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Abstract

Reallocatable generalized semi-Markov process (RGSMP) is an extension of GSMP so that it

can be applied for studying a wide range of queueing networks. It is known that RGSMP is

product-form decomposable, i.e. the stationary joint distribution of so called macrostate and

remaining lifetimes of active clocks splits into their marginal distributions, if and only if certain

local balance equations hold. In this paper, we generalize this characterization by allowing

dependencies among lifetimes of the same clock which is reactivated for finitely many times. In

its applications to queueing networks, this means that service times of the same customer may

be dependent, but the service times of different customers are independent. The lengths of such

dependent sequences of lifetimes may be arbitrarily distributed. We exemplify this extended

RGSMP for networks of symmetric queues. We further calculate the conditional running time

of a clock given a sequence of its lifetimes, which corresponds with the conditional mean sojourn

time of a customer in a queueing network given a sequence of his service times.

Keywords: Reallocatable GSMP, insensitivity, local balance, dependent lifetimes,

product-form decomposability, symmetric queue, queueing network, response time,

interruption, point process, rate conservation law.

Short title: RGSMP with dependent lifetimes
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1 Introduction

In recent communication with François Beccelli, he suggested the importance of a general

formulation in research, by citing that we see many beautiful flowers in a garden but can

not see ground. Julian Keilson is honored as one of big pioneers in cultivating the ground

of applied probability. I am pleased to have an opportunity in this book dedicated to

him, and would like to consider queueing network problems under a general formulation.

For queueing networks, the much literature has assumed that all service times are in-

dependent. However, from a practical point of view, it seems plausible that service times

of the same customers are dependent, while those of different customers may be inde-

pendent. In this paper, we introduce such a generalization for Reallocatable Generalized

Semi-Markov process, RGSMP for short, which is an extension of GSMP, introduced by

Miyazawa (1993). A similar extension of GSMP was considered under the name GSMP

with relabelling by Schassberger (1986). A stochastic model described by RGSMP is

referred to as RGSMP model.

We first briefly explain RGSMP model. The model has three countable sets, called

sets of macrostates, sites, and types of clocks. Under each macrostate, finitely many

clocks, called active clocks are located at sites, called active sites, and are running with

their own lifetimes, which are independently sampled from general distributions specified

by their types. Only when clocks attain their lifetimes, the macrostate may change with

creating new clocks and/or terminating other clocks. The latter is called interruption.

At these instants, active clocks which neither expire nor are interrupted are reallocated

to new active sites, keeping their remaining lifetimes. Thus RGSMP extends GSMP in

two ways, one for interruptions, and the other for reallocation, which give great flexibility

in applications for queueing networks (see Miyazawa (1993) and Miyazawa, Schassberger

and Schmidt (1995)).

For RGSMP, Miyazawa (1993) introduced the notion of product-form decomposability

for the stationary joint distribution of macrostate and remaining lifetimes of active sites,

which means that their joint distribution splits into their marginal distributions. It

has been shown that RGSMP is product-form decomposable if and only if certain local

balance equations holds, which imply certain insensitivity of the stationary macrostate

distribution with respect to lifetime distributions. This type of local balance is recently

termed as biased local balance (see Chao and Miyazawa (1997)), and are reduced to

the ordinary ones if there is no interruption. See Yamazaki and Miyazawa (1995) and



1 Introduction 3

Miyazawa and Wolff (1996) for applications of the decomposability to queueing models.

The purpose of this paper extends the above characterization to the case where clocks

are reactivated after attaining their lifetimes for finitely many times, and those lifetimes

of the same clock have an arbitrary joint distribution, but those of different clocks are in-

dependent. This means in the context of a queueing network that the service times of the

same customer may be dependent in an arbitrary way but those of different customers are

independent. This extended RGSMP model is referred to as RGSMP model with sequen-

tially dependent lifetimes, RGSMP-SDL model for short. The terminology RGSMP-SDL

will be used for a stochastic process describing the model. We will introduce a stronger

notion of decomposability called clock-wise decomposability, and characterize it by the

local balance equations and their modifications.

We exemplify RGSMP-SDL for a network of symmetric queues with multi-type of

customers, and show that the stationary distributions of the configuration of customers

in the system is invariant under the changes of the joint service time distributions of the

same type of customers if the means of their marginal distributions are fixed. We here

assume that the routing of customers is Markovian, i.e. their routing probabilities depend

on the present nodes, types of customers and stages of their service, i.e. the number of

their visits to nodes, and are independent of everything else.

For queueing networks, it would be interesting to consider the conditional sojourn time

of a customer going through a network given his service times. The clock-wise decompos-

ability can answer this problem. We extend the recent results of Miyazawa, Schassberger

and Schmidt (1995) on the conditional running time in RGSMP for a sequence of the

running times of a randomly chosen clock of a fixed type in RGSMP-SDL.

As far as the author knows, there are a few results for GSMP and queueing net-

works having dependent lifetimes and service times, respectively. The well-known result

for GSMP model is the stationary dependence of lifetimes due to Jansen, König and

Nawrotzki (1976) (also see Franken et al (1982)). Because clocks are fixed at sites in

GSMP model, the result can not be applied in the case of the sequentially dependent

lifetimes in our sense. Jansen (1983) considered another dependence of lifetimes, in which

lifetimes of different clocks may be dependent if they cyclically run with a fixed cycle.

This model is close to ours in a certain sense, but the fixed cycles and GSMP formulation

seem too restrictive in applications. On the contrary, there has been done much work

for GSMP with independent lifetimes and queueing networks with independent service
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times (see, e.g. Schassberger (1978), Kelly (1976, 1979), Baskett et al (1975), Chandy et

al. (1977, 1983)).

The arguments of this paper are based on Miyazawa (1993). In that paper, the

stationary distribution of RGSMP is characterized by using the rate conservation law

due to Miyazawa (1983) (also see Miyazawa (1994)). This approach directly leads to

general results without using approximation arguments as in the phase method. This

paper is made up by six sections. RGSMP-SDL model and clock-wise decomposability are

introduced in Section 2. Main results are given in Section 3, and examples are discussed

in Section 4. We consider the conditional running times of clocks in Section 5. Those

results are concerned with the case of no interruptions. The case of the interruptions is

briefly discussed in Section 6.

2 Preliminaries

We first introduce RGSMP-SDL, which is an extension of RGSMP model by allowing

dependencies among lifetimes of clocks which sequentially run. This sequence of lifetimes

is numbered as stages. This extension needs more detailed structure than RGSMP. Not

only for this but also for this paper being self-contained, we give a full description of

RGSMP-SDL.

Let G, S and D be countable sets for spaces of macrostates, of sites and of types of

clocks, respectively. The dynamics is similar to RGSMP model. For each macrostate

g ∈ G, there is a finite subset A(g) of S. Under g ∈ G, a clock is located at each

s ∈ A(g), and counts its remaining lifetime, which advances at rate c(s, g) ≥ 0. It

is assume that
∑

s∈A(g) c(s, g) > 0. We call elements of A(g) active sites and c(s, g)

speed. Unlike RGSMP model, we allow clocks to remain in system without running after

attaining their lifetimes. Those clocks are called blocked. This situation is distinguished

from zero speed, since blocked clocks are considered as skipping lifetimes in their current

stages, and may be reactivated later. We denote a set of sites for such blocked clocks

by B(g), which is assumed to be finite. Elements of B(g) are called blocked sites. Thus

C(g) ≡ A(g) ∪ B(g) is a finite set of sites at which clocks are located under macrostate

g.

When clocks in a site set U simultaneously attain their lifetimes, the present macrostate

g changes to g′ by creating and/or reactivating clocks in U ′ with probability p((g, U), (g′, U ′)),
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which is independent of everything else. Under this transition, clocks at sites in C(g) \U
may disappear, which is called interruption, and all other clocks keep their remaining

lifetimes. Furthermore, non-interrupted clocks at sites in A(g) \ U are reallocated in

A(g′) \ U ′, while those clocks at sites in B(g) \ U are reallocated in B(g′) ∪ U ′. In the

latter case, clocks reallocated in U ′ \B(g′) are reactivated. These reactivation and reallo-

cation are described by a one to one mapping Γg,U,g′,U ′ from a subset of C(g) to C(g′). It

is assumed that Γg,U,g′,U ′ maps elements of A(g) \U into A(g′) \U ′ and those of B(g)∪U

into B(g′) ∪ U ′. Remark that non-interrupted clocks in A(g) \ U are not blocked under

the transition.

It is assumed that a clock may be reactivated finitely many times after attaining their

lifetimes but eventually disappear with probability one. To describe this reactivation

and to specify a type of a clock at each site, we introduce a function γg from C(g) into

I ≡ D×IN+, where IN+ = {1, 2, · · ·}. Here γg is not necessary to be one to one, i.e. clocks

at different sites may have the same type. I is called the index set of lifetimes. Denote

γg(s) by (d(s, g), k(s, g)), where d(s, g) and k(s, g) are the type of the lifetime distribution

and the present stage, respectively, of the clock at site s ∈ C(g) under macrostate g. A

clock is said to be in the k-th stage if it runs or is blocked under the k-th lifetime. For

simplicity, index γg(s) is denoted by s(g). This is the same convention as used in the

case of RGSMP model, but it should be noted that s(g) is now a vector.

Thus, a clock proceeds to the next stage after finishing its lifetime in the following

way. Let a clock of type d be located at site s under macrostate g finishes the k-th

lifetimes, i.e. s(g) = (d, k), and all clocks at sites in U including site s simultaneously

end their lifetimes, changing macrostate from g to g′ and activating clocks at sites in a

set U ′. Suppose s ∈ Γ−1(C(g′)), and let s′ = Γ(s), where Γ ≡ Γg,U,g′,U ′ . We will use this

convention for Γ if g, U, g′, U ′ are clearly identified. Then the clock at site s is reactivated

and s′(g′) = (d, k + 1). There are two possibilities for this clock.

• If s′ ∈ A(g′), then it normally runs.

• If s′ ∈ B(g′), then it is blocked.

On the other hand, if s ̸∈ Γ−1(C(g′)), the clock just disappears. Furthermore, the

transition may reactivate blocked clocks in B(g), which results either to normally start

or to be blocked again. It is assume that reactivation always renews lifetimes of the

corresponding clocks, i.e., their stages advance by one. In this way, the reactivation of a
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clock is controlled by the transition probabilities {p((g, U), (g′, U ′))} and the families of

the mappings {Γg,U,g′,U ′} and {γg}.

Let IR+ = [0,+∞), and denote the Borel fields on IRk
+ by B(IRk

+) for k ∈ IN+. For

each element d ∈ D, there is a sequence of joint distributions, {Q(d,k)}∞k=1 such that

Q(d,k+1)(B × IR+) = Q(d,k)(B) for B ∈ B(IRk
+) and B ∈ B(IR+). Q(d,k) gives the joint

distribution of the first k lifetimes of a clock of type d. The conditional distribution of

Q(d,k) with respect to Q(d,k−1) is denoted by Qd|k(·|x1, x2, . . . , xk−1). That is, Qd|k satisfies:

Q(d,k)(
k∏

i=1

Bi) =
∫∏k−1

i=1
Bi

Qd|k(Bk|x1, · · · , xk−1)Q(d,k−1)(dx1, · · · , dxk−1) ,

for Bi ∈ B(IR+). Here, lifetime is meant by the quantity to be processed by a clock but

not the actual time measured from the starting instant to its end. This convention will

be used throughout the paper. Denote the marginal distribution of the k-th lifetimes of

a clock of type d by

F(d,k)(x) = Q(d,k)(IR
k−1
+ × [0, x]) .

We assume that F(d,n)(0) = 0 and F(d,k) has a finite and positive mean 1
µ(d,k)

for all d ∈ D

and k ∈ IN+ ≡ {1, 2, · · ·} unless otherwise stated. The Laplace-Stieltjes transforms of

Q(d,k) and F(d,n) are denoted by Q̂(d,k) and F̂(d,n), respectively.

Thus the following characteristics

G, S, D, {A(g)}g∈G, {B(g)}g∈G, {c(s, g)}s∈S,g∈G,

{p((g, U), (g′, U ′))}g,g′∈G,U,U ′⊂S, {Γg,U}g∈G,U⊂S, {γg}g∈G, {{Q(d,k)}∞k=1}d∈D

specify the dynamics of our model. We call this model the RGSMP model with sequen-

tially dependent lifetimes, the RGSMP-SDL model for short.

We next define a Markov process for describing the dynamics of the RGSMP-SDL

model. Compared with RGSMP, we need more supplementary variables to get a Markov

process. For each t ≥ 0, let X(t) be the macrostate of at time t, and τs,i (i ∈ IN+) and

Rs(t) be the i-th lifetime and the remaining lifetime, respectively, of the clock at site

s ∈ C(X(t)). Define

T−
s (t) = (τs,1, τs,2, · · · , τs,k(s,X(t))) ,

Rs(t) = (T−
s (t), Rs(t)) ,

Y (t) = (X(t), {Rs(t); s ∈ A(X(t))}, {T−
s (t); s ∈ B(X(t))}) .



2 Preliminaries 7

Then, {Y (t)}t≥0 becomes a Markov process. Let

De = {d ∈ D|Q(d,k) is a product measure of exponential distributions (∀k ∈ IN+)} .

That is, the lifetimes of a clock of type d ∈ De are independent and exponentially

distributed. Note that, if the type of a clock at site s is d ∈ De, {Y (t)} is still Markov

after omitting the corresponding Rs(t). If necessary, we will omit some of those variables

for exponential clocks, and then call it reallocatable GSMP with sequentially dependent

lifetimes, RGSMP-SDL for short. Remark that the supplementary information τs,k(s,X(t))

can be omitted in T−
s (t) for constructing a Markov process. However, the information

will be helpful to consider the joint distribution of the executed lifetimes. Throughout the

paper, all processes are assumed to be continuous on the right and to have the right-hand

limits on the left.

We are concerned with the stationary distribution of {Y (t)}, for which we can ex-

tend the time axis from [0,+∞) to (−∞,+∞). We introduce decomposability of this

stationary distribution.

Definition 2.1: Assume that RGSMP-SDL {Y (t)} is a stationary process under a proba-

bility measure P . Then, RGSMP-SDL is said to be clock-wise decomposable with respect

to D′(⊂ D) if, for A′(g) ≡ A(g)∩γ−1
g (D′×IN+) and B′(g) ≡ B(g)∩γ−1

g (D′×IN+), there

exist probability distributions H(d,k) and H−
(d,k) are on (IRk+1

+ ,B(IRk+1
+ )) and (IRk

+,B(IRk
+)),

respectively, for (d, k) ∈ D × IN+ satisfying

P (X(t) = g,Rs(t) ∈ Bs(s ∈ A′(g)),T−
s′(t) ∈ B′

s′(s
′ ∈ B′(g)))

= π(g)
∏

s∈A′(g)

Hs(g)(Bs)
∏

s∈B′(g)

H−
s(g)(B

′
s)

(g ∈ G,Bs ∈ B(IRk(s,g)+1
+ ),B′

s ∈ B(IRk(s,g)
+ )) . (1)

Note that {π(g)}g∈G is a stationary distribution of X(t). For convenience, we define

C ′(g) = A′(g) ∪B′(g).

Remark 2.1: Even if all lifetimes are independent, the present state may depend on the

realizations of the past lifetimes. But (1) states that this dependency occurs only through

s(g). This means that the above definition is stronger than the conventional decompos-

ability for independent lifetimes (see Miyazawa (1993)). But it will be shown that they

are identical if all lifetimes are independent. Another difference of the above definition is

to restrict decomposable type of distributions to D′. As we will see, this restricted class
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corresponds to a class of general distributions in the ordinary RGSMP model. However,

unlike RGSMP, such distributions is not necessarily to be non-exponential, i.e. D′ ∩De

may not be an empty set. This is due to the stronger feature of (1).

Remark 2.2: In Miyazawa (1993), the intensity of the point process generated by all ex-

piring instants of lifetimes assumed to be finite. We will make this assumption as an

additional condition later in this paper.

A simple example of the clock-wise decomposability is on the infinite server queue

with Poisson arrivals in which customers are served in several stages. In this system,

as far as the total service times of customers are i.i.d., we can expect (1) if a set of all

service stages of customers in system is taken as a macrostate and if service times in each

stage are taken as lifetimes. Actually this is a special case of the example which we will

discuss in Section 4.

3 Characterization of clock-wise decomposability

In this section, we consider RGSMP-SDL without interruption, and characterize the

decomposability of its stationary distribution. To this end, we first note the following

global and local balance equations.∑
s∈A(g)

c(s, g)µs(g)π(g) =
∑
g′∈G

∑
s′∈A(g′)

∑
U⊂A(g)

c(s′, g′)µs′(g′)π(g
′)p((g′, s′), (g, U))

(g ∈ G) . (1)

c(s, g)µs(g)π(g) =
∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

c(s′, g′)µs′(g′)π(g
′)p((g′, s′), (g, U))

(g ∈ G, s ∈ A′(g)) (2)

One may interpret (1) as the global balance, provided that all lifetimes are independently

and exponentially distributed. We will use them only for characterizing the decomposabil-

ity. Under the decomposability, it will turn out that H(d,k) and H−
(d,k) in the decomposed

form (1) have the following specific forms.

H(d,k)(Bk ×B) = µ(d,k)

∫
Bk

(∫
B
1(x < xk)dx

)
Q(d,k)(Bk−1 × dxk)

(Bk = Bk−1 ×Bk ∈ B(IRk
+), B ∈ B(IR+)) , (3)

H−
(d,k)(Bk) = Q(d,k)(Bk) . (4)

We are ready to give a main result.
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Theorem 3.1: Suppose that a RGSMP-SDL model does not allows interruptions, and

that, for all d ∈ D and all k ∈ IN+, the marginal distribution F(d,k) has the finite mean

µ(d,k) and F(d,k)(0) = 0. Let D′ be an arbitrary subset of D satisfying that D \D′ ⊂ De.

For this D′, we define A′(g), B′(g) and C ′(g) in the same way as in Definition 2.1. Denote

RGSMP-SDL for this model by {Y (t)}. If {Y (t)} is a stationary process whose jump

instants have a finite intensity, if it is clock-wise decomposable with respect to D′ and if

(6) is satisfied, then H(d,k) is given by (3), and formulas (1) and (2) and

∑
g∈G

∑
s∈C(g)

c(s, g)µs(g)π(g) < ∞ . (5)

hold for the stationary macrostates distribution {π(g)}. On the other hand, if there

exists a probability distribution {π(g)} satisfying (1), (2) and (5), then there exists a

stationary distribution for Y (t) satisfying (1), i.e. there exists a probability measure so

that {Y (t)} is a stationary process and clock-wise decomposable. Furthermore, those

conditions imply

(i) The distribution {π(g)} is unchanged if, for all d ∈ D′ and all k ∈ IN+, Q(d,k) are

replaced by any k-dimensional distribution on (IR+,B(IRk
+)) satisfying that F(d,j)

has the mean µ(d,j) and F(d,j)(0) = 0 for all j = 1, 2, · · · , k,

(ii) Clocks of type d ∈ D′ are activated or reactivated with positive speeds,

(iii) Not more than one clock of type d ∈ D′ is simultaneously activated or reactivated.

Remark 3.1: Theorem 3.1 generalizes Theorem 3.1 of Miyazawa (1993), provided no in-

terruption. For GSMP model, i.e. the case where clocks are fixed at sites, Jansen (1983)

considered the model that finite number of clocks have dependent lifetimes while each

clock may have stationary dependent lifetimes. He showed that, if such clocks run cycli-

cally in a fixed order, then similar results to Theorem 3.1 is obtained. The result is not

the same because he assumed a specific decomposition form. In our model, the dependent

sequence of lifetimes is not necessarily to have a fixed cycle, but the stationary depen-

dence of infinitely many lifetimes can not be allowed, because clocks have to expire after

finitely many reactivations.

(Proof of the necessity) We first prove the first half of the theorem. Assume that the

RGSMP-SDL {Y (t)} is stationary under P and therefore defined on the whole line IR

by our convention. This enables us to consider point processes on IR. Let NU be the
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point process generated by all instants when all clocks at sites in U simultaneously end

their lifetimes. If U is a singleton {s}, then NU is denoted by Ns for simplicity. NU is

a stationary and simple point process. Denote its intensity E(NU((0, 1])) by λU (λs for

U = {s}). From the finite intensity assumption of the jump instants, we have that

∑
all U

λU < ∞ . (6)

So all λU and λ(d,k) are finite. Hence, we can define the Palm probability measures PU

and P(d,k) of P with respect to NU and N(d,k), respectively (see e.g. Baccelli and Bremaud

(1994)). Here, we can choose an appropriate measurable space (Ω,F), on which P and

PU are well defined.

We further assume that the RGSMP-SDL is clock-wise decomposable with respect to

D′ and that D \D′ ⊂ De. We drop supplementary variables for all d ∈ D \D′ in {Y (t)},
which is clearly still a Markov process. Then, similarly to Lemma 4.1 of Miyazawa (1993),

it can be shown that not more than one clock can expire at once. Hence, without loss

of generality, U for NU can be restricted to a singleton. For g ∈ G, s, s′ ∈ A(g) and

U ⊂ S, define partial Laplace-Stieltjes transforms of Y (0) concerning P and of Y (0−)

and Y (0+) concerning Ps by

ϕ(g,θ(g)) = E

exp
− ∑

u∈C′(g)

⟨T−
u (0),θ(g|u)⟩ −

∑
u∈A′(g)

Ru(0)θu

 ;X(0) = g

 ,

ϕ−
s (g,θ(g)) = Es

exp
− ∑

u∈C′(g)

⟨T−
u (0−),θ(g|u)⟩ −

∑
u∈A′(g)

Ru(0−)θu

 ;X(0−) = g

 ,

ϕ+
s′(g

′, g, U,θ(g)) = Es′

exp
− ∑

u∈C′(g)−U

⟨T−
u (0),θ(g|u)⟩ −

∑
u∈A′(g)−U

Ru(0)θu

−1{s′∈Γ−1(C(g))}⟨T−
Γ(s′)(0),θ(g|Γ(s

′))⟩

−
∑

u∈U∩A′(g)

τu,k(u,g)(θu,k(u,g) + θu)

 ;X(0−) = g′, X(0) = g

 ,

where θ(g|u) = {θu,i; 1 ≤ i ≤ k(u, g)}, θ(g) = ({(θ(g|u), θu);u ∈ A′(g)}, {θ(g);u ∈
B′(g)}), for nonnegative numbers θu,i and ⟨x,y⟩ = ∑n

i=1 xiyi for vectors x = (x1, · · · , xn),y =

(y1, · · · , yn). Note that, if s ∈ A′(g), then

ϕ−
s (g,θ(g)) = ϕ−

s (g,θs(g)) ,

where θs(g) = ({θ(g|u);u ∈ C ′(g)}, {θu;u ∈ A′(g) \ {s}}), since Rs(0−) = 0 a.s. Ps.
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We apply the rate conservation law of Miyazawa (1983) (Lemma 3.1 of that paper).

For each fixed g ∈ G and nonnegative vector θ(g), define the real-valued process {Z(t)}
by

Z(t) = exp

− ∑
s∈C′(g)

⟨T−
s (t),θ(g|s)⟩ −

∑
s∈A′(g)

Rs(t)θs

1{X(t)=g} .

Then, {Z(t)} is bounded and stationary by our assumptions, and Z(t) has the right-hand

derivative:

Z ′(t) =
∑

s∈A′(g)

c(s, g)θs exp

− ∑
s∈C′(g)

⟨T−
s (t),θ(g|s)⟩ −

∑
s∈A′(g)

Rs(t)θs

1{X(t)=g} .

Since {Z(t)} has jumps only at expiring instants of clocks, Corollary 3.1 of Miyazawa

(1983) yields

∑
s∈A′(g)

θsc(s, g)ϕ(g,θ(g)) =
∑

s∈A(g)\A′(g)

λsϕ
−
s (g,θ(g)) +

∑
s∈A′(g)

λsϕ
−
s (g,θs(g))

−
∑
g′∈G

∑
s′∈A(g′)

λs′
∑

U⊂A(g)

ϕ+
s′(g

′, g, U,θ(g)) . (7)

(7) represents the full balance equation for the stationary process {Y (t)}.

Remark 3.2: {Y (t)} is a self-clocking jump process of Miyazawa (1991) and therefore

(7) can be used to determine its stationary distribution (see Theorem 3.1 of Miyazawa

(1993)).

We now consider conditions for H(d,k) of (1). To this end, we first consider the em-

bedded distributions at the expiring instants of lifetimes. Note that, from (1), we have

ϕ(g,θ(g)) = π(g)
∏

s∈A′(g)

Ĥs(g)((θ(g|s), θs))
∏

s∈B′(g)

Ĥ−
s(g)(θ(g|s)) , (8)

where Ĥd,k and Ĥ−
d,k are the Laplace-Stieltjes transform of Hd,k and H−

d,k, respectively.

Hence, for each fixed g ∈ G and s ∈ A′(g), letting θs tend to infinity in (7), we get,

λsϕ
−
s (g,θs(g)) = lim

θs→∞
θsc(s, g)ϕ(g,θ(g))

= lim
θs→∞

θsc(s, g)π(g)
∏

s′∈A′(g)

Ĥs′(g)((θ(g|s′), θs′))
∏

s′∈B′(g)

Ĥ−
s′(g)(θ(g|s

′)) , (9)

Thus, define ν(d,k) and H0
(d,k) by

ν(d,k) =
∂

∂x
H(s,k)(IR

k
+ × [0, x])

∣∣∣∣∣
x=0

, H0
(d,k)(B) =

1

ν(d,k)

∂

∂x
H(d,k)(B × [0, x])

∣∣∣∣∣
x=0

,
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then, by the Tauberian theorem (see e.g. Feller (1971)), we have, for s ∈ A′(g) and for

B ∈ B(IRk(s,g)
+ ),

λsPs((τs,1, τs,2, · · · , τs,k(s,g)) ∈ B;X(0−) = g) = c(s, g)νs(g)π(g)H
0
s(g)(B) , (10)

We introduce the following notation for simplicity.

λs,g =

 c(s, g)νs(g)π(g) (g ∈ G, s ∈ A′(g))

c(s, g)µs(g)π(g) (g ∈ G, s ∈ A(g)− A′(g))

λs,g can be interpreted as the expiring rate of the lifetime of a clock at site s under

macrostate g. Then (9) concludes that, for s ∈ A′(g)

λsϕ
−
s (g,θs(g)) = λs,gĤ

0
s(g)(θ(g|s))

∏
u∈A′(g)−{s}

Ĥu(g)((θ(g|u), θu))

×
∏

u∈B′(g)

Ĥ−
u(g)(θ(g|u)) . (11)

On the other hand, for s ∈ A(g) \ A′(g), s(g) has the exponential distribution with the

mean 1
µ(s(g))

by the assumption that D \D′ ⊂ De. Hence, we easily see that

λsϕ
−
s (g,θs(g)) = c(s, g)µs(g)ϕ(g,θs(g)) = λs,gϕ(g,θs(g)) . (12)

Remark 3.3: A similar formula to (12) is obtained in Lemma 3.1 of Miyazawa (1993),

where the summation
∑

s∈A(g) should be omitted in (7) of his paper.

For (d, k) ∈ D × IN+, define k + 1-dimensional distributions H+
(d,k), H

∗
(d,k) and Q+

(d,k)

by, for Bk ∈ B(IRk
+) and B ∈ B(IR+),

H+
(d,k)(Bk ×B) =

∫
Bk

1B(xk)Qd|k(dxk|x1, · · · , xk−1)H
0
(d,k−1)(dx1, · · · , dxk−1) ,

H∗
(d,k)(Bk ×B) =

∫
Bk

1B(xk)Qd|k(dxk|x1, · · · , xk−1)H
−
(d,k−1)(dx1, · · · , dxk−1) ,

Q+
(d,k)(Bk ×B) =

∫
Bk

1B(xk)Q(d,k)(dx1, · · · , dxk) .

For instance, H+
(d,k) can be interpreted as the joint distribution of a sequence of executed

lifetimes and a newly processed lifetime with its copy for the corresponding initial re-

maining lifetime. We denote the LSTs of H+
(d,k), H

∗
(d,k) and Q+

(d,k) by Ĥ+
(d,k), Ĥ

∗
(d,k) and

Q̂+
(d,k), respectively. From (11) and (12), we get, for s′ ∈ A(g),

λs′ϕ
+
s′(g

′, g, U,θ(g)) = λs′,g′p((g
′, s′), (g, U))Ĝ(s′, U,θ(g))

×
∏

u∈A′(g)\U
Ĥu(g)((θ(g|u), θu))

∏
u∈B′(g)

Ĥ−
u(g)(θ(g|u)) , (13)
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where Ĝ(s′, U,θ(g)) is given by, if s′ ∈ Γ−1(U) and Γ(s′) ∈ A′(g),

Ĝ(s′, U,θ(g)) = Ĥ+
Γ(s′)(g)(θ(g|Γ(s

′)))

×
∏

u∈A1(s′,g,U)

Q̂+
u(g)((θ(g|u), θu))

∏
u∈B1(s′,g,U)

Ĥ∗
u(g)((θ(g|u), θu)); ,

and, otherwise

Ĝ(s′, U,θ(g)) =
∏

u∈A1(s′,g,U)

Q̂+
u(g)((θ(g|u), θu))

∏
u∈B1(s′,g,U)

Ĥ∗
u(g)((θ(g|u), θu)) .

where A1(s
′, g, U) = (U \ {Γ(s′)}) ∩ {u ∈ A′(g)|k(u, g) = 1} and B1(s

′, g, U) = (U \
{Γ(s′)}) ∩ {u ∈ A′(g)|k(u, g) ̸= 1}

Remark 3.4: The last two products of the above two formulas represent creation of new

clocks and reactivation of blocked clocks, respectively. Note that, if s ≡ Γ(s′) ∈ B′(g),

then, for d = d(s, g) and k = k(s, g), Rs(t) under X(t) = g has the distribution:∫
B

Qd|k(dxk|x1, · · · , xk−1)H
0
(d,k)(dx1, · · · , dxk−1) (B ∈ B(IRk

+)) .

In general, H−
(d,k)(B) is a mixture of the above distribution and∫

B
Qd|k(dxk|x1, · · · , xk−1)H

−
(d,k)(dx1, · · · , dxk−1) .

The latter means that a blocked clock in the (k − 1)-stage is again blocked in the k-th

stage.

Let us consider another Palm distribution. Let N(d,k) be the point process generated

by the k-th expiring instant of a clock with index d, and denote its intensity and a Palm

distribution concerning it by λ(d,k) and P(d,k), respectively. Since

N(d,k)(B) =
∑

(s,g)∈I(d,k)

∫
B
1{X(u−)=g}Ns(du) (B ∈ B(IR)) ,

where I(d,k) = {(s, g)|s(g) = (d, k)}, we have

λ(d,k)P(d,k)(A) =
∑

(s,g)∈I(d,k)

λsPs(X(0−) = g, A) , (A ∈ F) .

Hence, for a given (d, k) (d ∈ D′), by summing up (10) for all s, g satisfying s(g) = (d, k),

we have

λ(d,k)P(d,k)((τd,1, τd,2, · · · , τd,k) ∈ B) =
∑

(s,g)∈I(d,k)

λs,gH
0
s(g)(B). (14)
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From (10), (14) and the fact that H0
s(g) is a probability distribution, we can see

λs =
∑
g∈G

λs,g, (15)

λ(d,k) =
∑

(s,g)∈I(d,k)

λs,g, (16)

H0
(d,k)(B) = Ps((τs,1, τs,2, · · · , τs,k) ∈ B|X(0−) = g) (s ∈ A′(g) ∩ Sd)

= P(d,k)((τd,1, τd,2, · · · , τd,k) ∈ B) (B ∈ B(IRk
+)) , (17)

where Sd(g) = {s ∈ S|d(s, g) = d} for g ∈ G. (17) means that the joint distribution of

the first k lifetimes of type d does not depend on the macrostate at its expiring instant.

In the theorem, no interruption is assumed. But, before using this assumption, we

describe the interruption by a mathematical formula. Define, for (d, k) ∈ D × IN+,

K0((d, k)) =
∑

(s,g)∈I(d,k)

∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U))

K ′
0((d, k)) = K0((d, k))− λ(d,k) .

Note that K0((d, k)) and K ′
0((d, k)) are the total creation rate of lifetimes of index (d, k)

and the total interruption rate to it, respectively. Hence, no interruption means that

K ′
0((d, k)) = 0.

For a fixed s ∈ A′(g), let θ(g|u) = 0, θu = 0 for u ̸= s, and θs = θ in (7). Then (11)

and (13) yield, for s ∈ A′(g),

θc(s, g)π(g)Ĥs(g)((θ(g|s), θ)) =
∑

s′∈A(g)\{s}
λs′,gĤs(g)((θ(g|s), θ))

+λs,gĤ
0
s(g)(θ(g|s))

−
∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U))1A′(g)\Γ(B(g′))(s)Ĥ

+
s(g)((θ(g|s), θ))

−
∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U))1Γ(B(g′))(s)Ĥ

∗
s(g)((θ(g|s), θ))

−
∑
g′∈G

∑
s′∈A(g′)

∑
U :s ̸∈U

λs′,g′p((g
′, s′), (g, U))Ĥs(g)((θ(g|s), θ)) . (18)

Let θ(g|s) = 0 and θ = 0 in (18) and sum up it for all (s, g) ∈ I(d,k) for (d, k) ∈ D× IN+,

then we have

∑
(s,g)∈I(d,k)

∑
s′∈A(g)\{s}

λs′,g + λ(d,k)

= K0((d, k)) +
∑

(s,g)∈I(d,k)

∑
g′∈G

∑
s′∈A(g′)

∑
U :s ̸∈U

λs′,g′p((g
′, s′), (g, U)) . (19)
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Hence, summing up (18) for all (s, g) ∈ I(d,k), we have

θ
∑

(s,g)∈I(d,k)

c(s, g)π(g)Ĥ(d,k)((θk, θ)) = K0,A((d, k))
(
Ĥ0

(d,k)(θk)− Ĥ+
(d,k)((θk, θ))

)
+K0,B((d, k))

(
Ĥ0

(d,k)(θk)− Ĥ∗
(d,k)((θk, θ))

)
+K ′

0((d, k))
(
Ĥ(d,k)((θk, θ))− Ĥ0

(d,k)(θk)
)
, (20)

where

K0,A((d, k)) =
∑

(s,g)∈I(d,k)

∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U))1A′(g)\Γ(B(g′))(s) ,

K0,B((d, k)) =
∑

(s,g)∈I(d,k)

∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U))1Γ(B(g′))(s) .

Up to now, we have not assumed that there is no interruption, i.e. K ′
0((d, k)) = 0. From

here, we assume it. We first note the following lemma.

Lemma 3.1: For (d, k) ∈ D × IN+, if λd,k > 0, then we have

Q(d,k) = H0
(d,k) = H−

(d,k) , (21)

Q(d,k+1) = H+
(d,k) = H∗

(d,k) . (22)

Proof of Lemma 3.1 We prove the lemma by the induction on k. Suppose that (21) is

true for k − 1 instead of k. Then we have, for B ∈ B(IRk
+),

H+
(d,k)(B × IR+) =

∫
B

Qd|k(dxk|x1, · · · , xk−1)H
0
(d,k−1)(dx1, · · · , dxk−1)

=
∫
B

Qd|k(dxk|x1, · · · , xk−1)Q(d,k−1)(dx1, · · · , dxk−1)

= Q(d,k)(B) . (23)

Similarly, we have

H∗
(d,k)(B × IR+) = Q(d,k)(B) . (24)

Assume that λd,k > 0. Then, since K ′
0((d, k)) = 0, (20) with θ = 0 implies

Ĥ+
(d,k)((θk, 0)) = Ĥ0

(d,k)(θk)

Thus we get the first equality of (21). The second one directly follows from Remark 3.3.

For k = 1, (23) and (24) clearly hold, and therefore (21) is obtained. So (22) is a direct

consequence of the definitions of H+
(d,k) and H∗

(d,k). On the other hand, if λd,k = 0, then

it is clear that λd,j = 0 for j ≥ k + 1. Hence the induction is completed.
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In the following argument, we fix an arbitrary (d, k) ∈ D× IN+. Then, from (20) and

Lemma 3.1, we have

θ
∑

(s,g)∈I(d,k)

c(s, g)π(g)Ĥ(d,k)((θk, θ))

= λ(d,k)

(
Q̂(d,k)(θk)− Q̂+

(d,k)((θk, θ))
)
, (25)

where θk = (θ1, · · · , θk) ∈ IRk
+. From (25), for θk = (θ1, · · · , θk), we have

Ĥ(d,k)((θk, θ)) = c
∫
IRk+1

+

1− e−θxk

θ
exp (−⟨(x1, · · · , xk),θk⟩)Q(d,k)(dx1, · · · , dxk) ,

where c = λ(d,k)

/∑
(s,g)∈I(d,k) c(s, g)π(g) . Letting θ tend to zero in the above formula, we

get that 1 = c 1
µ(d,k)

, and hence c = µ(d,k). Thus we get (3). Note that, from (3) and the

definition of ν(d,k), we have ν(c,d) = c = µ(d,k).

Let θ(g) = 0 in (7), then we get the global balance equation (1). We finally show the

local balance equation (2) for s ∈ A′(g). If F(d,k) is not the exponential distribution, (2)

can be obtained similarly to Theorem 4.1 of Miyazawa (1993). But clock-wise decompos-

ability enables us to show it even if F(d,k) is the exponential distribution. We here derive

(2) for both cases at once.

Substitute (21) and (22) into (18), then we get, for s ∈ A′(g)

θc(s, g)π(g)Ĥs(g)((θ(g|s), θ)) =
∑

s′∈A(g)\{s}
λs′,gĤs(g)((θ(g|s), θ))

+λs,gQ̂s(g)(θ(g|s))

−
∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U))Q̂+

s(g)((θ(g|s), θ))

−
∑
g′∈G

∑
s′∈A(g′)

∑
U :s ̸∈U

λs′,g′p((g
′, s′), (g, U))Ĥs(g)((θ(g|s), θ)) , (26)

Let θ(g|s) = (0, · · · , 0, θ′) in (26), and denote Ĥs(g)((0, · · · , 0, θ′, θ)), Q̂s(g)((0, · · · , 0, θ′))
and Q̂+

s(g)((0, · · · , 0, θ′, θ)) by Ĥs(g)(θ
′, θ), Q̂s(g)(θ

′) and Q̂+
s(g)(θ

′, θ), respectively, for short.

Then we have

θc(s, g)π(g)Ĥs(g)(θ
′, θ) =

∑
s′∈A(g)\{s}

λs′,gĤs(g)(g, θ
′, θ)

+λs,gQ̂s(g)(θ
′)

−
∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U))Q̂+

s(g)(θ
′, θ)

−
∑
g′∈G

∑
s′∈A(g′)

∑
U :s ̸∈U

λs′,g′p((g
′, s′), (g, U))Ĥs(g)(θ

′, θ) , (27)



4 Networks of symmetric queues 17

Let

a =
∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

λs′,g′p((g
′, s′), (g, U)) ,

b =
∑
g′∈G

∑
s′∈A(g′)

∑
U :s ̸∈U

λs′,g′p((g
′, s′), (g, U)) .

Then, from (1), we have

a+ b =
∑

s∈A(g)

c(s, g)µs(g)π(g) =
∑

s∈A(g)

λs,g .

Hence, (27) yields

θc(s, g)π(g)Ĥs(g)(θ
′, θ) = (λs,g − a)

(
Q̂s(g)(θ

′)− Ĥs(g)(g, θ
′, θ)

)
+a

(
Q̂s(g)(θ

′)− Q̂+
s(g)(g, θ

′, θ)
)
.

Since λs,g = c(s, g)µs(g)π(g), this and (3) imply

(λs,g − a)
(
Q̂s(g)(θ

′)− Q̂+
s(g)(θ

′, θ)
)
= (λs,g − a)

(
Q̂s(g)(θ

′)− Ĥs(g)(g, θ
′, θ)

)
. (28)

Suppose that λs,g ̸= a. Then (28) and (3) conclude

Q̂+
s(g)(θ

′, θ) = Q̂s(g)(θ
′)

µs(g)

θ + µs(g)

. (29)

But this is impossible even if Fs(g) is the exponential distribution. Thus we get λs,g = a,

i.e. (2). Thus, we have proved the first-half of the theorem since (6) implies (5).

(Proof of the sufficiency) Suppose that (1), (2) and (5) hold. Then, it is easy to see

that (26) holds for H(d,k) defined by (3). Define H−
(d,k) = Q(d,k) (see Lemma 3.1). Then,

by multiplying Ĥu(g) for A
′(g) \ {s} and Ĥ−

u(g) for appropriate u ∈ B′(g), (26) yields (7).

Thus, as noted in Remark 3.1, the right-hand side of (1) gives a stationary distribution

for Y (t), which implies clock-wise decomposability. (i) is an easy consequence of the

construction of the stationary distribution, and (ii) and (iii) can be proved in a similar

way to Theorem 4.1 of Miyazawa (1993).

4 Networks of symmetric queues

Let us apply Theorem 3.1 to queueing networks. It is well known that product-form

stationary distributions are obtained for queue length vectors of symmetric queues with

multi-type of customers and their networks either with fixed routing of customers or
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with Markovian routing. Those network models are called Kelly’s network and BCMP,

respectively. We here consider an open network obtained from combining those two

network models. As we will see, this model can be regarded as a modification of BCMP.

But, of course, we allow dependency of service times of the same customers, which is

different from BCMP.

Let D be a set of types of customers and J be a set of nodes in those networks. Our

model assumptions are:

(a) Customer of type d from the outside arrive at node j according to the Poisson

process with rate λj,d which is independent of everything else, the total arrival rate

of all customers
∑J

j=1

∑
d∈D λj,d is finite, the mean numbers of stages of customers

of given types are finite and the mean service time of a customer of type d in stage

k is 1
µ(d,k)

< ∞,

(b) Node j ∈ J is composed of a countable number of positions s1,j, s2,j, · · · and, if there
are n customers in node j, then the first n positions s1,j, s2,j, · · · , sn,j are occupied.

Let g be the configuration of customers at positions. Under this configuration, let d(i, j)

and k(i, j) be the type and stage of a customer in position i of node j and nj be the

number of customers at node j. Then g can be expressed by

g = {(d(i, j), k(i, j)); j ∈ J, i = 1, · · · , nj} . (1)

We define G by a set of all those g and S = {si,j; i ∈ {0}∪IN+, j ∈ J}, where s0,j denotes
the site for arriving customers to node j from outside of the network. We assume that

(c) The service discipline is symmetric, i.e. if n customers are in node j ∈ J , then an

arriving customer at node j who is of type d and in stage k is assigned to a position

si,j with probability δj(i, g + ei,j(d, k)) (i = 1, 2, · · · , n + 1), while the customer at

position si,j is served by rate uj(n)δj(i, g), where g + ei,j(d, k) is the configuration

in which a customer of type d and stage k is added to g.

(d) Customers of type d and in stage k who finishes service at node j moves to node

j′ with probability r((j, d, k), j′), which is independent of everything else, where

j′ = 0 means that the customer leave the system.

Assumption (d) means that our model is nothing but BCMP allowing dependent service

times if we view (d, k) as an individual type of customers. However, it should be noted
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that it includes Kelly’s network by appropriately choosing the routing probabilities (see

(7) below).

Remark 4.1: In our formulation, joint distribution is given for a sequence of service times

of each type of customers, but is independent of actual routes of those customers, which is

a crucial assumption for our arguments. Thus, in general, we can not specify the service

time distribution for a given type of customer at a given node except for the first stage.

But, if customer’s routes are deterministic like Kelly’s network, the nodes are identified

by the stages and therefore we can do so.

Define, for j ∈ J , i = i, · · · , nj and for g of (1),

c(s0,j, g) = 1 ,

c(si,j, g) = δj(i, g) ,

p((g, s0,j), (g
′, U ′)) = 1U ′(si,j)δ(i, g + ei,j((d, 1))) ,

p((g, si,j), (g
′, U ′)) = 1U ′(si′,j′)r((i, d(i, j), k(i, j)), j

′)δ(i′, g + ei′,j′((d(i, j), k(i, j) + 1))) .

We omit to give detailed descriptions for {Γg,{s},g′,U ′} and {γg} because they are easily

identified. Then assumptions (a)-(d) define RGSMP-SDL model except for lifetime dis-

tributions. It is easy to see that there exist βj(d, k) for (d, k) ∈ I satisfying the traffic

equation:

βj(d, k) = λj,d1{1}(k) +
∑
j′∈J

βj′(d, k − 1)r((j′, d, k − 1), j) . (2)

βj(d, k) presents the total arrival rate of customers of type d in stage k.

Let macrostate g = (c1, · · · , cJ), where cj = {(d(i, j), k(i, j)); i = 1, · · · , nj}. Similarly

to Theorem 3.1 of Kelly (1979), we can see that the global equation (1) is satisfied by

π(g) =
∏
j∈J

πj(cj) , (3)

where

πj(cj) = bj

nj∏
i=1

βj((d(i, j), k(i, j)))

uj(i)µ((d(i, j), k(i, j)))
, (4)

and bj is the normalizing constant so that {πj} is a probability distribution. We assume

that bj is finite for all j = 1, · · · , J , which guarantees the existence of the stationary distri-

bution for macrostates. For g of (1), define g−ei,j(d(i, j), k(i, j)) = (c1, · · · , cj−1, c
′
j, cj+1, · · · , cJ),
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where c′j = {(d(i′, j), k(i′, j)); i = 1, · · · , j − 1, j + 1, · · · , nj}. Then, (2), (3) and (4) im-

plies, for si,j(g) = (d(i, j), k(i, j)) and s′i,j(g) = (d(i, j), k(i, j)− 1)),

uj(nj)µ(si,j(g))δj(i, g)π(g) = βj(si,j(g))π(g − ei,j(si,j(g)))δj(i, g)

= [λj,d(i,j)1{1}(k(i, j))

+
∑
j′∈J

βj′(s
′
i,j(g))r((j

′, s′i,j(g)), j)]π(g − ei,j(si,j(g)))δj(i, g)

= λj,d(i,j)1{1}(k(i, j))π(g − ei,j(si,j(g)))δj(i, g)

+
∑
j′∈J

nj′+1∑
i′=1

uj′(nj′ + 1)µ(s′i,j(g))π(g − ei,j(si,j(g)) + ei′,j′(s
′
i,j(g)))

×δj′(i
′, g − ei,j(si,j(g)) + ei′,j′(s

′
i,j(g)))r((j

′, s′i,j(g)), j)δj(i, g) , (5)

where the last equality has been obtained by using the following equality, which follows

from (3) and (4).

π(g − ei,j(si,j(g))) =
uj′(nj′ + 1)µ(s′i,j(g))

βj′(s′i,j(g))
π(g − ei,j(si,j(g)) + ei′,j′(s

′
i,j(g)))

Clearly, (5) is the local balance equation (2) at site si,j under macrostate g. On the other

hand, (29) is guaranteed by the finiteness of the total arrival rate and the mean number

of stages for each type customers (see assumption (a)). Hence, Theorem 3.1 concludes

the following result since the empty probability of the system is positive and therefore

the above RGSMP-SDL has a unique stationary distribution.

Theorem 4.1: For the network queue satisfying assumptions (a)-(d) and with service times

which are independent for different customers but dependently produced by a set of

conditional distributions {Qd|k} for the same customer, if the service time distribution at

stage k of type d customer has a finite mean 1
µ(d,k)

for all (d, k) ∈ D×IN+, and if {π(g)} of

(3) is a probability distribution on G, then {π(g)} is the unique stationary distribution of

the system configuration of form (1), and the corresponding RGSMP-SDL is clock-wise

decomposable.

It is not difficult to get similar results for closed queueing networks of the same type,

where we need to specify starting and ending nodes for all types of customers so that

our RGSMP-SDL formulation is applicable. We further remark that, as is well known

(see e.g. Serfozo (1989)), the local balance (5) still holds for the case where the service

rate uj depends on position, type and stage of the customer being served and system

configuration, if uj is appropriately changed. That is, uj(nj) can be changed to ui,j,(d,k)(g)
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of the following form:

ui,j,(d,k)(g) =
Ψ(g − ei,j(d, k))

Ψ(g)
((d, k) ∈ I, g − ei,j(d, k) ∈ G) , (6)

where Ψ is a positive-valued function on G. From (5), it is easy to see that the stationary

probability for g is given by π(g)Ψ(g) in this case.

We can calculate the distribution of the number of stages for each type of a customer.

Let Ld be its distribution function for type d customers. Let L̄d(k) = 1− Ld(k − 1) and

∆Ld(k) = Ld(k)− Ld(k − 1). For g ∈ G, j ∈ J and i = 1, · · · , nj, define

π0
i,j(g) = uj(nj)δj(i, g)µ((d, k))π(g) .

Then we have

∆Ld(k)

L̄d(k)
=

∑
g∈G

∑
j′∈J

∑nj′+1

i′=1 π0
i′,j′(g + ei′,j′(d, k))[1−

∑
j∈J r((j

′, d, k), j)]∑
g∈G

∑
j′∈J

∑nj′+1

i′=1 π0
i′,j′(g + ei′,j′(d, k))

. (7)

In this way, we can control the total number of stages for each type of a customer through

the routing matrix {r(·, ·)}.

We finally note that (3) still holds if a part of nodes are replaced by non-symmetric

queues, e.g. by First-In First-Out (FIFO) queues in which all customers have identical and

exponentially distributed service times. In this case, to get clock-wise decomposability,

we have to split out such FIFO nodes from D′, i.e. service times of the those nodes

have to be independent of the other service times, because the M/M/1 queue with FIFO

service discipline is not clock-wise decomposable. This is the reason why we introduce

blocked sites in Section 2. Further examples for blocked sites can be found in the slot

symmetric queue with batch arrivals of Miyazawa and Yamazaki (1993), in which only

one customer among an arriving batch gets service at first and the other customers wait

in a queue, called slot.

5 The conditional running time of a clock

We return to RGSMP-SDL, and consider the conditional running time of a randomly

chosen clock of a fixed type given a sequence of its (nominal) lifetimes. We here assume

that RGSMP-SDL has no interruption and has the stationary distribution which is clock-

wise decomposable. We extend the results of Miyazawa, Schassberger and Schmidt (1995)

on RGSMP, which assumes independent lifetimes.
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We use the same notation as in Miyazawa, Schassberger and Schmidt (1995) as far

as possible. Throughout this section, we fix a customer type d. Let ld,k(t) be the site at

which a randomly chosen clock of type d in stage k is located at time t. Let T
(y)
d,k (x) be

the running time of the randomly chosen clock of type d during stage k which attains

x time unit of the k-th lifetime, given that the lifetime is y(≥ x). Since we assume the

existence of the stationary distribution for the Markov process {Y (t)}, we can assume

that {Y (t)} is stationary. Let N+
(d,k) be a point process generated by all starting epochs

of the k-th stage of a type d clock, then N+
(d,k) is a stationary point process, and we can

define the Palm distribution concerning it, which we denote by P+
(d,k). Then, the clock of

type d in stage k which starts at time 0 under P+
(d,k) can be interpreted as the randomly

chosen clock of type d in stage k, which will be referred to as the tagged clock.

Define a stochastic process {Z(d,k)(t)} by

Z(d,k)(t) =
(
ld,k(t), {Rs(t); s ∈ A(X(t))− {ld,k(t)}}, {T−

s (t); s ∈ B(X(t)) \ {ld,k(t)}}
)
.

Since the same clock can not simultaneously run under different stages and RGSMP-SDL

is decomposable, we can apply the exactly same arguments as in Miyazawa, Schassberger

and Schmidt (1995) to {Z(d,k)(t)} under P+
(d,k). Thus Theorem 4.1 of their paper can be

extended in the following form.

Lemma 5.1: For the clock-wise decomposable RGSMP-SDL, define the time changed

process {Z̃(d,k)(t)}yt=0 for (d, k) ∈ I by

Z̃(d,k)(t) = Z(d,k)(T
(y)
d,k (t)) .

Then, {Z̃(d,k)(t)}yt=0 is a stationary process on the interval [0, y] under P+
(d,k) given that the

tagged clock has a lifetime not less than y. Furthermore, its stationary distribution has

the following form for g ∈ G and s ∈ Sd,k(g), where Sd,k(g) = {s ∈ A(g)|s(g) = (d, k)}.

c(s, g)π(g)∑
g′∈G

∑
s′∈Sd,k(g′) c(s

′, g′)π(g′)

∏
s∈A′(g)\{s}

Hs(g)(Bs)
∏

s′∈B′(g)\{s}
Qs′(g)(B

′
s) , (1)

where H(d,k) is given by (3).

Similarly, Theorem 4.2 of Miyazawa, Schassberger and Schmidt (1995) can be ex-

tended to the following form, where we omit an extension of (4.21) of their paper for

simplicity.
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Lemma 5.2: Under the conditions of Lemma 5.1, we have, for (d, k) ∈ I and for x ≥ 0,

E+
(d,k)(T

(∗)
d,k |τ

(∗)
d,k = x) =

∑
g∈G π(g)|Sd,k(g)|∑

g∈G
∑

s∈Sd,k(g) c(s, g)π(g)
x , (2)

where E+
(d,k) denotes the expectation concerning P+

(d,k), T
(∗)
d,k and τ

(∗)
d,k are the total running

time and lifetime of the tagged clock, respectively, and |Sd,k(g)| denotes the number of

elements of the set Sd,k(g).

We are now ready to consider a sequence of the running times of the tagged clock

of type d from stage 1 to n, (T
(∗)
d,1 , T

(∗)
d,2 , · · · , T

(∗)
d,n), under P

+
(d,1) given that τ

(∗)
d,k = xk(> 0)

for k = 1, 2, · · · , n. Our concern is with the conditional mean of the running times.

We here need the additional assumption that the tagged clock is not blocked up to the

n-th stage. Lemma 5.2 answers this for T
(∗)
d,1 . We consider T

(∗)
d,2 under P+

(d,1)(·|τ
(∗)
d,k =

xk(k = 1, 2, · · · , n)). We first note that (1) is the distribution of Z̃(d,2)(0)(= Z(d,k)(0))

under the Palm distribution P+
(d,2), when Y (t) has the stationary distribution of the form

(1). We show that this distribution is identical with the distribution of Z̃(d,2)(x1) under

P+
(d,1)(·|τ

(∗)
d,1 = x1). If this is verified, it is not difficult to see that

E+
(d,1)(T

(∗)
d,2 |τ

(∗)
d,1 = x1, τ

(∗)
d,2 = x2) = E+

(d,2)(T
(∗)
d,2 |τ

(∗)
d,2 = x2) . (3)

So we can get the closed form from (2). To verify the identity, we first note that

Z̃(d,1)(x1−) has the distribution of the form (1) for k = 1 by Lemma 5.1. Secondly we

note that the tagged clock proceeds to the second stage at time T
(x1)
d,k (x1) without block-

ing by our assumption. Hence, the distribution of Z̃(d,2)(x1) under P+
(d,1)(·|τ

(∗)
d,1 = x1) is

given by

K
∑
g′∈G

∑
s′∈Sd,1(g′)

∑
U :s∈U

c(s′,′ g)π(g′)p((g′, s′), (g, U))

×
∏

u∈A′(g)\{s}
Hu(g)(Bu)

∏
u∈B′(g)\{s}

Qu(g)(B
′
u) , (4)

for g ∈ G and s ∈ Sd,2(g), where K is a normalizing constant, where the last two products

are obtained from (ii) of Theorem 3.1. Since RGSMP-SDL is decomposable and therefore

the local balance (2) holds, the sums in (4) becomes:

µ(d,2)

µ(d,1)

c(s, g)π(g).

Since
µ(d,2)

µ(d,1)
can be included in the normalizing constant, we see that the conditional

distribution of Z̃(d,2)(x1) is identical with the one of Z̃(d,2)(0) under P
+
(d,2). Thus we get
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(3). We can apply the above arguments for k = 2, · · · , n. Since the present state does not
refer to the future lifetimes in RGSMP-SDL, we can present the results in the following

form.

Theorem 5.1: For the clock with decomposable RGSMP-SDL without interruptions, if

the tagged clock of type d is not blocked up to the n-th stage for n ≥ 1, we have, for

(d, k) ∈ I such that k ≤ n, and for xi > 0 (i = 1, 2, · · · , n),

E+
(d,1)(T

(∗)
d,k |τ

(∗)
d,i = xi(i = 1, · · · , n)) =

∑
g∈G π(g)|Sd,k(g)|∑

g∈G
∑

s∈Sd,k(g) c(s, g)π(g)
xk . (5)

In particular, the conditional mean of the total running time T ∗
d ≡ ∑n

i=1 T
(∗)
d,k is given by

E+
(d,1)(T

(∗)
d |τ (∗)d,i = xi(i = 1, · · · , n)) =

n∑
i=1

( ∑
g∈G π(g)|Sd,i(g)|∑

g∈G
∑

s∈Sd,i(g) c(s, g)π(g)
xi

)
. (6)

We can apply Theorem 5.1 to the queueing network discussed in Section 4. If a cus-

tomer of type d leaves the system after he completes the n-th service, we can calculate the

conditional sojourn time of his first n stages given his service times by (6). Furthermore,

we can calculate the conditional total sojourn time of him given his service times {xi}∞i=1

by

∞∑
n=1

∆Ld(n)
n∑

i=1

( ∑
g∈G π(g)|Sd,i(g)|∑

g∈G
∑

s∈Sd,i(g) c(s, g)π(g)
xi

)
, (7)

using Ld(k) of (7).

6 The case of the interruptions

We generalize Theorem 3.1 to the case of interruptions. In this case, K ′
0((d, k)) ̸= 0 for

some (d, k) ∈ D × IN+. Unfortunately, we here need the additional assumption that

Ĥ+
(d,k)((θk, 0)) = Ĥ(d,k)((θk, 0)) (1)

for (d, k) ∈ I such that K ′
0((d, k)) ̸= 0, and θk ∈ IRk

+.

Under the assumption (1), we can get Lemma 3.1 from (20). Thus, we can replace

Ĥ0
(d,k) and Ĥ+

(d,k) in (20) by Q(d,k) and Q+
(d,k), respectively, so we get

θ
∑

(s,g)∈I(d,k)

c(s, g)π(g)Ĥ(d,k)((θk, θ))

= K0((d, k))
(
Q̂(d,k)(θk)− Q̂+

(d,k)((θk, θ))
)

+K ′
0((d, k))

(
Ĥ(d,k)((θk, θ))− Q̂(d,k)(θk)

)
. (2)
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Define

a(d, k) =
K ′

0((d, k))∑
(s,g)∈I(d,k) c(s, g)π(g)

, b(d, k) =
K0((d, k))∑

(s,g)∈I(d,k) c(s, g)π(g)
. (3)

Then, (2) can be rewritten as, for Bk ∈ B(IRk) and x ≥ 0,

d

dx
H(d,k)(Bk × [0, x]) = a(d, k)

(
H(d,k)(Bk × [0, x])−Q(d,k)(Bk)

)
+b(d, k)

(
Q(d,k)(Bk)−Q+

(d,k)(Bk × [0, x])
)
.

Thus we get the following lemma similarly to Lemma 4.2 of Miyazawa (1993).

Lemma 6.1: If there are interruptions to lifetime of index (d, k), i.e. if a(d, k) > 0, then

the distribution H(d,k) is given by

H(d,k)(Bk × [0, x]) = Q(d,k)(Bk) (4)

−b(d, k)ea(d,k)x
∫ ∞

x
e−a(d,k)u

(
Q(d,k)(Bk)−Q+

(d,k)(Bk × [0, u])
)
du ,

for all Bk ∈ B(IRk
+) and x ≥ 0, and ν(d,k) is given by

ν(d,k) =
a(d, k)F̂(d,k)(a(d, k))

1− F̂(d,k)(a(d, k))
. (5)

Hence, Theorem 3.1 can be generalized to the following theorem, which exactly cor-

responds to Theorem 4.1 of Miyazawa (1993) for RGSMP allowing interruptions.

Theorem 6.1: For a RGSMP-SDL model allowing interruptions, let D′ be an arbitrary

subset ofD satisfying thatD\D′ ⊂ De. For thisD
′, we use the notations defined in Defini-

tion 2.1. Denote RGSMP-SDL for this model by {Y (t)}. If {Y (t)} is a stationary process

whose jump instants have a finite intensity, if it is clock-wise decomposable with respect to

D′ in the form of (1) and if (6) and (1) are satisfied, then ν(d,k) =
d
dx
H ′

(d,k)(IR
k
+ × [0, x])

∣∣∣
x=0

exists and H(d,k) is given by (4) with (5) for all (d, k) ∈ D× IN+, the following formulas:

∑
g∈G

∑
s∈A(g)

c(s, g)νs(g)π(g) < ∞ , (6)

∑
s∈A(g)

c(s, g)νs(g)π(g) =
∑
g′∈G

∑
s′∈A(g′)

∑
U⊂A(g)

c(s′, g′)νs′(g′)π(g
′)p((g′, s′), (g, U))

(g ∈ G) . (7)
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hold, and there exist a set of nonnegative numbers {a(d, k)} satisfying

c(s, g)(νs(g) + a(s(g)))π(g)

=
∑
g′∈G

∑
s′∈A(g′)

∑
U :s∈U

c(s′, g′)νs′(g′)π(g
′)p((g′, s′), (g, U))

(g ∈ G, s ∈ A′(g)) (8)

On the other hand, if there exist a probability distribution {π(g)} and a set of nonnegative

numbers {a(d, k)} satisfying (6), (7) and (8) with {ν(d,k)} defined by (5) for (d, k) ∈ DI

and ν(d,k) = µ(d,k) for (d, k) ∈ D′ \DI , where DI = {(d, k) ∈ D′× IN+|a(d, k) > 0}, and if

µ(d,k) are finite for all (d, k) ∈ D×IN+ \DI , then there exists a stationary distribution for

Y (t) satisfying (1), i.e. there exists a probability measure so that {Y (t)} is stationary

process and clock-wise decomposable. Furthermore, those conditions imply

(i’) The distribution {π(g)} is unchanged if, for all (d, k) ∈ D′ × IN+, Q(d,k) is replaced

by any k-dimensional distribution on (IR+,B(IRk
+)) so that F(d,j)(0) = 0 for all

j = 1, · · · , k, F(d,j) has the mean µ(d,j) for (d, j) ∈ D′ × IN+ \ DI and satisfies (5)

for (d, j) ∈ DI ,

and (ii) and (iii) of Theorem 3.1.

Remark 6.1: Local balance (8) is termed as biased local balance since it differs from the

conventional local balance due to the extra term a(s(g)), which may be interpreted as a

bias term (c.f. Chao and Miyazawa (1997)).

Remark 6.2: We conjecture that the assumption (1) is not necessary for Theorem 6.1, but

this has not yet been proved.
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