch 7", of N. Then, the rate at time t is 
defined for a set of mark-values C by 

rN(C,t) = l i m - ; E [  ~ I{M, EC} , (1.2) 

J o 

where 1A denotes an indicator function of a set A. For a stationary marked point 
process, this rate was exactly the same as studied by Franken et al. [32], which is 
called Palm measure. Note that, if the marks are defined for all time, for example, if 
we define M(t)  = i n  for t ~ [Tn, T,+I), then (1.2) can be rewritten as 

1 / ft+6 \ 
rN(C, t) = l i m - E / !  c}dN(u)) (1.3) ~.0 fi \ i t  1 {M(u) e 

In this paper, we will generalize this definition of the rate in two aspects. The first 
is: the counting process N is generalized to a general random measure on the line, 
which is a measure for each fixed sample (e.g. see [43] and [18]). The second is: the 
indicator function to count events is replaced by a continuous-time process (see 
definition 2.1). We will see that this new definition of the rate enables us to give the 
full range of RCLs. Here, RCL means that the total rate is unchanged in time. 

To realize the above definition of the rate, we use Palm probability measures 
for stationary random measures and their extensions for the quasi-expectation fra- 
mework. Palm probabilities are usually defined for point processes, but it can be 
defined for stationary random measures, too (see [18] and [66]). RCL will be given 
for a process in the stationary quasi-expectation framework, which includes the 
ordinary stationary framework. However, we first concentrate on the definition of 
the rate and RCL for a stationary process to make our arguments transparent. 
This RCL is called a stationary RCL. Here, processes are assumed to be of 
bounded variation. This will be done in section 2, and a historical background of 
the stationary RCL is discussed in section 3. In sections 4 and 5, we explain how the 
existence techniques to get equilibrium equations can be formulated by the station- 
ary RCL. In section 4, we discuss the rate balance equations of Markov chain and 
the level crossing approach, and show that Mecke's formula [66] for a stationary 
random measure can be regarded as RCL. In section 5, we consider a martingale 
approach and full generators of the piecewise deterministic Markov processes of 
Davis [19], and show that the Kolmogorov differential equations typically appear- 
ing in queueing applications really characterize the stationary distributions. Then, 
in section 6, we briefly review the sample average method concerning a sample 
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path version of the stationary RCL and their relations to Mecke's formula. We 
will prove that the continuous version of L = A W due to Rolski and Stidham [96] 
can be obtained from Mecke's formula in the stationary framework. In section 7, 
we define the quasi-expectation framework and formulate the sample average RCL 
under it. In section 8, three extensions of RCL are discussed, RCLs for a discrete 
time process, for a process with unbounded variations, and for nonstationary pro- 
cesses with the underlying stationary structure. In section 9, we give two principles 
for applications of RCL, and discuss three examples to illustrate how RCLs are 
applied. 

2. A stationary R C L  

In this section, we consider the rate and RCL for a real-valued process 
{X(t))+=~_o~. Here, the real-valued assumption is made for simplicity and can be 
replaced by the complex-valued one. This does not mean that the rate and RCL are 
only applicable for real- or complex-valued processes. That is, if a process Y(t) 
takes values in a vector space or any topological space, e.g., polish space (i.e. com- 
plete and separable metric space), then we may choose a suitable funct ionf  from 
its state space to R = (-c~,  +c~) so that X(t) = f ( Y ( t ) )  has enough information 
on Y(t). For example, the indicator function of the event { Y(t) ~ C} or exponential 
family of functions can be used for this purpose. Thus, we can apply RCL to the 
process { Y(t)}. We assume as usual that the sample paths of X(t) are continuous on 
the right and have limits on the left, CORLOL for short, and denote a basic prob- 
ability space, on which all stochastic processes are defined, by (#2, ~, P). 

As we mentioned in section 1, we will define the rate of X(t) with respect to a ran- 
dom measure A on R. Here, A is called a random measure if A(-, w) is a measure 
on (R,~B(R)) for each w~O and if {wlA(B,w)<<.a}~Y for all B ~ ( R )  and a~R, 
where ~B (R) is the Borel a-field on R. Note that if the integral 

Z tX(u)Z(du) 

is finite, then it is a jointly measurable function of (t, w) from (R x S2, ~(R)) to 
(R, ~ (R)) (e.g. see [18] for its details). Hence, we can take the integration and expec- 
tation with respect to (t, w) of this integral. We will not get into the details of this 
kind of a measurability argument except for a few important cases because they are 
automatically satisfied. In this section, we will assume that {X(t)} and A are jointly 
stationary, but we first define the rate without stationarity, which will be conveni- 
ent in the later sections. 

DEFINITION 2.1 

For t ~ R, define 
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rA(X, t) = limE(jt+eft X(u)A(du)) (2.1) 
~0 6 ' 

so far as the limit of the right-hand side of (2.1) exists, where E denotes the expecta- 
tion with respect to P. rA(Jr , t) is called the rate o f X  = {X(t)} with respect to A at 
time t. If rA (X, t) does not depend on t, it is denoted by rA (Jr). 

Remark 2.1 
The rate may be defined in different ways. For example, Melamed and Whitt 

[68] defined it by the ratio of the expectations, which is called the expectation of 
average (see (1.4) of [68]). The limit of this ratio is related to our rate through the 
ergodic theorem (see remark 2.3 below). Another possible definition is the condi- 
tional rate given the history up to the present time. This rate is stochastic, and is 
called the stochastic intensity in the literature (see Bremaud [7]). It will be discussed 
later in connection with martingale theory. 

We have discussed the reasoning of this definition of the rate in section 1. The 
rate is closely related to the notion of a generator of a Markov process, which will 
be discussed in section 5 (see also section 3 for its historical aspect). As for the ran- 
dom measure A, we are mainly concerned with Lebesgue measure on the line and 
with a random jump measure. Here, A is called a random jump measure if it is 
purely atomic, i.e., if, for each fixed w, there exists a countable set B e ~(R) satisfy- 
ing A(BA C) = A(C) for all Ce~3(R), where this B is called a support set of 
A(-, w). A random jump measure may be locally infinite, that is, it may have infinite 
number of atoms in a finite interval. If a random jump measure has locally finite 
jumps and is integer- valued, it is called a point process or counting measure. The 
notation A is used for a general random measure including those special cases, 
while N will be used for a point process and m for Lebesgue measure. We note that 
the right continuity of X(t) and Fubini's theorem imply 

rm(X,t) = E(jr(t)).  (2.2) 

That is, the rate with respect to Lebesgue measure m is just the expectation in our 
formulation. Here, Lebesgue measure is deterministic but can be regarded as a spe- 
cial case of a random measure. 

We now assume that {Jr(t)} and A are jointly stationary, i.e. the joint distribu- 
tion of Jr(tl + s) , . . . ,  Jr(tj + s) and A(B1 + s) , . . . ,  A(Bk + s) does not depend on 
s e R  for arbitrary fixed positive integers j ,k ,  t i eR  and Bi~N(R),  where 
B + t = {s + tls ~ B}. Then, we can define a shift-operator group {0t}te R on g2 satis- 
fying the following conditions, by reconstructing a suitable (S2, Y, P) if necessary. 
That is, our basic assumptions are: 

(2-i) {Or} is stationary with respect to P, i.e. P(A) = P(Ot(A)) for A ~ J', 
(2-ii) {X(t)} is consistent with {Or}, i.e. 
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(tee), 
(2-iii) A is consistent with {Or}, i.e. 

A(B) oOt= A(B+t) (BE~B(R)), 

where Ot(A)= {a~[Ot(w)~A} and f o g(cv)=f(g(w)). Under these assump- 
tion, the rate rz(X, t) clearly does not depend on t. We further assume 

(2-iv) E(A((O, 1]) is positive and finite, which is denoted by AA and called the inten- 
sity of A. 

Then, the following notion of Palm probability measure enables us to calculate 
the rate. 

DEFINITION 2.2 
Define 

P A(A) = /~A1g ( f01 1.4 o OuA(du) ) (A~5~), (2.3) 

where 1A is an indicator function of a set A. It is clear that PA is a probability mea- 
sure on (~2, 9"). We call it Palm probability measure with respect to A, and denote 
the expectation concerning it by EA. 

Remark 2.2 
This definition of Palm probability measure goes back to Mecke [66] (see also 

lemma 2.1 of [71] and page 463 of [18]). In the queueing literature, Palm probability 
measure is defined for a point process (e.g. see [1,32]). Definition (2.3) includes it. 

Remark2.3 
Palm probability measure can be interpreted as a sample average weighted by 

A. For example, it can be shown (see theorem 2.1 of[71]) that 

1 tX(u)A(du)) (2.4) E(tlim T f ~ = )~AEA(X(O)) . 

This implies that Palm probability and hence the rate (see lemma 2.1 below) can 
be calculated through the sample average, too (see lemma 2.1 below). This will be 
discussed under a more general setting in section 7. 

By the stationary assumption (2-i) and (2-iii), f(t) = E( f  o la o O,A(du)) is an 
additive function of t, i .e.f(s + t) = f ( s )  +f(t). Hence, f (t) = ct for a constant c, 
which implies that, for all t > 0, 

PA(A)= 1-~-E( ftlAoOuA(du)) (A~9:). (2.5) 
�9 ~At \JO / 
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By letting t tend to zero in (2.5), we get the following result. 

LEMMA 2.1 

Under assumptions (2-i)-(2-iv), we have 

rA(X  ) = )~AEA(X(O)), 

if EA (X(0)) exists. 

(2.6) 

In this section, main results are obtained under the stationary assumptions 
(2-i)-(2-iv). However, one might be interested in the ease where the processes and 
random measures are not stationary. In these cases, the theory of martingale is use- 
ful. We briefly introduce it and calculate the rate. Let {Yt) be an increasing 
sequence of sub-(r-fields of 0:, which is called a filtration. {X(t)) and A are said to be 
adopted to 5" if they are measurable with respect to a filtration {5"t}, i.e. 
A(B) (B ~ ~ ((-oo, t]) and X(t) are Yt-measurable, respectively. Further, {X(t)} is 
called predictable if X(t) is Yt_-measurable, where Yt- = tOu<tSru (e.g. see section 
III.8 of [93] for the details). Then, a real valued stochastic process M = {M(t)}t>~o 
is called a martingale with a filtration {Yt} if M(t) is adapted to Yt for all t>0,  if 
ElM(t)[ < c~ and if E(M(t)]5:s) = M(s) for all t > s I> 0. By Doob-Meyer 's  theorem 
(e.g. see [24] and Rao's theorem of [93]), the nondecreasing process A((0, t]) is 
uniquely decomposed into A(t) + M(t) so that A(t) is a predictable nondecreasing 
process and M(t) is a martingale. Hence, if A(t) admits a density A(t), which is 
called a stochastic intensity, then we have 

E t+~ 
ra(X-,t)----lim (f; X(u-)A(u)du) ~o 6 = E(X(t-)A(t)), (2.7) 

because Jo X(u-)dM(u) is a martingale and hence E(ff +~ X(u-)dM(u))= 0, 
where X-(t) = X ( t - ) ( -  limd0 X(t - E)). We note that (2.7) only holds for a pre- 
dictable process {X- (t)} although {X(t)} and A may not be stationary. We will con- 
tinue this direction's approach in section 5. 

EXAMPLE 2.1 

We give examples for a stationary random measure A and the rate of a station- 
ary process {X(t)} with respect to A. 
(a) Let A be Lebesgue measure m on R. Then, PA = P, and hence rm(X) 

= E(X(O)). This is also a direct consequence of(2.2). 
(b) Let A be a point process N with a finite intensity A~v. Then, rN(X) 

= ANEN(X(0)). This rate frequency appears in queueing applications. In parti- 
cular, if N is Poisson with respect to a filtration {Yt}, i.e. N satisfies that 
N((s, t]) is independent of Ys, and if X(t) is adapted to the filtration, then 
N((0, t]) - ANt is a martingale with respect to the filtration, and hence (2.7) im- 
plies rN(X-) = AuE(X(0-))  = ANE(X(0) )  because X(t) is continuous at time 
t a.s. P for each fixed t. On the other hand, by lemma 2.1, rN(X-) 
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= AuEN(X(O-)). Hence we get E(X(O)) = EN(X(O-)), which is called PAS- 
TA (e.g. see page 294 of [123]). For a general point process, this equality is 
called ASTA, and various conditions are known for ASTA (e.g. see [9,67,89]). 
Those conditions are also related to the rate. For example, LBA (the lack of 
bias assumption) of [68], which is necessary and sufficient for ASTA, can be ex- 
pressed in terms of our rates by using (2.7). 

(c) Let A be a random measure such that A((0, t]) is a nonnegative Levy process 
with respect to {Y/}, i.e. it has independent increment with respect to {Yt} and is 
of bounded variation. We call this random measure Levy's. It is well known 
that a nonnegative Levy process is decomposed into a nondecreasing linear 
function and a jump process with independent increments (e.g. see [93]). That 
is, Levy's random measure is composed of Lebesgue measure and a random 
jump measure, which may be locally infinite. Thus, Palm probability measure 
can be defined not for a point process but for a random jump measure. Further- 
more, because of its independent incremental property, we get E(X(O)) 
= EA(X(O--)) similarly as PASTA in (b) (see remark 5 of [68] and [80] for its 
proof). 

We are now in a position to formulate the rate conservation law, RCL for 
short. We first illustrate our idea by a simple but important case. In addition to 
assumptions (2-i)-(2-iv) for A = N, we make two assumptions. 

(2-v) N is a simple point process and all discontinuous epochs of X(t) are included 
inN. 

(2-vi) The sample path of X(t) has a right- hand derivative Xt(t) for all t. 

Here, N is said to be simple if N({t}) ~< 1 for all t. Then, an elementary calculus 
leads, for t>  0, 

/0' /0 X(t) = X(O) + X'(u)du + AX(u)N(du),  (2.8) 

where AX(u) = X(u) - X (u - ) .  Note that the third term of the right-hand side of 
(2.8) expresses the sum of jumps of X(u) over the time interval (0, t]. Assume that 
EIX(0) I and either glX'(0) l or ENIAX(O)I are finite, and take the expectation con- 
cerning P of both sides of (2.8). Then, by the stationarity of X(t) and the Fubini's 
theorem, we have 

f0 t (f0 t )) 0 =  E(X' (u) )du+ e AX(u)N(du . 

Since {Xl(t)} is also consistent with {Ot} by (2-ii), we have E(X'(u)) = E(X'(O)). 
Hence, let t = 1 in the above equation, then lemma 2.1 yields 

E(X'(O)) + AEN(AX(0)) = 0. (2.9) 
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This is exactly the RCL due to Miyazawa [73] (see [8] and [74] for the above deriva- 
tion). (2.9) shows that the sum of the rates r,,,(X') and rN(AX) equals 0, which repre- 
sents the rate conservation. 

EXAMPLE 2.2 

Let us apply RCL (2.9) to a simple example. We consider a single server queue 
with stationary input �9 = {(T,, S,)}, which is a marked point process with marks 
S, at 7",. Let V(t) be the workload at time t. We assume that { V(t)} and �9 are jointly 
stationary, i.e. they are consistent with Ot (refer to [32] and [70] for the construction 
of such a process). Let N denote a point process generated by {T,}. We put 
X(t) = V2(t) and A = N in (2.9). Assume E(V2(0))<oo. Since V(t) goes down 
with a slope - 1 if V(t) > 0 or remains 0 if V(t) = 0 and has jumps at Tn with the size 
S,, (V2(t)) ' = - 2  V(t) and V(7",) = V(T,,-) + Sn. Hence, RCL (2.9) implies 

E(V(O)) =-~-EN((Wo + So) 2 -  W 21 

= Au[EN(WoSo) + �89 (2.10) 

where Wn = V(T , - ) .  (2.10) is known as Brumelle's formula [10]. Note that IV, 
agrees with the waiting time of the nth arriving customer if customers are served by 
FCFS (first-come first-served) service discipline, but (2.10) does not require 
FCFS assumption. Thus, RCL (2.9) boiled down the derivation of (2.10) to a few 
lines. However, we should note that the finiteness assumption E(V2(0)) < oo is too 
strong because only the first moment of V(0) appears in (2.10). In fact, it is not 
necessary in the derivation in [10] (see also (3.8) of [71]). The assumption will be 
removed in our general RCL. 

In applications of RCL, we might meet a more general process. For example, 
X(t) may have infinitely many jumps in a finite interval, and not have derivatives 
with respect to Lebesgue measure. To cover such cases, we consider RCL under a 
general setting. We first observe that (2.9) is only concerned with the derivatives of 
X(t) with respect to Lebesgue measure and the point process N. To define deriva- 
tives with respect to a general measure, we need some of basic notions of real analy- 
sis. A real-valued right-continuous funct ionf  on [0, oo) is said to be of bounded 
variation if its total variation on (0, t], 

/0 ) Idf(u)l--If(O)[ + lim ~ f ( t k '~  _ f ( t . ( k - z  1). , 
n~oo k= 1 \ n / \ n 

is finite for all t > 0. It is well known that a function of bounded variation can be 
expressed by the difference of two nondecreasing functions. Let vf  and uf  be mea- 
sures generated by them, respectively. We define a measure uf = u~- + vf ,  which 
is equivalent to defining it by uf (B) = fs  ]df(u)[ for B e ~ (R). We cal l f  to be abso- 
lutely continuous with respect to a measure u and denote b y f  << v if uf << u, i.e. 
u(B) = 0 implies uf(B) = 0 for all Be~([0,  co)). Note t h a t f < < u  implies t h a t f  is 
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of bounded variation. By the Radon-Nikodym theorem, if uf << u, then there exist 
the derivatives du-~ /du and duT /du, and therefore df /du = duT/du - duT /du , 
which satisfies 

f(t) -f(O) = u)u(du), 

where the integration is taken over (0, t]. We apply these notions to X = {X(t)} 
and A. We denote X << A if the sample path of X(t) (t t> 0) is absolutely continuous 
with respect to A restricted on (0, c~) a.s.P. By the stationarity, this is equivalent 
to that, for each s e R, the sample path of X(t) (t >>. s) is absolutely continuous with 
respect to A restricted on (s, 0o) a.s. P, which implies that the sample path of X(t) 
is of bounded variation for all finite intervals, and hence the derivative dX(t)/dA 
exists a.s.P. We note the following simple fact. 

LEMMA 2.2 
If X << A and i f f  is a differentiable function, then we have 

f_~ dX A ( f o  X)(t) 
d ( _ _ X )  (t)=ft(x(t))-~(t)l{AA(t)=O} + A-A--~ I(AA(t)>0 } a.s.A, (2.11) 

where f o g(x) = f(g(x)), AA(t) = a((t}), and (2.11) holds in the sense of a.s.P. 

hoof 
Sincef  is uniformly continuous on a finite interval, X << A impliesf  o X << A. 

Fix a sample w ~ S2, and let B = {t[AA(t) = 0}. Then, by the absolute continuity of 
X, X(t) is continuous at all t e B. Hence, for t e B, 

df__~X (t) -- l iminf f(X(t~[t6,))-f(X(t)) 
~lo t + 6)) l(A([t't+6))>O} 

defines a version of the Radon-Nikodym derivative (e.g. see section 1.6 of [93] 
and sections 31 and 32 of [4]). Since we have, on {A( [t, t + 6)) > 0}, 

f (X( t  +6))- f (X( t ) )  _ f ( X ( t  +6))- f (X( t ) )  X(t + 6 ) -  X(t) 
A([t,t+6)) X ( t+6) -X( t )  A([t,t+6)) ' 

we get the first term of the right-hand side of (2.11). Similarly, the second term of 
the right-hand side of(2.11) is obtained since 

dfA.X (t) f(X(t)) - f ( X ( t -  6)) l iminf ~1o - - A ( ( t -  6, t]) l{a((t-~'t])>O} 

defines a version of the Radon-Nikodym derivative for t e R - B. [] 

Remark 2.4 
(2.11) is a version of the differential formula for a composition function (see the- 

orem A of section 32 of [37]). 
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In applications, it is convenient to decompose a jump part of A into mutually sin- 
gular components Ai (see principle (b) in section 9). Here, random measures Ai 
are called mutually singular if any pairs of them are singular, i.e. there exists a sup- 
port set B of Ai satisfying Aj(B) = 0 a.s. P for i ~ j .  Note that a random jump mea- 
sure is always singular to Lebesgue measure and to a measure which does not 
have atomic components. We now give a main result of this section. 

THEOREM 2.1 (STATIONARY RCL) 
Suppose (2-i), (2-ii) and that Ai (i = O, 1,..., k) satisfy (2-iii) and (2-iv). Define 

k B A = ~i=0 Ai by A(B) = )--]~i=o Ai( ) for Be~(R). If X<<A, if all random jump 
measures among Ai are mutually singular and if EAi [dX/dAi(O)] are finite for all i, 
then 

or, equivalently, 

ZAiEAi (0) = 0 ,  (2.12) 
i=0 

i • O r A ,  = 0 ,  (2.13) 

where Ai = E(Ai((O, 1])). 

Proof 
Let fn (x) be a continuously differentiable function for each fixed n satisfying 

fn(X) andfn'(X) are bounded in x andfn(X) andfn'(X ) monotonically converge to x 
and 1, respectively, on [0, +oo) and (-oo, 0) as n tends to infinity. For example, 
such functions can be defined by 

x (Ixt ~<n), 

fn(x) = -21-(max(0, n + 1 - x ) ) 2 + l + n  (x>n) ,  

�89 + 1 + x) )2- �89  (x<  - n ) .  

From the assumptions and lemma 2.2, we have 

f0 1 d(fn o X) 
fn(X(1)) -f~(X(0))  = dA (u)A(du) 

k 1 

=i~=ofo d(f~AX)(u)Ai(du) 

k [ I d ( f n O X )  
= ~ Jo -dXi (u)Ai(du). 

i=0 

Take the expectations of both sides of the above equations concerning P. Note 
that all the expectations are finite. Hence, similarly as we derived (2.9) from (2.8), 
we have 
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(d(A <o x) ) Z iEA, \ (0) =0. 
i=0 

Thus, by lemma 2.2, the bounded convergence theorem yields (2.12) by letting n 
tend to infinity. D 

Remark  2.5 
Note that ElX(t) l < o0 is not necessary in theorem 2.1. If it is assmned, the proof 

of theorem 2.1 goes straightforwardly in a similar way as for (2.9). However, this 
finiteness assumption is too heavy in applications as noted in example 2.2. This 
point will be mentioned as a stronger aspect of the stationary framework in section 
7. We can further relax the finiteness conditions concerning the expectations. For 
example, if all of dX/dAi( t )  have constant signs, positive or negative, then we do 
not need any finiteness conditions of EAi (dX/dAi  (0)). That is, let d X / d A i  (t) be non- 
negative for i = 0, 1, . . .  ,j - 1 and nonpositive for i = j , . . .  ,k, then (2.12) can be 
modified to 

AiEAi 0 : -- AiEA, 0 , 
i=0 i=j 

where both sides of the equation may be infinitely. This type of RCL is useful to 
consider the finiteness of moments. 

Remark  2.6 
The mutually singularity condition can be relaxed if we sequentially order multi- 

ple events at the jump instant. See the discrete-time RCL of section 8 and also 
[78]. A little different version of RCL will be given in section 4 (lemma 4.1), which 
does not require any singularity condition. 

Remark  2.7 
Expressions (2.12) and (2.13) are not unique for X. We may have different 

expressions by taking different random measures. We will further discuss this issue 
in section 9. 

Equation (2.13) represents that the total rate of infinitesimal changes of states 
of X(t)  is conserved. So far, we coin the rate conservation law, RCL, for (2.13) and 
hence (2.12). Especially, it is called a stationary R C L  when we distinguish it from 
other RCLs. Note that the stationary RCL (2.12) includes (2.9) because assump- 
tions (2-v) and (2-vi) imply X <<m + N for Lebesgue measure m. Theorem 2.1 and 
lemma 2.1 lead to the following generalizations of (2.9), which are useful in applica- 
tions. 

COROLLARY 2.1 (MIYAZAWA [73,85]) 
Under the assumptions of theorem 2.1, if A0 is Lebesgue measure m and 

Ai (i = 1, . . . ,  k) are random jump measures, then 
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k ( a x ( o ) )  
E(Xt(O)) -b Z/~iEAi  = 0 (2 .14 )  

,=, , 

and, in particular, ifAi are simple point processes Ni, respectively, then 

k 

E(X'(O)) + y~. AiEN,(AX(O)) = O. (2.15) 
i=1 

E X A M P L E  2.3 

A typical situation for applying RCL is the case where we have known integral 
equation for X(t) such that 

/0' /0 X(t) = X(O) + a(u)du+ b(u)A(du) ( t>0 ) ,  (2.16) 

where a(t) and b(t) are processes consistent with {Or}, and A is a random jump mea- 
sure. Equation (2.16) represents a dynamics of X(t). In many applications, we are 
interested in the distribution or moments of X(t). In this case, we apply RCL not to 
X(t) itself but to a function of X(t), i.e. f(X(t)).  Assume t h a t f  is a bounded and 
differentiable function. Note that ( f(X(t))) '=a(t)f ' (X(t))  and Af(X)(t)  
= f ( X ( t - )  + b(t)A(t)) - f (X( t - ) ) .  Hence, by applying RCL (2.14) to f o X for 
k = 1 with A1 = A, we have 

E(a(O)f'(X(O))) + AAEA(f- (X(O-) + b(0)A(0)) - f ( X ( O - ) ) )  
AA(0) = 0.  (2.17) 

For example, let us consider the workload process V(t) in example 2.2. It is easy 
to see that (2.16) for X(t) = V(t) and A = Nis  satisfied by 

+cr 

a(u) =-l{v(u)>0}, b(u) = y]~ Snl{7".<u<T,+,}. 
n---~ - - 0 0  

Hence, (2.17) becomes 

--E(f '(V(O));V(O)>O)+ANEN(f(V(O--)+So)--f(V(O--)))=O. (2.18) 

Thus, we get Brumelle's formula (2.10) by letting f ( x ) = x  2. Note that 
E(Vz(0)) < c~ is not necessary this time. Furthermore, (2.10) is valid without any 
finiteness assumptions on the expectations by remark 2.5. this is also true for more 
general eases. For example, by lett ingf(x) = x a in (2.18) for a constant a >  1, we 
have, 

E((V(O)) a<) = ))-s + So) a - W~)) (2.19) a 
Here, we let Wn = V(Tn-) in the same way as in example 2.2. By (2.17), we can gen- 
eralize those relationships to the case where infinitely many customers arrive in a 
finite interval but the total work is of bounded variation. That is, we have 
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fO ~176 E(f'(V(O))) =/~A Ea(f(Wo + x) -f(Wo)tAA(O) = x)u(dx), (2.20) 

where u is a measure on ((0, +oo), N ((0, +oe)) defined by 

v((x, +oc)) = PA(AA(O)edy). 

If A has independent increments, this v agrees with Levy measure. See [85] for 
details of this approach. 

In this section, we have concentrated on the case where the sample path of X(t) 
is of bounded variation. It covers a large extent of stochastic processes arising in 
queueing and related stochastic models, but there are processes with unbounded 
variations, which will be discussed in section 8. 

3. Historical background of the stationary RCL 

Historically, the idea of RCL was connected with the rate balance equation of a 
Markov chain or process. We will discuss it in section 4. A generalization of the 
rate to a non-Markovian process was first considered by Kuczura [57]. He consid- 
ered a piecewise Markov process, which is Markov in each interval divided by ran- 
dom times, but the random times may depend on the history before the present 
time. Hence, a piecewise Markov process is not Markov as a whole. He derived a 
certain kind of RCL by calculating the generator of the Markov part. Jankiewicz 
and Rolski [42] and Rolski [94] generalized it to the case of piecewise Markov pro- 
cesses with more general state spaces. The idea was further developed by KSnig et 
al. [50]. They removed the Markov assumption and just considered a stationary 
process whose jump epochs form a point process, which is called an embedded 
point process. All of those formulas are directly concerned with probabilities on the 
state spaces like the Kolmogorov differential equations. On the other hand, RCLs 
discussed in section 2 are concerned with expectations of general functions. This 
gives flexibility to RCL in applications. 

The key idea of the stationary RCL of section 2 is to smooth the discontinuity 
of a sample path, e.g., the last term of (2.8), by using Palm probability measure. An 
alternative approach for the smoothing is to use a stochastic intensity of the point 
process generated by the discontinuous instants of a sample path. The idea goes 
back to Bremaud [7] although RCL was not concerned with there (see also [6]). This 
approach requires the existence of the stochastic intensity, which is not always 
guaranteed, but is applicable to nonstationary processes. The main theoretical tool 
is here martingale as mentioned in section 2. Bremaud et al. [9] recently discussed 
this approach in connection with the stationary RCL. The smoothing idea has also 
been used in the operator theory of Markov processes (e.g. see chapters 1 and 4 of 
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[27] and chapter IX of [28]). For example, a so-called full generator of a Markov 
process {X(t)} is defined as a mapping from functionf to g so that 

f(X(t)) -f(X(O)) - g(X(u))du 

is a martingale with respect to the filtration {J't}, which is generated by {X(u)}u,<t 
(see page 162 of [27]). Thus, from the above formula, the difference E(f(X(t))) 
-E(f(X(O))) can be expressed by a smooth function in time. If {X(t)} is stationary, 
this immediately gives the stationary RCL. The problem is how to calculate the gen- 
erator or, equivalently, g. Davis [19] addressed this problem for a piecewise determi- 
nistic Markov process with jumps. We will discuss these approaches in section 5. 

We should also mention a pioneering work of Krakowski [55], who studied var- 
ious relationships in queues. Because embedded processes of stationary processes 
were not correctly recognized at that time, his expressions are mathematically not 
clear. However, he has used essentially the same idea as the stationary RCL to get 
relationships concerning the sojourn times in queues (see (2.5) and (4.8) of [55]). 
Other than that work for deriving general formulas, there is the literature in which 
RCLs have been implicitly used. For example, Wortman and Disney [124] recently 
derived several relationships in the G/G/1 priority queue by using a dynamic equa- 
tion for a process, but one can see that their approach is exactly the same as RCL 
(2.9). 

The stationary RCL of section 2 was originally due to Miyazawa [73], in which 
Lebesgue measure and point processes are used for the integrators (see (2.9)). He 
proposed it as a simple technique for getting relationships of stationary time- and 
customercharacteristics in queues. In contrast, RCL of K/Jnig et al. [50] requires 
complicated regularity conditions on a sample path for counting the number of 
entrances and exist from a given set of states (see section 4 and also [32,51]). RCL 
(2.9) removes these regularity conditions by assuming the differentiability of a sam- 
ple path between jump epochs, which is easy to ensure for queueing applications. 
He first proved it by using the inversion formula of stationary point processes [73], 
and then gave a direct proof as we have discussed [74]. The present form of RCL 
is a certain generalization of Miyazawa [80], in which the general version of Palm 
probability measure (2.3) is used to get RCL, but a special structure of dynamics of 
X(t) is assumed. 

From a mathematical point of view, the stationary RCL is clearly an easy conse- 
quence of the stationarity and the definitions of Palm distributions. There is no 
doubt that its importance is in applications. However, there are certain fundamen- 
tal facts of it, which should be noted. For the case of point processes, Bremaud [8] 
proved the equivalence of the stationary RCL and the inversion formula concern- 
ing Palm probability measures, which is equivalent to the refined Campbell's for- 
mnla (see (4.14)). Campbell's formula and its refinement are essentially equivalent 
to each other (e.g. see [120]). On the other hand, Sigman [105] considered such 
equivalence for the sample path version of the stationary RCL and the extended 
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Little's formula H = AG. Because the stationary version of H = AG is equivalent 
to Campbell's formula (see [119]), Sigrnan's [105] result is a sample average version 
of Bremaud's [8]. In section 4, we will prove that a certain RCL (lemma 4.1) is 
equivalent to Mecke's formula for a stationary random measure (see (4.15)), which 
generalizes Bremaud's [8] result. 

4. Techniques  for deriving equilibrium equations  I 

In this and next sections, we survey various techniques for deriving equilibrium 
equations for stochastic processes from the perspective of RCL. In these sections, 
we are mainly concerned with the case where A is a simple point process, i.e. A --- N. 
We first consider the rate balance equations, level crossing approaches and basic 
formulas for stationary point process and random measure in this section, and then 
a martingale approach and its applications for characterizing the stationary distri- 
butions of Markov processes in the next section. 

The idea of the rate has been used to get the equilibrium equations since the 
very beginning of the history of Markov chains. In the queueing literature, we go 
back to Erlang [23]. For a continuous-time Markov chain with a countable state 
space S, let qi,j be the transition rate from state i to statej  (i ~ j ) ,  and assume that 
there exists a stationary distribution {Pi}i~s. Then, in the steady state, the rate 
from i to j  is given bypiqi,j, and the total rate from a set of states A to S - A should 
be balanced to that from S - A to A. Hence, we get 

Z Z Piqi,J= Z Z piqi,j" (4.1) 
leA j e S - A  i~S-A j~A 

This balance of the rate quickly derives the equilibrium equations of the Markov 
chain. For example, we can find nice discussions on it in the books by Kelly [45] and 
Wolff[123]. 

Let us derive (4.1) from the stationary RCL. Let { Y(t)) be a stationary Markov 
chain with the state space S. Define point processes NA and NAc generated by 
embedded epochs when the transitions occur from A to S - A and from S - A to A, 
respectively. Then, (4.1) is equivalent to rNA (1) = rNA~ (1), i.e. ANA = ANAt. Define 
X(t) = l{y(0eA } and NA +NAo by (Na +NAc)(B) = NA(B) +NAt(B) (B~B(R). 
Then, NA + Nac is identical with a point process generated by all jump epochs of 
X(t) between A and S - A. Note that Lebesgue measure m, NA and NAo are singular 
and 

X~(t) = 0 a.s.m, 
dX 

dNA (0) = AX(0) = -l(r(0-)~A} = -1  a.s. PNa, 

dX 
dNAc (0) = AX(0) -- l{r(0)~A) = 1 a.s. PNAc. 
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Hence, (2.15) of corollary 2.1 leads to ANA = ANAt. To get a detailed expression 
like (4.1), we assume that all transition epochs form a point process N with an finite 
intensity A, which is not necessary for the existence of a stationary distribution 
but simplifies our argument. Let R(t) be the remaining sojourn time before the next 
jump of Y(t) .  Fix an arbitrary state i, apply RCL (2.15) (or (2.9)) for 
X( t )  = l{r(O=i}R(t) and k =  1 with N1 = N .  Since X ' ( t ) = - l ( y ( t ) = i }  and 
AX(0) = l{r(o)=i}R(0) a.s. PN, we have 

P(Y(O) = i) = AaiPN(Y(O) = i), (4.2) 

where ai = EN(R(O)I Y(O) = i) is the mean sojourn time at state i. We next apply 
(2.15) for X( t )  = l{r(t)=i} andk = 1 withN1 = N. Then, similarly, we get 

PN( Y(O) = i) = PN(  Y(O--)  = i) . (4.3) 

On the other hand, Na ((0, 1]) = f l  1 {r(,-)~a, r(,)e s_a}N(du) by the definitions of 
NA and N. Take the expectation of this equation with respect to P. Then, (4.2) and 
(4.3) yield 

~NA = ~eN(Y(O-)~A, Y(O)~S- A) 
= ~ y~. ~ PN(Y(0-) -- i)l'N(r(o) = j I Y ( 0 - )  = i) 

leA j e S - A  

= ~ ~ e(r(o)= i)leN(r(o)=jlr(o-) ~ i )  �9 

ieA j e S - A  

Similarly, we have 

AN, o = ~ ~ P(Y(0) = i) l e N ( r ( 0 )  ---- JI r ( 0 - )  = i). 
iES-A jEA 

Hence, ANA = ANAc implies 

~ pi~eN(Y(O)=jlY(O-I=i) 
ieA j e S - A  

= ~_, '~ ._ ,p~ | -eN(r (o)= j l r (O-)= i ) .  (4.4) 
ieS-A j~A ai 

Thus, we get (4.1) because qi,j = ( 1 / a i ) P N ( Y ( O ) = j l r ( 0 - ) =  i) for a Markov 
chain. 

Notice that the assumption of Markov chain has not been used to get (4.4). 
Hence, (4.4) holds for a stationary jump process { Y(t)} with a countable state space 
S whose jump epochs have a finite intensity. For this stationary process, let us con- 
sider relationships of the embedded distributions at different kinds of jump 
epochs. For simplicity, we assume S = {0, 1,2, . . .  }. Let N1 and N2 be point pro- 
cesses generated by jump epochs at which Y(t)  goes up or down, respectively. 
Define X( t )  = l{y(t)>~j  } for an arbitrary fixedj e S. Since NI + N2 includes all jump 



18 M. Miyazawa / Rate conservation laws 

epochs of Y(t) and hence X(t) and X'(t) = 0 excluding at the jump epochs, the sta- 
tionary RCL (2.15) leads to 

A~PN,(Y(O-)<j<~ Y(0)) = A2PN2(Y(O)<j<~ Y(0-) ) ,  (4.5) 

where Ai are the intensities of Ni (i = 1,2). These kinds of equations have been 
repeatedly found in the queueing literature. Finch [30] first derived it with regard to 
the queue lengths at the arrival and departure epochs. We can find similar formu- 
las in Takacs [114], Krakowski [56], Shanthikumar and Chandra [103], Miyazawa 
[72], Franken et al. [32], Stidham and E1-Taha [112] and so on. Especially, [112] and 
[103] extended these relationships so that they include the distributions at an arbi- 
trary time. By using RCL (2.15), Miyazawa and Yamazaki [91] recently discussed 
further extensions of them by using the conditional sojourn times in a state and in a 
set of states. These extended relationships are known to be particularly useful to 
study single server queues with LCFS (last-come first-served) service discipline 
(e.g. see [112,81,104]). 

The balance of the rate can be applied for processes with more general state 
spaces. We here consider a real-valued process { Y(t)}, and calculate the rates for 
counting up- or downcrossing at a given level. Those two rates should equal in the 
steady state or under long run averages, which gives equilibrium equations. This 
idea is called a level crossing. Doshi [21] recently reviewed it concerning applica- 
tions to single server queues. We here assume that { Y(t)} and a point process N 
satisfy assumptions (2-i)-(2-v) for X = Y and A = N. That is, ( Y(t)} and a simple 
point process N are jointly stationary, and all jump epochs of ( Y(t)} are included 
in N. There are two different approaches for counting the level crossing. BriU [12] 
(see also [13,14]) counted the level crossing at the jump epochs while Cohen [15] (see 
also [16,98]) counted them at all time points. We call these two approaches the 
embedded- and continuous-time level crossings, respectively. 

Because the theory of point processes was not popular during the 70's. Brill [12] 
and Cohen [15] assumed the embedded point process N to be a renewal process, 
but the assumption can be loosened so that N is a stationary point process. Let Tn 
be the nth point of N after time 0, and Yn = Y(Tn-) for n ~> 0. Then, the embedded- 
time level crossing of Brill [12] is formulated by 

PN(Yo <~x < Y1) = PN(YI <<.x < Yo) (xeR) . (4.6) 

This is a direct consequence of PN(Yo<~X) = PN(Y1 ~x), i.e. the stationarity of 
{ YN}. We can view (4.6) as a discrete-time RCL. In applications, much effort is 
required to calculate both sides of (4.6) in terms of the stationary distributions of 
Y(t) with respect to P and Y0 with respect to PN (see [12-14]). On the other hand, 
the continuous-time level crossing of Cohen [15] makes this calculation easy by 
assuming more detailed structure on the sample path. 

Suppose that the up-crossings are only caused by jumps and the down-crossings 
by continuous change of the sample path and that N is generated by all jump 
epochs of { Y(t)}. Further, assume that Y(t) has a continuous derivative of the form 
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r(Y(t)) between jumps. Fix the level x. Then, the up-crossing rate is given by 
APN(Y(O-) <~x< Y(0)). On the other hand, the number of the down-crossings 
# D  (x) in the time interval (0, 1] is calculated by 

a fox #D(x)  = du, 

and therefore the down-crossing rate by 

E(#D(x)) = -r(x) ddx E \Jo ( [1 1{ g(u).<x} du) 

= 

where we have used the dominated convergence theorem to exchange the differen- 
tiation and the expectation. Thus, the coincidence of the up- and down-crossing 
rates yields 

-r(x) d p(Y(O) ~x) = )*PN(Y(0-) ~ x  < Y(0)). (4.7) 

This is the level crossing formula due to Cohen [15]. It is easy to see that (4.7) is 
equivalent to 

r(x)-~-P(r(O)<.x)-k A[PN(Y(O)>x) -- PN(Y(O--)>X)] =O. (4.8) 

We can see that (4.8) holds even if the jump crossings and also continuous cross- 
ings occur in both directions. The stationary RCL enables to further generalize 
(4.8) to the case where the derivative Y'(t) may depend on the whole history of 
{ Y(t)}. Recall that assumption (2-vi) for X = Y is on the existence of the right- 
hand derivative Yt (t). For x ~ R and e > 0, define 

f,,x(Y) min(y - x, e) = l{y~>x}. 

Then, applying RCL (2.9) to X(t) =f~,x(Y(t)) and letting e tend to zero, we have 
the following result. 

THEOREM 4.1 (MIYAZAWA [74]) 

Under assumptions (2-i)-(2-vi) for X = Y and A = N, if Y(t) has a right-hand 
derivative Y'(t) for all t so that E( Y'(0)[ r(0)  = u) is right-continuous at u = x and 
if El Y~(0) I is finite, then we have 

d 
E( Y'(0)I Y(0) = x) ~ P(Y(0) ~< x) + A[PN(Y(O) > x) - PN(Y(0--) > x)] = 0. 

(4.9) 

Remark 4.1 
(4.9) was reproved in Ferrandiz and Lazar [29]. 
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Equations (4.8) and (4.9) are known to be particularly useful when N is a Pois- 
son process because they can determine the stationary distribution of Y(t) in this 
case (e.g. see [21]). In the same context, they are useful when N is generated by a 
continuous-time Markov chain, which is called the Markov modulated process or 
Markov arrival process in the literature (e.g. see [62]). We here consider the general 
case where N is generated by a stationary jump process {I(t)} with a countable 
state space S. Similarly to in the case of (4.9), applying RCL (2.9) for 
X(t) = f,,x (Y(t)) 1 {I(t)=y} and letting E tend to zero, we get the following result. 

COROLLARY 4.1 

Under the assumptions of theorem 4.1, we have, for allj ~ S, 

E(Y'(O)IY(O ) = x,I(O) =j)-~ P(Y(O)<<.x,I(O) = j )  

+ ~[PN(Y(O)> x, I(0) = j )  - PN(Y(0--)> X, I(0--) = j ) ]  = 0. (4.10) 

Remark4.2 
(4.10) greatly simplifies calculations compared with the ordinary derivation by 

using the embedded Markov chain (e.g. see [62]). Ferrandiz and Lazar [29] and 
Miyazawa [82] demonstrated it for the case where N is a Markovian arrival pro- 
cess.  

As we mentioned in section 3, the classical RCL for Markov processes had 
been extended to piecewise Markov processes and to a stationary processes with 
embedded point processes, stationary PMP for short, by Rolksi [94] and K6nig et 
al. [50, respectively. Let { Y(t) } be a stationary process with an embedded point pro- 
cess N having finite intensity A, and v be its stationary distribution. Here, the state 
space K may be a Polish space. K6nig et al. [50] defined an operator 9.1 for the distri- 
bution v and for B in a certain subset of ~B (K) by 

(vN)(B) = lim 1 f (P(Y(6)~BIY(O) -- y,N((0,6]) = 0 ) -  ls(y))v(dy). (4.11) 
~t0 o J;c 

Here, we modified their original expressions, that is, we operate generators to dis- 
tributions from the right. Under certain regularity conditions, K6nig et al. [50] (see 
also [32]) proved 

(u~)(B) + A(PN(Y(O)~B)-PN(Y(O-)eB))=0. (4.12) 

Note that (4.12) is a generalization of the level crossing formula (4.8) and RCL 
(4.9). However, in general, (4.12) is not so convenient for applications compared 
with (4.9) because the regularity conditions and the applications of 9A are compli- 
cated. Furthermore, we do not know how big the class of B satisfying (4.12) is. 
Thus, it is not easy to get expectation versions of (4.12) in general. We will discuss a 
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generator of the Markov process in the next section, which operates on a function 
space and is related to RCL (2.9) rather than (4.9) and (4.12). 

In the rest of this section, we consider basic formulas for stationary point pro- 
cesses and their extension for a stationary random measure. Let N be a stationary 
point process with a finite intensity ~. That is, (2-i), (2- iii) and (2-iv) are assumed 
for A = N. Then, i fN is simple, the next formula is called the inversion formula for 
stationary point processes, which was first obtained by Ryll-Nardzewski [97] 
(also see [32]). 

(/0 ) P(A) = )~EN la o Oudu (A ~5:), (4.13) 

where T1 = inf (u > 0IN((0, u]) t> 1). Note that N may not be simple in (4.13) if T1 
and PN are redefined appropriately (see [78]). In the literature, (4.13) is also 
referred to as the cycle formula or the mean-value theorem because it presents the 
mean of one cycle. For example, we can find its typical applications in a regenera- 
tive process (e.g. see [58,106,123]). (4.13) can be generalized to the so-called refined 
Campbell's formula: 

E(f_+~ Ou)N(du))= AE~r(f_~~176 00)du) ,  (4.14) 

w h e r e f  is a real-valued measurable function on (R x f2, ~B(R) x 5:), andf(u, Or) 
representsf(u, 0v (w)) (e.g. see [32]). In (4.14), N is not necessarily to be simple. We 
note that, if f (u, 0~) = g(t, Y(t)) for a measurable function g and a consistent pro- 
cess { Y(t)} in (4.14), it becomes Campbell's formula for g(x, y) with respect to the 
product measure Am x v, where m is Lebesgue measure and v a distribution of Y(0) 
concerning PN (see page 188 of [18] for the original definition). (4.13), (4.14) and 
Campbell's formula are well known as very useful formulas to get relationships 
between time- and embedded stationary characteristics (e.g. see [1,5,32,48,119]). 
They and the stationary version o f H  = AG are known to be equivalent in the sense 
that each can be derived from others (see [8,109,119,120]), where H = AG will be 
discussed in section 6. 

Formula (4.14) is due to Mecke [66], but he has obtained a more general result 
(see also lemma 2.1 of [71]), i.e. for a stationary random measure A with a finite 
intensity A, 

E( f_~~176 Ou)A(du)) = AEA( f_+~176 Oo)du) . (4.15) 

Let us derive this formula from the following RCL, which is a direct consequence 
of the definitions of the rates. 

LEMMA 4.1 
Suppose {X(t)) satisfies (2-i) and (2-ii) and A1,/12 satisfy (2-iii) and (2-iv) with 

intensities ~1, )~2, respectively. If X(t) has the decomposition X(t) = ?(1 (t) + X2(t) 
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SO that Xi<<Ai for i = 1,2, if E[X(0)] is finite, and if either rA,(dXl/dAl,0) or 
rA2 (dX2/dA2, 0) are well defined, then 

(dX1 ~ /dXz ,,'~ 
rAl \ -~ l  ,Oj + rA2 ~-~2,uJ = O. (4.16) 

Remark4.3 
Since X/(t) may not be stationary, it is necessary to use a general version of the 

rate (see definition 2.1). We also note that the singularity condition is not necessary 
but we do need the finiteness condition of E(X(0)) in this lemma (see remark 2.5). 

To prove (4.15), it is enough to consider the case where f(u, w) is bounded for 
all (u, w), has bounded support with respect to u uniformly over all w. We assume 
this in the following. Define X(t) by 

X ( t ) =  f ( u - V ,  Ou)A(du) dr. (4.17) 
oO 

By the bounded support and overall bounded assumptions, E(X(t)) is finite. We 
first show that X(t) is consistent with {Ot}. Operate 0s to X(t), then we have 

X(t) o Os = f (u  - v, O.+,)A(du + s) dv 
oO 

f, (L )) = f ( u -  s -  v, Ou)A(du dv 
Oo $ 

= f ~ ( j + ~ f ( u - v , O . ) A ( d u ) ) d v = X ( t + s ) .  

On the other hand, we have 

X ( t ) - X ( O ) =  f (u-v ,O, , )A(du)dv-  f (u-v ,O,)A(du)dv .  
Oo 

We apply lemma 4.1 for A1 = m and .42 = A and for 

f t f [ + o o  V, Ou)A(du)]dv+X(O) Xl(t) = dO L J t  f ( u -  

XE( t) = - fo' [ f~ (u - v, Ou) dvl A(du) . 

Since 
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/0' [/0' ] - E f ( u -  v,O.)A(du) dv, 

we have 

rm(X~, 0)=  limoE(X1 ( ' ) f  X1 ( 0 ) ) : E  [ fo+~176 Ou)Z(du)]. 

On the other hand, by using the uniform boundedness off, we have 

( d X 2 )  1 f 6 [ I~ ] ) - l im-E(  f (u -v ,  Ou)dv A(du) rAk.--~,O = 6to ~5 \Jo 

1 ' ~ dv]A(du) ~ = - l i m - E (  6 'Jo [ fo f(v, Ou) ] )  

Hence, RCL (4.16) implies 

Similarly, if we define Y(t) by 

r(t) = f (u - v, Ou)A(du) dv, 

we get 

(4.18) 

(4.19) 

Remark 4.4 
As mentioned in section 3, Bremaud [8] has proved this kind of equivalence 

THEOREM 4.2 
Mecke's formula (4.15) is equivalent to the pair of two RCLs (4.16) for X(t) 

and Y(t) defined by (4.17) and (4.19), respectively, with respect to A1 = m and 
A2 = A. 

E( f ~  Ou)A(du)) = AEA( f_~ f(u, Oo)du) . (4.20) 

Hence, (4.15) is obtained. On the other hand, (4.15) dearly implies (4.18) and 
(4.20) if we take appropriatef's. Thus, we get the following result. 
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between the inversion formula of stationary point processes (4.13) and the station- 
ary RCL (2.9), in which X(t) is given for A ~ 5 ~ by 

f t  T(t) X(t) --- 1.4 o 0,, du, 

where T(t) = sup {u[N((t, u]) = 0}. Theorem 4.2 is a generalization of this result 
from the case of a point process to that of a random measure. 

5. Techniques for deriving equilibrium equations II 

In this section, we consider a martingale approach for RCL, which is called a 
martingale RCL. We then review Davis's [19] work from the point of view of the 
martingale RCL, and consider the Kolmogorov differential equations typically 
arising in queueing and related applications. 

In our martingale approach, we make the following two assumptions in addi- 
tion to (2-v) and (2-vi). 

(5-i) N and {X(t)} are adapted to  a filtration {Yt}, 
(5-ii) N admits a stochastic intensity A(t) with respect to {Yt}. 

Note that we do not assume the stationary assumptions (2-i)-(2-iv). For simpli- 
city, we here also assume that X(t) is bounded. As noted in section 2, under assump- 
tions (5-i) and (5-ii), if AX(t) is predictable, then the rate rN(AX, t) can be 
calculated. However, the predictability of AX(t) does not hold in general. To ease 
this difficulty, we use the idea of Davis [19], which was applied to a special but 
important class of Markov processes. We will discuss this Markov process later. 
Let Ti be the ith point of N after time 0. We first note the following lemma, which 
was originally obtained for the piecewise Markov process, PD Markov process for 
short, by Davis [19] (see proposition 4.3 of his paper). The following result does 
not require any Markov property. 

LEMMA 5.1 

Under assumptions (2-v), (2-vi), (5-i) and (5-ii), if X(t) is bounded for all (t, ~) 
then 

jltAX(u)N(du)- fot(E(X(u)[ff:u_)- X(u-))A(u)du (5.1) 

is a martingale with respect to {Yt}. 

e oof 
Since N admits a stochastic intensity, the boundedness of AX(t) implies 

E(AX(t) 1 {N({t})=l} I~:s)  ---~ 0 for S < t. Hence, we have, for 0 < s < t, 
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O0 

E(E( AX( T~) I{T,<t}J~T,- )I~,) 
i=N( (O,s) )+ l 

CX3 

i=N( (O,s) )+ l 

= E(~tE(AX(u)[~'u_)N(du)l~es), 

where, for a stopping time z, YT- is the a-field generated by Y0 and all sets of the 
form At fq {t<z} for At i l t  and all t>~0 (see D3 of page 279 of [7]). This implies 
that 

fotAX(u)N(du)- fotE(AX(u)[fr,_)N(du) 

is a martingale. Note that E(AX(u)]Yu_) may not be well defined for an arbitrary 
u because AX(u) = 0 except for u = T/. So far, we rewrite it as E(X(u)lYu_ ) 
-X(u-),  which is a predictable process. Since N has the stochastic intensity A(t), 

fo tE(AX(u)[ff:u-)N(du) fo' - - X ( u - ) ) A ( u ) d u  

is a martingale. Hence, we get (5.1). 

Remark 5.1 
One might think to define a right-continuous process { Y(t)} for AX(t) by 

+oo 
Y(t) = ~ aX(Ti)l{T,~t<r,+,}. 

i=--oo 

Mazumdar et al. [65] have actually used this process to study the sample average 
version of RCL (see section 6). However, it cannot replace E(X(u)15~,,_) - X(u-) 
in (5.1) because it is not predictable. We need supplementary quantities to do it (see 
page 765 of [65]). 

Remark 5.2 
We can generalize 1emma 5.1 a little. Suppose that N has a decomposition 

NI + N2 such that N1 admits a stochastic intensity ,'~1 (t) but Nz does not so. Then, 
the proof oflemma 5.1 shows that, if the points of N2, which are denoted by {T2,n}, 
are predictable, i.e. Tz,n is measurable with respect to 5rT2,_, then we have 
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fo tAX(u )N(du) -  [fot(E(X(u)]5=u-)- X(u-))Al(u)du 

+ fotE(AX(u)lS:u-)N2(du)] 

is a martingale. Davis [19] exactly got this result for the PD Markov process, in 
which N2 is generated by instants hitting the boundary in a deterministic way. 

Since X(t) - X(0) - fo X'(u)du = Jo AX(u)g(du), lemma 5.1 establishes the 
next result. 

THEOREM 5.1 
Under the assumptions oflemma 5.1, 

x ( t )  - x ( o )  - [ X ' ( u )  + - X(u-)) (u)ldu 

is a martingale with respect to {5~t}. 

(5.2) 

Since theorem 5.1 holds without stationary assumptions, it suggests a time-depen- 
dent version of RCL, which will be discussed in section 8. 

We now add the stationary assumptions (2-i) and (2-ii) for A = N. Take the 
expectation of(5.2), then the stationary assumptions yields 

fo ' [e(x '  (u)) + e((E(X(u) I~,_ ) - X(u-))A(u)] = du 0. 

Hence, we have 

E(X'(O)) + E((E(X(O)IYo_) - X(0-))A(0)) = 0. (5.3) 

It is easy to see that (5.3) is equivalent to RCL (2.9) (also (2.15) for k = 1) 
because, under the stationary assumptions, (5.1) yields 

E((E(X(u)I~'u_ ) - X(u-))A(0)) = AEN(AX(0)). 

Remark5.3 
In (5.3), we can replace E(X(0)[~0_) - X(0- )  by Y(0-)  of remark 5.1 because 

of the stationarity. Bremaud et al. [9] derived RCL (2.9) from this formula by using 
Papangelou's [92] theorem. 

This martingale approach gives less general RCL for the stationary case because 
of assumptions (5-i) and (5-ii), but is useful to study characterizations of the sta- 
tionary distribution ofa Markov process as we will see in the following. 

We briefly review Davis' [19] work from the point of view of RCL. He intro- 
duced the so-called PD (piecewise deterministic) Markovprocess, and calculated its 
generator. The state space of the PD Markov process is the union of finite-dimen- 
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sional vector spaces indexed by elements of a countable set. Its sample path takes 
values in a common vector space between adjacent jump instants and changes its 
vector spaces at jump instant. For simplicity, we here assume that it always takes 
values in a single vector space R k, i.e. the k-dimensional vector space. Let M and F 
be an open subset of R k and its boundary, respectively. The process Y(t) 
= (Yl(t) , . . . ,  Yk(t)) is called a PD Markov process if it takes value in K = M tA i-' 
and if its dynamics is described as follows. It has a deterministic sample path 
between jump epochs, whose trajectory is uniquely determined by a differential 
equation, for Y(t) ~M, 

d (t) 
dt = gi(Yl(t), . . . ,  Yk(t)) (l~<i~<k), 

for given functions gg, which are continuously differentiable functions from R k to 
R. Its jumps occur either according to a stochastic intensity A(Y(t)) or when Y(t) 
hits the boundary set F. Here, we use a natural filtration generated by all the past 
history. We denote the point processes generated by these jump epochs by N1 and 
N2, respectively. At either of these jump epochs, Y(t) changes values according to a 
transition function Q(y, dz). We remark that the PD Markov process with the gen- 
eral state space includes the piecewise linear process of Gnedenko and Kovalenko 
[35], GSMP, and a self-clocking jump process, SCJP for short, of Miyazawa [79]. 

L e t f  be a function from K to R which is partially differentiable in the interior 
M and defined at the boundary F by the limit off(yt) for the trajectory Yt ~ M. 
We denote a set of these functions f by CI(M,F). Define X(t) =f (Y( t ) )  for 
f s C 1 (M, F). Then, we have 

k ~ y=Y(t) X;(t) = Z g i ( Y l ( t ) , . . . ,  Yk) .(Y) , (5.4) 
i=i 

where y = (Yl, . . . ,  Y~). Davis [19] assumed tha t f  ~ C 1 (M, F) satisfies 

f a(y, dz)f(z) = f ( y )  (y~P) .  (5.5) 

Then, in view of remark 5.2 and theorem 5.1, we see 

[/0' X(t) - X(O) - X'(u)du + Oc(z) 

- f ( r (u - )  ) )Q( Y(u-),  dz)A(Y(u-)) du] (5.6) 
. A  

is a martingale. Define an operator A fo r f  ~ C 1 (M, F) satisfying (5.5) by 

~,~Of fK oqf(y) = ~gi(yl,...,y~c)-~S,,.(y ) + ( f (Z)- f (y))Q(y,  dz)A(y), (5.7) 
i=1 

where y = (Yl,--., Yk) e K. o4 is called a full generator (see section 3), which was 
named as an extended generator by Davis [19]. Then, (5.2) is equivalent to that 
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~0 t x(t)- x(0)- Af(r(u))du 

is martingale. Thus, by taking the conditional expectation given that Y(O) = y, 
we get 

Ey(Y(t)) - f ( y )  = Ey(Af(Y(u)))du, (5.8) 

which is called Dynkin's formula. Thus, as is well known and also can be seen 
from (5.8) (e.g. see proposition 9.2 of chapter 4 of [27]), if the domain of A satisfy- 
ing (5.5) is wide enough to determine a distribution on M, i.e. if it is a core, then 
the stationary distribution u is characterized by vA = 0, i.e. for a l l f  in a sufficiently 
large class, 

mAf(y)v(dy) = O. 

If N2 = 0, then (5.5) is not necessary, and therefore we have the following result. 

THEOREM 5.2 
For the PD Markov process satisfying N2 = 0, v is a stationary distribution if 

and only if the following equation holds for a l l f  e C 1 (M, F). 

gi(Yl,...,ykl-~yi(Ylv(dy) + (f(z) - f (y ) )Q(y ,  dz))~(y)v(dy) = O. 
i=1 

(5.9) 

Remark 5.4 
If N2 # 0, we do need to prove that the domain of A satisfying (5.5) is a core, 

which is not trivial because of(5.5) and the definition of C 1 (M, F). This fact has not 
been cared for in [17]. For a subclass of the PD Markov process, Miyazawa [79] 
gives a characterization of the stationary distribution for the case where N2 # 0 but 
N I = 0 .  

Because (5.3) and hence (5.9) are the stationary RCL, theorem 5.2 says that 
RCL can be used to determine a stationary distribution in that case. The theorem is 
also interesting since it verifies the ordinary approach of the Kolmogorov differen- 
tial equations, which have been derived intuitively in much of the queueing litera- 
ture (e.g. see [38,115,118]). We consider this in the following. 

Let us consider the following situation. There are infinitely many clocks with 
numbers i = 1 ,2 , . . . ,  and finitely many of them are running with given lifetimes 
under a e I, where I is a countable set and called a macrostate space. Those running 
clocks are called active, and at least one clock is assumed to be active in all time. 
We assume the following dynamics. If one of the active clocks attains its lifetime, 
then the macrostate, the set of active clocks and their lifetimes change according to 
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a given transition function Q. Here, advancing rates of active clocks may depend 
on the macrostate. Furthermore, the macrostate also specifies a set of active clocks. 
In Miyazawa [79], this process is called the self-clocking jump process, SCJP for 
short, which is a natural extension of the generalized semi-Markov process, GSMP 
for short. GSMP has been used to study the insensitivity of queues (e.g. see 
[32,100,118]). As discussed in [79] and [84], SCJP covers various kinds of stochastic 
processes arising in queues and related models, which cannot be formulated by 
GSMP. There are two ways to formulate SCJP as a Markov process. One is to sup- 
plement the macrostate by the attained lifetimes, and the other is to do this by the 
remaining lifetimes. These two cases exactly correspond to the PD Markov process 
with N2 = 0 and with N1 = 0, respectively. 

We first consider the attained lifetime case. Let a(t) be a macrostate at time t, 
and Y~(t) (1 ~< i<~d(a(t))) be the attained lifetime of the ith clock running at time t, 
where d(.) is a function from I to the set of all positive integers. Then, 
{ Y(t)} = (a(dtl, Y1 ( t ) , . . . ,  Yd(s(t))) under a(t) = a is the PD Markov process with 
Ms = [0, c~) (s) and/~s = Ms - (0, c~) d(s) (a ~I).  The state space of this PD Mar- 
kov process is given by K = UsEi{a} x Ms and the boundary set by r = Us~iFs. 
Denote the advancing rate of the ith clock under a by es,i. Note that 
dYi(t)/dt = c~(t),i. We assume that the lifetime of the ith clock activated under a 
has a distribution Fs,~ with a densityfs,~. We here allow the transition function to 
depend on the clock, say the ith clock, which causes the state change, and denote it 
by Qi. This is only a minor extension of the PD Markov process. Then, it is easy 
to see that the rate of expiring of lifetime is given by 

a(s) 

A(y) : ~Cs, iAs , i (Yi )  for y = ( a ,  y l , . . .  ,Yd(s)), 
i=1 

where 

fs,i(Yi) (1 <<.i<~d(a)). 
As,i(Yi) - 1 - Fs,i(Yi) 

For example, see chapter 2 of [44] or chapter 18 of [59] for the details of the deriva- 
tion. Hence, the full generator A is given by, f o r f  e C 1 (K), 

d(s) Of /gOC(z) _ f(y))Q(y, dz)As,i(yi)] . Af(Y) = i~=l CS,i[~yi(Y) + 

Thus, theorem 5.2 tells us that a distribution u on K is stationary if and only if, for 
a l l f  in a sufficiently large subclass of C 1 (K - / ' ,  F) which can determine a distribu- 
tion on K - F, 

a(s) 

~=l c~'i [ fK ~fi (y)u(dy) + fK ~ Or(z) - f (Y) )Q'(Y' dz)As'i(Yi)u(dY)l = 0 .  (5.10) 
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Assume that u admits a partially differentiable density 7r on K - 17, Qi(y, dz) 
admits a density qi(y, z)dz a n d f  is bounded. Then, by applying partial integration, 
(5.10) becomes 

d(~/ [ f c & r  E ca,i -f(yi)Tr(yi) - f(y)-~yi(Y)dy 
i=1 

+ is<: i x  (f(z) -S(y))qi(y,z)dz + Ac~,i(yi)Tr(y)dy] = O, 

where the first component of dy means the summation on [,Yi = Ylyi=0, and 
~r(yi) = limy-+yi 7r(y). Hence, by identifying coefficients off(yi)  andf(y) ,  we get 
the so-called Kolmogorov differential equations. 

COROLLARY 5. I 
For the SCJP supplemented by the attained lifetimes, u is the stationary distribu- 

tion admitting a density 7r on K - F if and only ifTr satisfies 

ECa,i  7r(yi)-- qi(z, yi)~,i(zi)Tr(z)dz = 0 ,  (5.11) 
i=1 

d(c~) 7 
+ A~,i(yi)Tr(y)| 0 (yeK-  F).  E Co~i 

i=1 LOyi 3 
(5.12) 

Remark5.5 
In the literature, (5.11) is called a boundary condition. If the lifetime has an expo- 

nential distribution, then it is not necessary to supplement the process by the 
attained lifetime. In this case (5.12) can be modified as follows. Suppose that the 1 st 
clock always has the exponential distribution with 1/Aa,1. Then, (5.12) is equiva- 
lent to 

d(a) 07r A~,i(yi)Tr(y) 1 + c~,1 i~__2 ca'i[-~Yi (y) + I Aa'lITr(Y) - fKqx(Z'Y)Tr(z)dzl =0"(5"13) 

Remark5.6 
It is not difficult to see that the above argument can be generalized for the gen- 

eral PD Markov process with N2 = 0. Furthermore, the Kolmogorov differential 
equations at a given time t can be obtained for the nonstationary case in a similar 
way. 

We next consider the remaining lifetime case. In this case, we use the stationary 
RCL (2.9) itself to characterize the stationary distribution (see remark 5.2). This 
was studied by Miyazawa [79]. We here just refer to his result. 
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T H E O R E M  5.3 ( M I Y A Z A W A  [79]) 

For the SCJP supplemented by the remaining lifetimes, u is its stationary distri- 
bution and its jump epoch has a finite intensity if and only if there exists a finite 
measure u0 on F satisfying, for all bounded f in a sufficiently large subclass of 
C 1 (K - / ' ,  F) which can determine a distribution on K - F, 

- ~ c~,i-~yi(y)u(dy) + (f(z) - f (y))Q(y,  dz)uo(dy) = 0 
i=1 

(heCI(K)). (5.14) 

Remark 5. 7 
In [84] was discussed the case where a part of the lifetime distributions are expo- 

nential, which is a special case of N1 r 0 and N2 r 0. 

Similarly, to the attained lifetime case (corollary 5.1), Miyazawa [79] also derived 
the Kolmogorov differential equations from (5.14) under the ordinary regularity 
conditions corresponding with (5.11) and (5.12) (see theorem 5.3 of [79]). The Kol- 
mogorov differential equations of this type have been used in much of the litera- 
ture, too (e.g. see [3,102]). 

6. Sample average method  and Mecke's  formula 

In this section, we briefly review sample path versions of RCL and discuss their 
relations to the refined Campbell's formula (4.14) and Mecke's formula (4.15). 
Because the stationary distribution and the embedded stationary distribution can 
be expressed in terms of appropriate sample averages by the ergodic theorem, it is 
easy to get a sample path version of the stationary RCL. For example, if {Or} is ergo- 
dic with respect to P (see [70] for its definition), then RCL (2.9) becomes 

lim 1 f tX , (u )d  u + A lim - 1 s  AX(Ti)= O, (6.1) 
t---~oo t J0  n---~oe r/ i=1 

where Ti = inf {t>0[N((0, t]) = i}. As pointed out in Sigrnan [105], from the sam- 
ple path relationship (2.8), we can see that, if the limits in (6.1) exist an if 
X(t)/t--~ 0 (t ~ oe), then (6.1) holds without any probabilistic assumptions. This is 
the advantage of the sample average method (see [110,119]). So far, we here rewrite 
(6.1) as a deterministic formula, 

. l f 0 t  n li_rn t x~(u) d u +  A lim l~- -~Ax( t i )=0 ,  (6.2) 
t n--~oo r//__~ 

where x(t) is a deterministic function which has right-hand derivatives, and {tn} is 
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an increasing sequence of jump epochs of x(t) satisfying ~ = limn-+~ n/t. < ~ .  
We call (6.2) a sample average RCL. Whitt [119] called this situation the determinis- 
tic framework while he called the stationary structure such as the one used in sec- 
tion 2 and 4 the stationary framework. 

Whitt [119] recently wrote a nice review concerning Little's formula and its 
extensions, H = AG and its family, which are known to be very useful sample path 
formulas in the queueing theory (e.g. see[ 11,34,40,110]). Following Sigman [105] 
(see also [119]), we derive H = AG from (6.2). Let dn be a sequence of numbers satis- 
fying tn <<,dn and l i m n - ~  dn/n = 0, and letfn be a real valued function on [0, + ~ )  
satisfyingfn (t) = 0 for t ~ [tn, dn]. Define 

x(t) = f . ( u ) d . .  
n=l  

One can show that limt~oo sup{nidn <~t)/t = ~ (see e.g. [108]), which implies 
- -  ~n : l f n (  ) and Ax(tn)= fo fn(u)du, we have limt-+oo x(t)/t 0. Since x~(t) -- - o~ t oo 

(6.2), and hence 

1 oo r t  1 " r ~  

t~rn~tn~-l_ Jo f~(u) du= ~n~oonlim -~--~,=1 J0 / j~(u) du. (6.3) 

In particular, if f (t) = 1 for t~ [tn, d~] and if t~ and dn are respectively the arrival 
and departure times of the nth customers, then (6.3) agrees with Little's formula 
(see [119] for details). As noted by Stidham [109] and Whitt [119], (6.3) corresponds 
with Campbell's formula and therefore with the refined Campbell's formula 
(4.14) for a stationary point process N. Because theorem 4.2 tells that (4.14) is 
RCL, we again see that (6.3) can be regarded as the sample path version of RCL. 

The formula H = AG has been extended in several ways. Rolski and Stidham 
[96] obtained its continuous input versions. Glynn and Whitt [34] further extended 
them to the case of the two-dimensional cumulative input process. Stidham and 
E1-Taha [112] proposed X = AY, which is also a certain extension of H = XG. 
Whitt [119] reviewed some aspects of these formulas. We here show that Mecke's 
formula (4.15) leads to the continuous input version of H = AG due to [96]. To see 
this, we first give a sample path version of(4.15). 

L E M M A  6.1 

Under the assumptions for (4.15), if {Ot) is ergodic with respect to P, then 

1 f t /  f+~ v, Ou)A(du) ~) ,r'-. Tjo t,J_  f ( " -  
1 t +o~ du) A(dv) = l i m -  f ( f ~  f(u, Ov) a.s.P. t ~  t Jo \ 

(6.4) 
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Proof 
By theorem 2.1 of[71], the left-hand side of(4.15) becomes 

E(f_+~f(u, Ou)A(du)) i f  t /  f+~ Ou)Z(du))o CJ= +/u, 
1 t +ec 

= l i m -  f ( f~o  f(u,O.+v)A(du +v))dv t ~ t d o  \ 
1 t 

=tlLmtf0 ( f 7  f ( u -  v, Ou)A(du))dv a.s.P, 

and the right-hand side of (4.14) becomes 

�9 ,~EA(f_Tf(u, Oo)du)=liml  f(fTf(u, Oo)du)oO A(dv) t-~oo t Jo 

: l i m l f t ( f  +~176 ) t+oot Jo f(u,O~)du A(dv) a.s.P. 
O0 

[] 

Let {Z(t)} be a nonnegative-valued process consistent with {0t}. For an arbi- 
trary fixed co satisfying (6.4), let y(t) = A((0, y]) and y-1 (t) = inf {uly(u ) > t}. We 
define w(x) as 

w(x) = Z(y-l(x)) (x>>.O), (6.5) 

and, following [96], l(t) as 

l(t) = l{y-l(x)<~t<y-l(x)+w(x) } dx (t>>.O) . (6.6) 
o o  

We now def inef  in (6.4) as 

f(u, Or) = l{o<-,<z(o)} o Ov 

= l{o<-,<z(,)} �9 

Then, we can see, by changing variables with x = y(u) 

f7 /7 f(u-v,O,)a(du) = l{0<~_,<z(u)}y(du) 
OO 

=fTl{o<v-y-l(x)<Z(y-l(x))} dx 

= l{o<v_y-l(x)<w(x) } dx = l(v). 

On the other hand, we have 
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fot Z L ~ f  (u, Ov) du A(dv) = ~ot ZL~176 l{o<-u<Z(v)} du y(dv) 

/o = Z(v)y(dv) 

Z t F = w(y(v))y(dv) = w(x)dx. 
JO 

Hence, lemma 6.1 and limt ~ o0 y(t)/ t  = A yield the following result. 

THEOREM 6.1 

Under the assumptions of lemma 6.1, if {Z(t)} is jointly stationary with A, we 
have, for w(x) and l(t) defined by (6.5) and (6.6), respectively, 

1 f t 1 f t 
lim - I l(v)dv-- A lim - I w(x)dx a.s.P. (6.7) 
t ~  t Jo t-,-~ t .Io 

This exactly corresponds to theorem 1 of [96], and can be regarded as RCL by 
theorem 4.2. Note that the stationary assumption removes the complicated regular- 
ity condition given in [96] (see assumption (III) of [96]). Similarly, we get a general 
version of the continuous-time H = AG corresponding to theorem 2 of [96]. A 
further study of this direction is given in Miyazawa [83]. 

Stidham [111] recently gave sample path versions of the inversions formula and 
Palm probability measures for stationary point processes, and E1-Taha and Stid- 
ham [26] discussed further details of their approach for a process with jumps (see 
also [25,113]). The sample average method has been frequently used to prove and to 
interpret stationary results. For example, see [122] and [99]. On the other hand, 
Mazumdar et al. [65,64] considered the sample average RCL in a stochastic frame- 
work but not in the stationary framework. They used the theory of martingale to 
consider the existence of limits, and expressed the second sample average in (6.2) by 
using a stochastic intensity; processes with unbounded variations are considered 
in [64]. 

7. Quasi-expectation framework 

Because the sample path method does not need a probabilistic structure, one 
might think that the sample average RCLs discussed in section 6 are more general 
than the stationary RCLs, that is, the deterministic framework is more general 
than the stationary framework for RCL. In the following, we will show that this is 
not correct in a certain sense. That is, we introduce a weaker probabilistic struc- 
ture, and show that the sample average RCLs in the deterministic framework can 
be obtained in exactly the same ways as the stationary cases. Of course, this does 
not detract from the advantage of the sample average method, which enables sim- 
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ple and straightforward arguments (e.g. see [39,123]). However, it seems impor- 
tant to recognize that there is no essential difference between the stationary RCL 
and the sample average RCL in the deterministic framework. 

We first illustrate our idea by reconsidering the derivation of RCL (2.9). To get 
the RCL, we operate the expectation to (2.8) and rewrite the expectation of the 
jump part by Palm probability measure. The key feature of this argument is the fol- 
lowing two points. The first is: the expectation is a linear operator and exchange- 
able with the integrations. The second is: the expectation is invariant concerning 
the shift operation by {Or}. We here consider such an operator on a space of determi- 
nistic functions. In fact, this is not a strange idea, and it is well known that the 
expectation can be viewed as a linear and positive operator on a space of functions 
which are defined on an appropriate topological space (e.g. see [37,121]). In the 
actual construction of the expectation, it is important to consider a topological 
structure of the underlying function space. Because our intention is not to define 
the expectation but to weaken its definition so that it is applicable to get RCL under 
the deterministic framework, we neither assume any topological structure for the 
underlying function space nor use any or-field. 

DEFINITION 7.1 
Let S) be a set and ~ be a set of all functions from ~ to R. A function ~ from a 

subset of ~ to R is called a quasi-expectation if it is linear, positive, and g(1) = 1 
for the 1-valued constant function 1 E~ .  Here, g is said to be linear if 

(ahl + bh2) = a~ (hi) + b~ (h2) for hi, h2 E ~ and a, b E R, and positive if ~ (h) i> 0 
for h e ~ satisfying h(g)>~0 for all g e S). (g2, 9s E) is called a quasi-expectation 
framework. 

DEFINITION 7.2 
For the quasi-expectation framework (g2, 9s E), {0t}t~>0 is called a continuous- 

time shift operator if it is a semi-group operator defined on ~,  i.e. 
O~ o Or(g) -- O~+t(g) for g e ~.  Assume that the shift operator group {Or} is defined. 
Then, h te  ~ (t f> 0) is said to be consistent with {0~ if h~ o Ot = hs+t for all s, t ~> 0, 
and ~ is said to be stationary with respect to {0t} if ~. (h o Or) = ~ (h) for all t ~> 0 and 
for all h in the domain of g, where h o Ot(g) = h(Ot(g)) for g s ~ .  Similarly, we 
define a discrete-time shift operator {~Tn}n=0+~ on g), call hn ~ fC to be consistent with 
{rln} i fhm o ~Tn = hm+n for all nonnegative integers, m, n, and g to be stationary with 
respect to {~7, } if ~ (h o rln) = g (h) for all n ~> 0 and for all h in the domain of ~. 

Throughout this section, our discussion is given under the following determinis- 
tic framework. L e t f  and # be a real-valued function and a point measure, respec- 
tively, on [0, +oo), where a point measure means that it is atomic and each atom has 
value one. They are deterministic and can be interpreted as sample paths of a sto- 
chastic process and a simple point process, respectively. We assume t h a t f  is contin- 
uous on the right and has limits on the left, and that 
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A =  lim #((0, t]) (7.1) 
t~oo t 

exists and is finite and positive. For notational convenience, we define f ( 0 - )  = 0. 
In the following arguments,/~ could be an arbitrary measure on [0, +c~), but we do 
not consider this general case for simplicity. We define a set of operators {Ot}t>~o 
in the following way. For t~>0, f o 0t and # o Ot are defined a s f  o Or(s) = f ( s  + t) 
for s>~O,f o Ot(O-) = f ( t - ) ,  and # oOt(B) = #(B + t) for Be~([0 ,  +oo)), respec- 
tively. We thenlet ( f  , #) o Ot = ( f  o Or, lz o Or), andput  

= {(/ ,u)  oOtlt>~O}, 

= the set of all functions from ~ to R. 

For g = (fg, #g) E ~, let {tn(g)}n~=l be the increasing sequence of atomic points of 
#e, and define r/n by r/n(g) = Ot,(e)(g). Note that {0t} and {r/n} are continuous-time 
and discrete-time shift operators on D, respectively. We define two quasi-expecta- 
tions on (f2, Js 

DEFINITION 7.3 
For h e ~ ,  we define 

g(h) = lim _1 f ]th(Or, u) oOu)du, 
t--~cx~ t J0 

n 

~~ = n---~ooHlim -1 i~l h((f  or~i), 

so far as the limits of the right-hand sides exist. We denote the domains on which 
and E0 are well defined and finite by ~ and Js respectively. 

Remark 7.1 
The idea of using sample averages for representing expectation-like characteris- 

tics is standard, and can be found in the literature. For example, see [105] and 
[111]. A similar idea was also found in [95], in which the average of distributions is 
used. The key point of our definition is to define them through the function space 

Note that 9s and 5% are linear subspaces of ~ ,  where a linear operator on ~ is 
defined as usual, i.e. by (ahl +bh2)( t )=ahl ( t )+bhz( t )  for a, be[0 ,+c~)  and 
hi, h2 e ~ .  Then, it is easy to see that s and E0 are quasi-expectations defined on 9s 
and 9s respectively. 

EXAMPLE 7.1 
We consider how probabilities are defined for ~.  For B ~ ~ (R) and g E ~,  define 

hB(g) = l{fg(0)~B}, where g = (fg, ug). Let A be a set of all B so that E(h~) exists. It 
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is not difficult to see that A is a subfield of ~3 (R). Hence, if g has countable additiv- 
ity for all ha (B cA), then we can define a probability measure on (~, or(A)) by the 
Kolmogorov's extension theorem (e.g. see [37]). Note that this probability agrees 
with the sample average of 1 {f(t) ~n}. For example, ifA is a finite set, then the counta- 
ble additivity is clearly satisfied, but it seems difficult to get the countable additiv- 
ity in general. 

We first show stationarity of the quasi-expectations g and G0. 

LEMMA 7.1 

(a) g and E0 are stationary with respect to {Or} and {rln), respectively. 
(b) g(_h) = f~go(f~ 2 h o 0u du) for h~9s where (fhudu)(g) = f h u ( g ) d u f o r  hu~9s 

andg ~ ~2. 

Proof  
By the definitions, we have 

E(h o 0~) = lim 1 .~t ,--*~7 h ( ( f , u )  oOu+s)du 

lira 1 :~+t  = - h ( ( f , u )  o O . ) d u = E ( h ) ,  
t-+ oo l as 

n 

s = lim l~-"+h(( f ,u)  orliorl~) 

1 n+k 

= nlk m n h ( f  o,7 ) = 
i=k+l 

(b) is also a direct consequence of the definitions g and E0. [] 

Remark 7. 2 
(b) corresponds to the inversion formula (4.13). Stidham [111] obtained a prob- 

ability version of (b) under a different formulation. 

We now give the first RCL in our formulation. We will use the following condi- 
tions, which correspond to those for the stationary RCL (2.9). 

(6-i) All discontinuous points o f f  are included in the points of atoms of#. 
(6-ii) f ( t )  has a right-hand derivativef'(t) except for the discontinuous points. 
(6-iii) f '  = limt+ ~ I f o f '  (u) du exists and is finite. 
(6-iv) ~ff _= limn + ~ ~ E?=I Af(tn) exists and is finite. 

We define ho, h'o, A h o z ~  as ho(g) =fg(0),h~(g) =fg(0) and Ah0(g) = Afg(0) for 
g =_ (fg, #g) ~ f2. The next result is a reformulation of the sample average RCL 
(6.2). 
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THEOREM 7.1 

Under assumptions (6-i), (6-ii) and (6-iii) (or (6-iv)), if limt~oof(t)/t = 0, then 
h~ e 9s and Aho e ~o ,  and 

E(h~) + XE0(Ah0) = 0. (7.2) 

Proof 
By assumptions (6-i) and (6-ii), we have 

t u((0,t]) 

f ( t ) - f ( O )  = fo f ' (u)du+ E Af(tn). 
i=1 

Dividing both sides of this equation by t and letting t to infinity, we get (7.2). 

(7.3) 

[] 

Lemma 7.1 and theorem 7.1 are just interpretations of the sample average for- 
mulas and corresponding point process formulas. The next step is to derive (7.2) 
under the quasi- expectation framework, in whose argument we will have some 
drawback because the quasi-expectations are not exactly the expectations of sta- 
tionary probability measures. We start with the definitions of rates, which exactly 
correspond to those of the stationary case (see definition 2.1). 

DEFINITION 7.4 

For h e ~ ,  define 

and 

r(h) = lim E(f~~ h ~ Ou du) 
6~o 

U V'z(6) h Or,).) ro(h) = lim E(f~ h~ - l i m  kA.~i=X 
0 

6~o 6 ~ol 6 ' 

so far as they exist, where (fhutz(du))(g) = fhu(g)#(du) for hu effs We call r(h) 
and ro (h) rates ofh with respect to Lebesgue measure and to #, respectively. 

To discuss the existence of these rates, we introduce the following two classes. 

9s {hlh+,h-e~}, 9-C~ = {hlh+,h-~9-Co}, 

where h + (g) = max(O, h(g)) and h- (g) = max(O, -h(g)). 

LEMMA 7.2 

For h e 9s 

(/o s ) E hoOudu =sE(h), (7.4) 
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and, for h ~ J~ ,  

(/o E h o Ou#(du = AsEo(h), (7.5) 

and hence r(h) = s for h E 5C, and to(h) = AE0(h) for h ~ ~ .  

P r o o f  
We prove (7.5) and omit proving (7.4), because it can be proved exactly in the 

same way as (7.5). By the definition of E, we have, for g = 0 r, #), 

E (SoSh ~ Ou#(du) ) = tli-,.m~ t doft [ sos(h ~ Ou)(g)#(du) ] o O~ dv 

1 7; ] = lim f t  (ho O.+v)(g)#(du+v)  dv 
t - ~  t Jo 

= li-*l~! ft[SvS+V(h~ ootjo 
by applying Fubini's theorem, 

lim alL'ion ~tJlu + f~+t~t ] = - + (h o Ou)(g) dv #(du), 
t --* oo t d t u-- s 

since the first integration term is bounded in t, 

- -  - s (h o Ou)(g)iz(du) + (s + t - u)(h o Ou)(g)#(du 
t ' '~00 t d l  

= s l i m  (h o Ou)(g)#(du) = sXs 
i.....~ 00 7 ~ 

where we have used the fact that 

l i m  1 s+t(s + t - u)(h o Ou)(gMdu) ~ ~m 7 J, I(h o O u ) ( g ) l . ( d u )  = O, 
t ~  t at 

(7.6) 

since h ~ 9s [] 

R e m a r k  Z 3 
The restriction h ~ 5s is only used in the last step. Hence, it can be replaced by 

(7.6). 

Note that (7.5) exactly corresponds to the definition of Palm probability mea- 
sure (see definition 2.2). Thus, E and ~0 generalize stationary and Palm probability 
measures, respectively, in which we put ~ = ~2 and ~ = a set of all random 
variables. 

We are now ready to give RCL in the quasi-expectation framework. 
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T H E O R E M  7.2 

Under assumptions (6-i) and (6-ii), if either two of h~ ~ ~*, Ah0 ~ 5Y~ or h0 o 0t 
-h0 e ~ for all t > 0 hold and if 

then we have 

and hence (7.2) is obtained. 

lim -1E(h0 o Ot - h0) = 0, (7.7) 
t--* oo t 

r(h~o) + r0(Ah0) = 0, (7.8) 

/'roof 
(7.3) is equivalent to 

/0' Ji' h0 o 0t - h0 = h~ o 0, du + ~ 0  o 0u~(du). (7.9) 

By the assumptions and lemma 7.2, the right-hand side of (7.9) is in ~ and there- 
fore ho o Ot - ho ~ ~ .  By operating 8 on both sides of (7.9) and using lemma 7.2, we 
have 

8(h0 o Ot - ho) = t(r(h~o) + r0(Ah0)). (7.10) 

Hence, dividing both sides of (7.10) by t, condition (7.7) yields (7.8). [] 

R e m a r k  7. 4 
There are simple sufficient conditions for (7.7). First: it clearly holds if h0 s ~ .  

Second: note that (7.7) can be expressed by 

lim lira 1 f t  f (u + s) du = O . 
t "* c~ s oo t J o s 

Hence, iflims~ oo f ( s ) / s  = 0, then (7.7) holds (see section 6). 

R e m a r k  7.5 
For RCL in the stationary framework, condition (7.7) is not necessary because 

we can apply the truncation argument as we did in the proof of theorem 2.1. 
Furthermore, the corresponding classes :~* and ~ ;  are identical with those of 
and 5s respectively. 

8. Extens ions  o f  R C L  

Recently, there have been conceived various extensions of the stationary RCL. 
We review them in three different directions, RCLs for a discrete-time process, for 
a process with unbounded variation and for a time-dependent process. 
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Discrete-time R CL 
We can derive a RCL for a discrete-time process in a similar way to the case of 

the continuous-time. This RCL will be called a discrete time RCL. For this pur- 
pose, we first need to make clear what are jumps and how derivatives are defined in 
a discrete time process. In the ordinary sense, a discrete time process always has 
jumps between each pair of adjacent time instants, and the derivatives cannot be 
defined. For defining them properly, we consider a multivariate process whose 
components describe the jumps of a process. The following formulation is due to 
Miyazawa and Takahashi [88], but we slightly change their definitions of jumps. 
Let Xn = (Xn,o, Xn,1,...) be a discrete time process valued in R ~ We view 
X,,i - X,,i-1 as the i thjump size at time n. These multiple jumps at the same instant 
are used not only to distinguish the derivative part but also to describe the occur- 
rence of simultaneous events, which are typical in discrete-time applications (e.g. 
see [116]). Let Ni be a simple point process on Z = { . . . , - 1 , 0 ,  1 ,2 , . . . }  for 
i = 1, 2, . . . .  Define N = ~i~176 Ni, which means a superposition of all Ni. We use the 
following assumptions. 

+c~ N cr (8-i) (Xn) ,=_~ and { i}i=l are jointly stationary. 
(8-ii) AiX, =- Xn,i - Xn,i-1 >0 onlyifNi({n}) >0. 
(8-iii) The intensity of N, )~ = E[N({0})], is finite and positive, where E denotes 

the expectation with respect to the probability measure P under which (8-i) 
holds. 

By assumption (8-iii), N({0}) is finite and hence there are finitely many jumps at 
each time. Hence, X* - limi--,o~ Xn,i exists. Define AoXn = Xn,0 - X~_ 1, which cor- 
responds to the derivative. 

Remark 8.1 
The definition of Ai(i~<0) is different from that given in [88], in which 

AiX~ - X~,i+l - X~,i. The latter definition causes time-shift problems in certain 
applications (see example 4.3 of [88]). 

Define Palm probability measure PNi with respect to Ni for i >~ 1 by 

PN,(A) = P(AINi({O})>O ) ( A e Y ) ,  

and let hi = P(Ni({O)) > 0), which is called the intensity of Ni. In fact, PN; and )~i 
are counterparts of those of the continuous-time case (see section 2 of [88]). 

Remark 8.2 
For a discrete-time process { ]1,}, the rate of Y concerning a point process N is 

defined by ru(Y ,  n) = E(Y. I{N(0) >0))). Hence, similarly to the continuous-time 
process, we get ru(Y)  = )~EN(Y) for a process { Yn} which is jointly stationary with 
N. In connection with the ASTA problems (see example 2.1), Makowski et al. [63] 
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studied the sample average versions of the rates for a discrete-time process. They 
used a discrete-time martingale for discussing them. In view of the quasi-expecta- 
tion (see section 7), their rates can be expressed by the stationary ones discussed 
here. 

By assumption (8-ii), we have 

O(3 

X n -- Xn*_ 1 = AoXn -t- Z A i X n l { N ( { n } ) > o } .  
i=1 

Hence, assumptions (8-i), (8-iii) and the definitions of Palm probability measure 
yield the following discrete-time RCL (see lemma 3.1 of [88]). 

LEMMA 8.1 
Under assumptions (8-i), (8-ii) and (8-iii), if E([X~I ) and either E([AoX0[) or 

~-~-i~l/~iEN,(IAeXOI) are finite, then 

(3O 

e(A0x0) +   eN,(A,Xo) = o. (8.1) 
i=1 

We next consider an embedded process just before all jump epochs. Define a 
sequence : 2  1+~ as ( n J n = - - o o  

�9 . . ,  X , -1 ,M._ , ,  X , , o , . . . ,  J ( , , M . , . ~  

where M, = N({n}) + 1 and 20 = X0,0. Let jm be the ruth jump epoch of {k,} at 
which the corresponding Ni({k}) > 0, where jl is the first jump epoch after time 0. 
Define rlm to be a shift operator of the sequence {2,} so that rim({2,}) = {Xn-m}. 
Then, we can define a certain version of Palm probability measure -PH for all events 
generated by {2,} so that {~7,} is stationary with respect it, and get the following 
result (see section 3 of [88]). 

THEOREM 8.1 (MIYAZAWA AND TAKAHASHI [88]) 
Under the assumptions oflemma 8.1, define Z, = ~,+l  - Zj,. Then, we have 

E(AoX0) + AbJN(Z0) = 0, (8.2) 

where ~;N denotes the expectation concerning i'u. 

The interesting feature of the discrete-time RCL is the formulation of simulta- 
neous events in the framework of Palm probability measure. The similar formula- 
tion for simultaneous events can be applied to the continuous-time RCL, too (see 
[78]). Applications of the discrete-time RCL are found in [88]. 
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Semi-martingale R CL 

We consider RCL for a process with unbounded variations. A diffusion pro- 
cess is its typical example. Remember that we formulate RCL for a given random 
measure in section 2. However, in the case of a process with unbounded varia- 
tions, it is not sufficient to only use random measures for the integrators to define 
the rate. So far, we use a martingale as the additional integrator. We will use the 
following notion of a martingale (see also section 2). A real-valued process 
M = {M(t)} is called a local martingale if {M(tA an)} is martingale for a 
sequence of increasing stopping times {an}n%1 satisfying crn T ~(n--~ c~), where 
a/x b = min(a, b). For a martingale M and for a CORLOL process {~(t)} adapted 
to 5rt, we can define the integral fo/3(u-) dM(u), which is a martingale with ~'t 
under suitable conditions (see chapter II of [93]). We here consider a process 
{X(t)} satisfying 

/_~1 f0 t j0 "t X(t) - X(O) = ai(u-)Zi(du) + fl(u-)dM(u), (8.3) 

where ai(t) (i = 1,. . .  ,n) are CORLOL processes, A is a random measure, and 
all of them are adapted to 5:t. X(t) is composed of bounded variation and martin- 
gale terms. Such a process is called semi-martingale. We assume that {M(t)} is 
local martingale and square-integrable, that is, E([M(t)[2) < c~ for all t > 0. Then, 
M2(t) is decomposed as the sum of local martingale and a nondecreasing pro- 
cess. The latter is called a quadratic variation process and is denoted by (M)(t). 
Denote the continuous part of (M)(t) by (M)e(t). We assume, for i = 1, . . . ,  n, 

(8-iv) {a(t)}, {/3(t)},Ai and increments of ((M)C(t)} are jointly stationary. In 
other word, they are consistent with a shift operator group {Ot}. 

(8-v) Ai and {(M)C(t)} have finite intensities. 
(8-vi) f~ Ic~i(u)lAi(du) and fo I/3(u)l 2 d(M)~(t) are finite for all t>0.  

For simplicity, we assume that n = 2, AI is non-atomic and A2 is pure atomic. 
We denote them by A c and A d, respectively, and al (t) and a2(t) by at(t) and ad(t), 
respectively. By taking expectations of (8.3), we can get the stationary RCL as 
we considered in section 2. But this RCL is not so much useful because the martin- 
gale term disappears. In applications, functions of X(t) are important to get its 
distribution and moments. So far, we apply Ito's differential rule to (8.3). Let e 2 
be a set of all real-valued functions on R which are twice continuously differenti- 
able. Then, for a n y f  e e z, Ito's formula (e.g. see theorem 12.13 of [24] or theorem 
32 in chapter II of [93]) reads 
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foo t [ t  Af(X(u)) f (X(t))  - f (X(O))  = f'(X(u))aC(u)A~(du) + Jo AAd(u) ad (u)Ad (du) 

/o' + f'(X(u-))/3(u-) dMC(u) 

+ 1 .~ t f ,  (X(u-))fl2 (u-)  d(M)C(u) 

[t  Af(X(u)) 
+ Jo AMd(u) /3(u-)dMd(u) (t>O) a.s.P, (8.4) 

where M c and M d are the continuous and discrete components of M, respectively. 

Remark 8.3 
The second term of the right-hand side of (8.4) is different from the ordinary 

expression of Ito's formula, but it is not difficult to see that they are equivalent to 
each other. We prefer the form of(8.4) because it is convenient to apply Palm calcu- 
lus. Ito's formula including the jump terms is now standard. Its systematic study 
goes back to Jacod [41]. 

By taking the expectation of (8.4) and using Palm probability measures, we get 
the following RCL, which we call a semi-martingale RCL. 

THEOREM 8.2 

Under given assumptions, if all expectations in the following formula (8.5) are 
finite, then we have 

AcEAc[ac(O )f' ( X(O) )] + �89 ( X(O) )] 

[.Af(X(O)) 
+ )~dEA a [ AAa(0) = 0. (8.5) 

The semi-martingale RCL was firstly obtained by the Mazumdar et al. [64] for 
the case where A c is Lebesgue measure and A a is a point process. They originally 
formulated it in terms of a sample path by using a stochastic intensity of a point 
process. Independently of them, Bardhan and Sigman [2] also derived (8.5) for a 
semi-martingale but not using Palm probability measures widely. They called it a 
general RCL, GRCL for short. The present version of (8.5) is due to Miyazawa 
[80]. 

I fM(t)  is a Brownian motion, then (M)(t) is linear function of t and hence theo- 
rem 8.2 implies the following result (see lemma 2.3 of[80] for related results). 

COROLLARY 8.1 
Under the assumptions of theorem 8.1 if A c is Lebesgue measure and if M(t) is 

a Brownian motion with respect to {5~t}, then we have 
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+ +  dez. 
AU(X(O))- 

AAa(0) 
= O. (8.6) 

Semi-martingale RCL (8.6) are typically applied to processes generated by 
Brownian motions and Levy processes. For example, they are found in [2,64,80]. 
The results of Kella and Whitt [47] can be considered as special cases of (8.6) 
because of (c) of example 2.1 (see also example 2.2). 

Time-dependent R CL 
We finally consider a process starting with a given initial value at time 0, which 

is called a time-dependent process. As we have mentioned in section 6, we can apply 
a martingale to get RCL for a nonstationary process (see theorem 5.1). However, 
such a RCL is not so useful except for Markov processes in general because it is dif- 
ficult to get a stochastic intensity in a closed form (see remark 8.4 below). Here, 
we derive it assuming that the underlying random measures are stationary. For sim- 
plicity, we are only concerned with the point process. The following argument is 
due to Miyazawa [86]. 

We use the same probability space (O, Y, P) as in section 2. Let N be a point pro- 
cess consistent with the shift operator group {0t} and with a finite intensity A, 
where {Ot} is stationary with respect to P. Let {X0 (t)}t~>0 be a real-valued CORLOL 
process, which may not be consistent with {Or}. We define a family of processes 
{Xs (t) }t~> s for all re al number s by 

Xs(s + t) = Xo(t) o Os for all t~>O. 

We apply the refined Campbell's formula (4.14) for 

f (u, Or) = AX-,(O)Ovl(o,t](u) , 

where AXe(u) = X~(u+) - X~(u-) .  Since f (u ,  0u) = AX0(u) and f ( u ,  0o) 
= AX_u(0), we have the following result. 

LEMMA 8.2 

For any t > 0, i f E ( f  o IAXo(u)lN(du)) < c~, we have 

(/0' ) /0 E AXo(u)N(du) = A Ey[AX.(O)] dv. 
t 

(8.7) 

We make the following assumptions. 

(8-vii) The point process N includes all jump epochs of {X0 (t)}t~>0, 
(8-viii) X0 (t) has a right-hand derivative X~ (t) a.s. P at all t, 
(8-ix) X0 (t) and X~ (t) are bounded in each finite interval of t, 
(8-x) EN[AXo(t) o O-t] existsandisright-continuousforaU t>0.  
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Then, we get the following RCL, which is called a time-dependent RCL. 

THEOREM 8.3 (MIYAZAWA [86]) 
Under conditions (8-vii)-(8-x), we have 

d E ( S o ( t ) )  = E(X~(t)) + AEN(AX_t(O)) 

or equivalently, by using the definition of the rate, 

d g ( x o ( t ) )  = rm(X~, t) -]- rN(AX_,, O) 

(8.8) 

(t~>O). (8.9) 

Remark 8.4 
If N admits a stochastic intensity A(t), then, under a suitable continuity condi- 

tion, theorem 5.1 implies 

d E(Xo(t)) = E(X~(t)) + E([E(X(t)If:t_ ) - X( t - )]A(t))  ( t~O) .  (8.10) 

For (8.10), N is not necessary to be stationary. If it does so, i.e. consistent with 
{0t}, then we can get (8.9) from (8.10) in a similar way as we get (2.14) from (5.3). 

P oof 
From conditions (8-vii) and (8-viii), we have, for all t > 0, 

/0 /0' Xo(t) -  o(O) = X;(u) d u +  AXo(u)N(du). 

By taking expectations and using lemma 8.2, we have 

E(Xo(t) - X0(0)) = E(X~(+u) )du+ A EN[AXv(O)]dv. 
t 

Hence, condition (8-x) implies (8.9). 

The next corollary is a time-dependent version of theorem 4.1. 

COROLLARY 8.2 

Suppose the assumption of theorem 8.3, and fix arbitrary real number x and 
positive t. IfE(X~ (t)[X0(t) = u) is right continuous at u = x, we have 

O P(Xo( t )<x  ) = _  E(XD(t)lXo(t ) = x) O P(Xo(t)<~x) 

+/~[PN(X-t(0+) <~x) - P~r(X-t(O-)~<x)]. (8.11) 

Remark 8.5 
(8.11) can be regarded as a certain extension of the Kolmogorov differential 
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equation for a non-Markov process. Bremaud [6] first considered this kind of exten- 
sion, in which X(t) is a counting process. 

Miyazawa [86] also discussed these RCL for the dual process of (~0(t)}, where 
Xs(t) = X_t(-s) for t I> s (see theorem 2.2 of [86]). Semi-martingale versions of the- 
orem 8.3 and corollary 8.2 are obtained in [80]. 

9. Applications of  RCL 

As we have emphasized, RCL is a simple idea and its importance lies in applica- 
tions. We have discussed its theoretical applications in sections 4 and 5. We here 
consider its applications to queues and related stochastic models. We first note 
that, in queueing applications, there are several ways to construct stationary pro- 
cesses with embedded point processes (e.g. see [61,71,5]). Then, the stationary RCL 
has been applied to get 
�9 Fundamental formulas in the theories of stationary point processes and of 

queues [8,78,79]. 
�9 General relationships of time and embedded-time characteristics in queues 

and related models [2,12,13,15,29,32,42,50,51,53,54,57,65,64,73,74,80,85,86, 
88,90,91,125]. 

�9 Invariant properties of stationary distributions such as decomposition formu- 
las [49,82] coincidence of distributions [101] and insensitivity [81,84]. 

�9 Approximation formulas for the GI/GI/1/k and M/GI/s/k queues [75,76]. 
�9 Stochastic comparisons and inequalities for queueing models [52,73,74,77, 

1261. 
In what follows, we illustrate how to use RCL in three examples, a generaliza- 

tion of L = A W for higher moments, decomposition formulas in server vacation 
models and insensitivity of the severity distribution in a risk process. Before dis- 
cussing them, we note two general principles in using RCL. 
(a) Define X(t) so that it includes enough informations of an original process in 

consideration and also supplemental informations if necessary. 
(b) Choose suitable random measures Ai for applications so that X(t) is absolutely 

continuous with respect to A -- ~ ;  A/. 
The original process is generally not real-valued. Hence, we usually take a func- 
tional of the process. Furthermore, we may loose important informations of the 
original process in RCL because RCL is only concerned with derivatives. So far, we 
frequently add supplemental variables to the original process and take a functional 
of them. For example, the queue length vector process in a network queue is dis- 
crete-valued, and we supplement it by remaining service and/or  arrival times to get 
nontrivial time-stationary characteristics in RCL, This entails principle (a). As 
noted in section 2, there is arbitrariness in selections of A,.. A typical selection is 
A0 = rn (Lebesgue measure) and A1 = a point process generated by all jump epochs 
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of X(t). However, this selection may not be suitable. For example, consider a 
queue with a finite waiting capacity, in which customers who find no waiting place 
are rejected. Then, the queue length and also the workload do not change when 
arriving customers are rejected, but such instants are important to evaluate the loss 
probability of customers. Hence, it might be better to choose a point process gener- 
ated by all arriving instants of customers for A1 and that by all departure instants 
(not including customers being rejected) for A2. Thus, selections of Ai are impor- 
tant. Principle (b) addresses this. These two principles are the sources of great flex- 
ibility of RCL. 

In the following examples, we use the probability space (s2, ~, P) and the shift 
operator group {Or} of section 2. 

Higher moment versions of L = A W 
We discuss extensions of Little's formula for higher moments based on the 

results of Miyazawa [78]. Suppose the following situation. A customer arrives at a 
service system, and, if he is accepted, he leaves the system immediately after his ser- 
vice is completed. For simplicity, we assume that not more than one customer 
arrive and/or depart simultaneously. Denote the arrival time, the departure time 
and the sojourn time of the nth customer by Tn,a, T,,,a and Wn, respectively. Denote 
the point process generated by {Tn,a} and {Tn,d} by Na and Na, respectively. Our 
basic assumptions are that Wn, Na and Na are consistent with respect to {Or}, and 
that Na and Nd have finite intensities A~ and ),d, respectively. The assumptions 
mean that the queue is stable and in the steady state, where Aa may not equal Aa 
because of rejections of customers. For simplicity, we denote Palm probability 
measures PN, and PN~ by Pa and Pd, respectively. Let L(t) and U(t) be the system 
queue length, which means the total number of customers in system, and the total 
remaining sojourn times of customers in system at time t, respectively. We note 

+er 

L(t) = ~ l[r.,~,r.,a)(t), 
n ~ - - O 0  

U(t) = ~ (Wn - t)l[r~,or.,~)(t), 
n ~ - - ( X )  

Define X'(t) = Lk(t)U(t). Because U'(t) = -L(t),  we have XP(t) = -Lk+l(t). By 
the assumption, X(t) has jumps at N~ and Nd exclusively. Note that 

AX(0) = (L(0-) + 1)k(u(0 - )  + W0)- Lk(o-)u(o - )  

= [(L(0-)+ 1) k -Lk(O-)]U(O - )  + (L(0-) + 1)kwo a.s. Pa, 

AX(0) = ILk(0) -- (L(0) + 1)k]u(0) a.s. Pe. 

Furthermore, -XP(t), dX(t)/dNa and -dX(t)/dNd are nonnegative. Hence, by 
remark 2.5, we can apply corollary 2.1 without any finiteness conditions for 
moments. Thus, we get, 
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E(L(O) k+l) =AaEa([(L(O-) + 1) k -  Lk(o-)]U(O -)  + (L(0-)  + 1)k W0) 

- AdEa([(L(O) + 1) k -  Lk(o)]u(o)). (9.1) 

(9.1) for k = 0 is Little's formula, and (9.1) for k = 1 was discussed in [78]. The for- 
mulas (9.1) is not so useful for k ~> 1 because U(0) under Pa and Pa are hard to evalu- 
ate. We do need further information on systems to calculate them. For example, 
suppose a single server queue with preemptive resume LCFS (last-come first- 
served) service discipline. Since the arriving customer at time 0 who found 
(L(0-) ,  U(0-))  leaves system by observing (L(0-),  U(0-)  - L(0- )  W0), we have 

AaEa([(L(0-) + 1) k -  Lk(o-)]U(O-)) - )~aEa([(L(O-) + 1) k - Lk(O-)]L(O-)Wo) 
= + l )  k - Lk(0)]  V ( 0 ) ) .  

Hence, we get 

E(L(O) k+') = ,~aEa([(L(O-) 'b 1) k + l -  Lk+a(O-)]Wo) . (9.2) 

For the LCFS queue, RCL has been used to derive further detailed formulas in 
Miyazawa [81]. In fact, (9.2) can also be obtained from theorem 2.1 of[81]. 

Decomposition formulas for the M/G~ 1 queue with a generalizedserver vacation 
Bardhan and Karl [2] have recently shown that RCLs are useful to derive the 

decomposition formulas for the workload distributions in the M/GI/1 queue with 
server vacations (e.g. see Doshi [20]) and in the Levy input queue with server vaca- 
tions due to Kella and Whitt [46]. Miyazawa [82] developed their idea for more gen- 
eral vacation models and for the queue length distribution in the M/GIll  
vacation model. We here show that RCL is also useful to consider the decomposi- 
tion of the queue length distribution in the M/G/1 queue with server vacations, 
where we distinguish the notation M/G/1 from M/GIll,  where the service times 
are assumed to be i. i.d. in the latter but to stationary-dependent in the former. 

Let us introduce the M/G/1 vacation model. In addition to the ordinary assump- 
tions of the M/G/1 queue and the setting used in the first example, we assume 
that the server may go to a vacation at the departure epoch of customers, but not 
during service. The start and the end of the vacation are determined by using the 
whole information up to the present times. Denote the starting time of the nth ser- 
ver vacation and its length by V, and C,, respectively. Then, the assumption is 
equivalent to that V~ and V,, + Cn are stopping times with respect to a natural filtra- 
tion {5"t} of the dynamics of the queue. Here, the idle time is included in the vaca- 
tion period. The service discipline can be arbitrary, if customers in service are not 
preempted by other customers. We allow the service times to depend on the whole 
history up to its starting time. 

Let R(t) be the remaining service time at time t, which is assumed to be zero if 
no customer is in the system. Our fundamental assumption is that Na, {(L(t), R(t))} 
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and the marked point process {(Vn, C)} are jointly stationary processes, that is, 
the queue is stable. Note Aa = Ad by the stability. We simply denote them by A. Let 
tx(t) be the indicator function of the server status such that a(t) = 1 if the server is 
busy and a(t)  = 0 otherwise. We here apply RCL to 

X(t)  = e-~ (0>~0, O<~z<~ 1). 

Since X~(t)= Oe-~ z(t) and X(t)  has jumps at Nb, Nv and Nd, corollary 2.1 
yields 

OE(e-OR(O)zL(O); a(0) = 1) 

= AEa(e-OR(O-)zL(O-); L(O-)  >>. 1, a ( 0 - )  = 1)(1 - z) 

+ A[Ea(e-OR(O-)zL(O-); Z(O-)  >/1, a ( 0 - )  = 0)(1 - z) 

-q- e a ( Z ( O - )  ~--- O) -- e a ( Z ( O - - )  -~- 0)za0(0)] 
+ A[ed(zL(~ -- e-~176 Z(0) t> 1) 

+ Pd(L(O) = O)z -- Pd(L(O-) -- 0)], (9.3) 

where t~0 (0) = Ea(e -~176 IL(0-)  = 0). That is, 0o is LST of the service time of a cus- 
tomer who found the system empty at the instant of  his arrival. Let 0 = A(1 - z) 
in (9.3). Then, by using the PASTA and Finch's formula Pd(L(O)=j )  
= Pa(L(O-) = j ) ,  (9.3) becomes 

0 = E(e-X(1-z)R(O)zL(O);L(O)>/l, a(O) = 0)(1 - z) - P(L(O) = O)zGo(A(1 - z)) 

+ Ed(ZL(O)(z -- e-'~(1-z)R(O)); L(O)/> 1) + P(L(O) = O)z, 

from which we have 

gd(zL(O)(e -A(I-z)R(~ -- z); L(O)/> 1) + (Go(A(1 - z)) - z)P(L(O) = O) 

- (1 - z)[E(e-~(X-z)R(~176 L(O) >~ 1, a(O) = O) 

+ 00(A(1 - z))P(L(O) = 0]. (9.4) 

Hence, if the service times {Sn} are i.i.d, with a distribution G and independently 
samples of  other events, then, by noting P(a(O) = O) = 1 - p, we get the well- 
known decomposition result due to Fuhrmann and Cooper [33] (see also [20]), 
where p = AE(S0). 

E(z L(~ = Ed(zL(~ = LMIGSll (z)E(zL(~ I (O) = 0), (9.5) 

where LM/G/1 (z) is the generating function of the queue system length L(t) of the 
ordinary M / G I / 1  queue, i.e. 

LMIGZlI(Z) (1 - p)(1 - z)G(A(1 - z)) 
= (G(A(1 - z)) - z) 



M. Miyazawa / Rate conservation laws 51 

By substituting (9.5) into (9.3), we can easily get the decomposition formula for 
the joint distribution of (L(t), R(t)), which has been recently reported by Takine 
and Hasegawa [117]. In Miyazawa [82], further generalizations have been consid- 
ered under the independence assumption of the service times. 

The interesting feature of (9.4) is that the service times may depend on the sys- 
tem queue length up to the starting epoch of their service. For example, by differen- 
tiating (9.4) twice, we get the following result. 

T H E O R E M  9.1 

For the M/G/1 
assumptions, we have 

E(L(O)) = AaEa(S~) + 2ACd(L(O),So) 
2(1 - AEa(S0)) 

[E(ASo + Z(0)l~(0 ) = 0) - AEa(SolL(O-) = 0)]e(z(0) = 0) + 

queue with generalized server vacations, under the above 

2 ( 1 -  AEa(So)) 

where Ca(L(O), So) is the covariance of L(0) and So under Pa. 

, ( 9 . 6 )  

Theorem 9.1 shows how the dependence of the service time and the system queue 
length affect on the mean system queue length. It is easy to see that the second 
term of the right- hand side of (9.6) disappears for the ordinary M/G/1 queue with- 
out server vacations but allowing the dependence of the service times. 

Surplus and deficit at the ruin epoch of a general risk process 
This example is an application of the time-dependent RCL to a risk process. 

We generalize the result of Miyazawa and Schmidt [87] for the deficit distribution 
at the ruin epoch. Let { (Tn, Jn) } be a stationary marked point process with nonnega- 
tive-valued marks Jn at time T,. We denote the point process generated by {T~} by 
N, and assume it has a finite and positive intensity A. Then, a continuous-time 
risk process { Ya(t)}t>>.o is defined by 

N(t) 

Ya(t) = a + c t -  E Jk, (9.7) 
k=l 

where a and c are nonnegative and positive constants, respectively, and 
N(t) = N((0, t]). c represents the income rate, and is called a premium rate while J ,  
does claim for payment at time Tn. Thus, Ya(t) represents the stock of an insurance 
company. One of the important issues of the risk process is to consider the deficit 
when the stock goes down below zero, i.e. at the ruin epoch. This deficit is called 
severity in insurance terminology (e.g. see [36]). We here consider the joint distribu- 
tion of the severity and the surplus just before the ruin epoch. Let Ta, U a and Za be 
the ruin epoch, the surplus and the severity, respectively. They are defined by 
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"Ca = i n f { u > 0 ;  Ya(t)<O},  Ua = Ya("Ca-), Za = -Ya("Ca), 

where "Ca = Ua = Za = cr if Ya(t )>O for all t > 0 .  Miyazawa and Schmidt  [87] 
recently s tudied this problem, and proved that  

P(Z~ = c (1 - F ( u ) ) d u ,  (9.8) 

where F(x )  = Pu(Jo <~x). We will show a similar result for the jo in t  dis tr ibut ion 
of  U0 and Z0. Fol lowing Miyazawa [86], we first derive a differential equat ion  by 
using a t ime-dependent  RCL.  We can assume c = 1 wi thout  loss of  generality 
because c is a scaling constant  (see [87] for the details). L e t f  be bounded,  cont inu-  
ous and differentiable funct ion on R 2 t2 {(cx3, c~)} sa t is fyingf(c~,  c~) = 0. Define 
Xo(t) = f ( U t ,  Zt)  Or. Let A(t)  x-'N(t) Jk. Then, f rom the definition, o ~--- Z - ~ k = l  

"Ct o Ot = inf  {u>Olt + u - A(u) <0} o Ot 

= inf {u>0l t  -4- u -  (A(t  + u) - A(t) <0} 

= inf  {u>01Yo(u) + A ( t ) < 0 }  - t .  

Hence,  we have 

Ut o Ot = Yt(Tt--) o Ot 

= t + zt o Ot- - A('ct o Or- + t) + A(t) 

= inf  {u>OlYo(u)  + A(t) <0} - A(Tt oOt_ + t) + A( t ) .  

Similarly, we have 

Zt  o Ot = - i n f  {u>OlYo(u)  + A(t) <0} + A(yt o Ot + t) - A(t)  . 

Thus,  Ut o Ot and Z t o 0 t are constant  between j u m p  epochs Tn. Hence, X~(t) = O. 
On the other  hand,  X _ t ( O ) = X o ( t ) o O - t = f ( U t ,  Zt) ,  and, similarly, X _ t ( O - )  
= f (  Ut-lo, Zt-]o).  Here, where Ut-j0 = t and Zt-]o = Jo - t if  t < J0. We now apply 
the t ime-dependent  R C L  to X0 (t) and N. Then, theorem 8.3 yields 

d E ( f ( U t ,  Z, ) )  = A[EN( f (Ut ,  Z , ) ) -  E N ( f ( U t - ] o , Z t - 6 ) ) ]  . (9.9) 

In tegrat ing bo th  sides of  this equat ion over (0, t] and choosing a sequence o f f  so 
tha t  it converges to the indicator  funct ion 1 [0,xl • [0,y] (u, v), we have 

P ( U  t ~ X ,  Z t <<.y) - P(Uo <~x, Zo <<.y) 

= A  [PN(Uu<~x, Z u < ~ y ) - P N ( u u - J o ~ x ,  Z u - j o < y ) ] d u .  

N o w  suppose A < tEN (Jo). Then,  P('c0 = cr = 1 - (A/C)EN(Jo) > O, and therefore 
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it can be shown in a similar way as in [87], that 7"t goes to infinity with probability 
1 and 

lim [PN(Uu<~x,Z,,<~y) -P~(Uu_1o <~x,Z,_jo <y)]du 
t - . ~  ~ 

= - PN(u<~x, Jo - u<~y, Jo>u) du 

= - P N ( u < J o < . u + y ) d y .  

Thus, we get the following theorem. 

THEOREM 9.2 

For the risk process defined by (9.7) for a stationary marked point process with 
a intensity A, ifA < cEN(Jo), we have 

P(U~176 = c  (F(u+ y) -F (u ) )du .  (9.10) 

Theorem 9.2 implies that P(Uo<~x) = P(Zo<~x) and includes (9.8). For the 
claim process being compound Poisson, (9.10) was obtained by Dufresne and Ger- 
ber [22]. Thus theorem 9.2 generalizes the results of [87] and [22]. 
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