
Geometric Decay in a QBD Process with Countable

Background States with Applications to

a Join-the-Shortest-Queue Model

Hui Li∗, Mount Saint Vincent University
Masakiyo Miyazawa∗∗, Tokyo University of Science

Yiqiang Q. Zhao∗∗∗, Carleton University

Revised, May 25, 2007

Abstract

A geometric tail decay of the stationary distribution has been recently stud-
ied for the GI/G/1 type Markov chain with both countable level and background
states. This method is essentially the matrix analytic approach, and simplicity is
an obvious advantage of this method. However, so far it can be only applied to
the α-positive case (or the jittered case as referred to in the literature). In this
paper, we specialize the GI/G/1 type to a quasi-birth-and-death (QBD) process.
This not only refines some expressions because of the matrix geometric form for the
stationary distribution, but also allows us to extend the study, in terms of the ma-
trix analytic method, to non-α-positive cases. We apply the result to a generalized
join-the-shortest-queue model, which only requires elementary computations. The
obtained results enable us to discuss when the two queues are balanced in the gen-
eralized join-the-shortest-queue model, and establish the geometric tail asymptotics
along the direction of the difference between the two queues.

Keywords: QBD process, countable background states, decay rate, α-positivity, sta-
tionary distribution, generalized join-the-shortest-queue model.

1 Introduction

When a practical problem can be naturally modelled as a Markov chain using two state
variables, both of which take countably many values, it is usually unwise to convert it

∗ Postal address: Department of Mathematics, Mount Saint Vincent University, Halifax, NS Canada
B3M 2J6
∗∗ Postal address: Department of Information Sciences, Tokyo University of Science, Noda City, Chiba
278-8510, Japan
∗∗∗ Postal address: School of Mathematics and Statistics, Carleton University, Ottawa, ON Canada K1S
5B6

1



to a one state variable Markov chain since the possible special structure property may
disappear. The GI/G/1 type Markov chain with both countable level and background
(phase) states are such an example. This Markov chain has level independent transitions
except for those from and into the boundary level, i.e., level zero. Because of a broad
range of applications of such a Markov chain, it is important to study the stationary
behavior under the stability condition. However, explicit expressions for the stationary
distribution are not available or cannot be expected except for a very small number
of systems, for example, systems with a product-form solution, or systems satisfying
appropriate conditions for numerical computations, such as the compensation procedure
of Adan, Wessels and Zijm [2]. Because of this reason and also its own importance,
studies on stationary tail asymptotics have been actively and extensively conducted by
both theoretical-oriented and application-motivated researchers.

In this paper, we are particularly interested in a quasi-birth-and-death process with
level independent transitions, except for those from and into the boundary level, and
countably many background states. This QBD process is a special case of the GI/G/1
type Markov chain. Recently obtained results for this type of Markov chain in Miyazawa
and Zhao [18], that provides a sufficient condition for the tail of stationary joint distri-
bution to decay exactly geometrically as the level increases, could be applied. One of the
key issues in the condition is 1-positivity of the matrix generating function for the level
independent transitions, i.e., for the renewal blocks (see Section 2 for the definition of
the positivity). There are at least two reasons why the QBD process is still interesting.
First, the QBD process has a simpler transition structure, while it includes sufficiently
large group of queueing applications particularly when customers singly arrive and singly
depart. Compared to other methods, one only needs elementary computations to find the
decay rate in some applications. Secondly, it allows us to obtain more detailed results in
terms of the matrix analytic method.

These features of the QBD process indeed merit the study of the tail decay rate. We
first consider the case, in which the rate matrix for the matrix geometric solution is α-
positive, specializing the results in [18]. We characterize this positivity by the renewal
blocks. We then consider the case, in which the rate matrix is not α-positive, and establish
a new sufficient condition for geometric decay. In the condition, the α-positivity is relaxed,
while imposing a stronger boundary condition. This study improves the condition recently
reported in Kroese, Scheinhardt and Taylor [12]. We also note that these results can
be extended for the QBD process whose level is integer-valued, i.e., not limited to be
nonnegative.

We then apply the results to a generalized join-the-shortest-queue model with two
servers, which was studied by Foley and McDonald [7], and Houtum et al. [9]. This
queueing model has two parallel queues with three Poisson arrival streams, two of which
are directed to the specified queues respectively, while the third stream chooses the short-
est queue. We revisit this model by formulating it as a QBD process with infinitely many
background states. We are interested in when the two queues are balanced and how the
stationary tail probabilities of the difference between the two queues decay. To answer
these questions, we define two kinds of the balance conditions, weakly and strongly, which
intuitively describe how fast the stationary tail probabilities of the queue difference decay.
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On a macro scale such as the heavy traffic approximation, this kind of a problem is called
state space collapse, and has attracted attentions of researchers (e.g., see [24, 25] and
references therein). We do not address this issue in this paper because we are interested
in microscopic behaviors.

We first consider the minimum of the two queues as the level of the QBD process. We
provide a simpler derivation for some results in [7] using elementary computations on the
QBD process, and characterize the weakly and strongly balanced conditions. We next
consider the difference between the two queues as the level. In this case, we cannot apply
the framework of the α-positivity, instead we use the aforementioned result on the non-
α-positive case. It is shown that the stationary tail in difference between the two queues
decays exactly geometrically under the strongly balanced condition, plus some additional
constraint. This decay property holds for any fixed number of customers in the shortest
queue, and also for the marginal distribution.

The geometric tail behavior of a system with a two-dimensional state space has been
considered using different methods in the literature. A classical approach is the complex
analysis method (e.g., see [4, 5, 10, 6]). Probabilistic approaches have been receiving
more attentions recently, where the large deviation technique is frequently used. Some
refinements of this approach can be found in McDonald [15] in addition to [7]. Closely
related but rather rough estimation has been investigated using the large deviation tech-
niques (e.g., see [19]). On the other hand, Takahashi, Fujimoto and Makimoto [23] use the
matrix-analytic method for the QBD process. Miyazawa [17] and Mayazawa and Zhao
[18] refine the main result in [23] to more general processes, the M/G/1 type and the
GI/G/1 type Markov chains, respectively. Recently, Sakuma, Miyazawa and Zhao [20]
consider the case, in which customers arrive subject to the phase type renewal process.
For applications of these results, it is important to verify the α-positivity. This verification
becomes much simpler in terms of our results for the generalized joint-the-shortest-queue
model, since the generating function of the renewal blocks possesses a tri-diagonal struc-
ture. Verification of the α-positivity for more general structures could be done in terms
of the censoring technique as shown in Haque, Liu and Zhao [8] and Li and Zhao [14].

The rest of the paper is organized into three sections. In Section 2, we consider the
tail decay rate problem for the QBD process with or without the α-positivity of the rate
matrix. In Section 3, we apply these results to the generalized join-the-shortest-queue
model. We provide necessary and sufficient conditions for the two queues to be weakly
and strongly balanced, and compute the decay rates for the minimum of the two queues
and their deference under appropriate conditions, respectively. We finally make some
remarks in Section 4.

2 The geometric decay on the QBD process

In this section, we provide sufficient conditions for the QBD process to have the stationary
distribution whose tail decays geometrically in the direction of level. We first introduce
the QBD process. Let {(Xℓ, Yℓ); ℓ = 0, 1, . . .} be a discrete-time Markov chain with
the countable state space S. Assume that Xℓ is nonnegative integer valued, and Yℓ
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has the state space S0 when Xℓ = 0, and the state space S1 otherwise. Hence, S =
({0} × S0) ∪ ({1, 2, . . .} × S1). We refer to Xℓ and Yℓ as level and background processes,
respectively. Note that the background process Yℓ is also known as the phase process.
We then assume that the transition probability matrix P of this Markov chain has the
following block structure with respect to the level:

P =


B0 B1

B−1 A0 A1

A−1 A0 A1

A−1 A0 A1

. . . . . . . . .

 ,

where B−1, B0, B1, and Ai, i = −1, 0, 1, are matrices of sizes S1×S0, S0×S0, S0×S1, and
S1 × S1, respectively. This QBD is a discrete-time version of the well-known continuous-
time QBD. For the continuous case, when the main diagonal entries of the generator are
bounded, the QBD process has the same stationary distribution as that for the discrete-
time case if it exists. This is the well-known fact shown by the uniformization. So our
results immediately apply to the continuous-time QBD.

Throughout the paper, we assume that P is irreducible and aperiodic, and positive
recurrent. The unique stationary probability row vector of P is denoted by

ν = (ν0, ν1, . . .),

where νn for n ≥ 0 are row vectors corresponding level n. We further assume that

(i) A ≡ A−1 + A0 + A1 is irreducible and aperiodic;

(ii) {An; n = 0,±1} is 1-arithmetic in the sense that for every pair (i, j) ∈ S1 × S1, the
greatest common divisor of {n ∈ Z; An(i, j) > 0} is one, where Z is the set of all
integers (see Alsmeyer [3] and Shurenkov [22]).

For both finite and infinite background cases, it is well-known that there exists a
nonnegative matrix R uniquely determined as a minimal nonnegative solution of the
matrix equation:

R = R2A−1 + RA0 + A1, (2.1)

and the stationary distribution has the following matrix geometric form.

νn = ν1R
n−1, n ≥ 1. (2.2)

Furthermore, R has a single recurrent class. As usual, we refer to R as the rate matrix.

When S0 and S1 are finite, it is easy to see that there exists α > 1 such that

lim
n→∞

αnνn = c. (2.3)

Obviously, α−1 and c are obtained as the maximum eigenvalue and the corresponding
eigenvector of R, respectively. However, the asymptotic behavior of νn as n → ∞ is
not obvious at all when S0 and S1 are infinite. In what follows, we consider sufficient
conditions for (2.3).
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2.1 Positivity conditions on the rate matrix

The asymptotic behavior (2.3) can be straightforwardly extended if the rate matrix is well-
behaved. To see this, we introduce the following notion, which is slightly more general
than Definition 6.2 of Seneta [21]. The latter assumes the irreducibility of T and the
positivity of s and t.

Definition 2.1 A square nonnegative matrix T is said to be α-positive for positive num-
ber α if αT has nonnegative nonzero right and left invariant vectors s and t, respectively,
such that st < ∞.

Let us tentatively assume that R is α-positive with positive left eigenvectors x and
nonnegative right eigenvector r for some α > 1. Define the matrix G̃

(α)
+ as

G̃
(α)
+ = ∆−1

x (αRt)∆x,

where ∆x is the diagonal matrix whose diagonal entries are the elements of x. It is easy
to see that G̃

(α)
+ is a stochastic matrix. Tentatively again, we assume that this stochastic

matrix has a single irreducible class. Then, the stationary distribution of G̃
(α)
+ is given by

(xr)−1rt∆x, and we have

lim
n→∞

∆−1
x (αRt)n∆x = lim

n→∞
(G̃

(α)
+ )n =

1

xr
1rt∆x.

Combining this with (2.2), if ν1r < ∞, we can see that

lim
n→∞

αnνn = α lim
n→∞

(
∆x(G̃

(α)
+ )n−1∆−1

x νt
1

)t

=
αν1r

xr
x (2.4)

as a consequence of the following Markov renewal equation (e.g., see (4.13) of [18]):

αn∆−1
x νt

n =

{
α∆−1

x νt
1 , n = 1,

G̃
(α)
+ (αn−1∆−1

x νt
n−1), n ≥ 2.

Interestingly, (2.4) holds true even if ν1r = ∞ by truncation arguments on ∆−1
x νt

1 .

One may think of the following alternative expression, which converts R to stochastic
when r is positive.

αnνn = αν1∆r(∆
−1
r (αR)n−1∆r)∆

−1
r .

This immediately yields the limit in (2.4) if ν1r < ∞ since stochastic matrix ∆−1
r (αR)∆r

is positive recurrent. This approach was employed in [23]. However, r may have null
entries, so we cannot use this expression in general. We cannot properly deal with the
case ν1r = ∞ by this expression either.

Thus, the positivity of R and the single irreducible class of G̃
(α)
+ are key conditions to

have the asymptotic behavior (2.4). Indeed, this is verified in Theorem 4.1 of [18] under
the following conditions, which are here specialized for the QBD process.

5



(iii) There exist an α > 1, a positive row vector x and a positive column vector y such
that

xA∗(α) = x, A∗(α)y = y, (2.5)

where A∗(z) = z−1A−1 + A0 + zA1 for z ̸= 0;

(iv) xy < ∞ for x and y in (iii);

(v) ν0B1y < ∞ for x and y in (iii).

The essence of Theorem 4.1 of [18] is to verify that conditions (iii) and (iv), i.e., 1-

positivity of the matrix A∗(α), are sufficient for the α-positivity of G̃
(α)
+ , which is equivalent

to the α-positivity of the rate matrix R for the QBD process. We show that they are also
necessary. To see this, we first note that (2.1) is equivalent to

I − A∗(z) = (I − zR)(I − (A0 + RA−1 + z−1A−1)), z ̸= 0. (2.6)

It is well-known that the (i, j)th entry of R, denoted by R(i, j), is the expected visiting
number of the background state j at one level above before it returns to the starting
level when it starts with the background state i. So, A0 + RA−1 is the background state
transition matrix for returning to the starting level before hitting one level below. Hence,

G−
∗ (z) ≡ A0 + RA−1 + z−1A−1

is the matrix generating function of the background state transition for the first time when
the level returns to the same level or goes down. Hence, for α > 1, G−

∗ (α) is substochastic
and all states are transient, so (I −G−

∗ (α))−1 exists and is finite. From this and (2.6), we
have

(I − A∗(α))(I − G−
∗ (α))−1 = I − αR. (2.7)

We are now ready to prove the following facts.

Lemma 2.1 For the discrete-time QBD process, assume conditions (i) and (ii). Then,
for α > 1, the rate matrix R is α-positive if and only if conditions (iii) and (iv) hold, i.e.,
A∗(α) is 1-positive. If this is the case, x is the left invariant vector of αR, and

r ≡ (I − A0 − RA−1 − α−1A−1)y (2.8)

is its right invariant vector.

Proof. We have already note that the sufficiency of (iii) and (iv) is proved in [18].
More specifically, it is a direct consequence of (2.6) and Lemma 4.2 of [18]. So, we only
need to prove their necessity. Suppose that R is α-positive with eigenvectors x and r.
Then, it follows from (2.7) that x and

y ≡ (I − G−
∗ (α))−1r
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are the left and right eigenvectors of A∗(α), respectively. Obviously, this y is the same
as the one determined by (2.8). To see that A∗(α) is 1-positive, we use some stochastic

arguments. Define matrix generating function Ã
(α)
∗ (z) as

Ã(α)
∗ (z) = ∆−1

x At
∗(αz)∆x, z ̸= 0.

Then, it is easy to see that Ã
(α)
∗ (1) and G̃

(α)
+ are stochastic matrices and have stationary

measures yt∆x and rt∆x, respectively. Furthermore, G̃
(α)
+ is known as the background

state transition function for the first time when the level goes up for the Markov additive
process generated by Ã

(α)
∗ (z). From the assumption that xr < ∞, rt∆x is the finite

stationary measure of G̃
(α)
+ . Hence, G̃

(α)
+ has a positive recurrent class, so Ã

(α)
∗ (1) must

have a positive recurrent state. From this and the fact that Ã
(α)
∗ (1) is irreducible, yt∆x

must be a finite positive measure, which concludes that xy < ∞.

The following theorem is essentially the specialization of the results in [18] to the QBD
process. However, it may be interesting to see how they are specialized, and we need this
theorem later.

Theorem 2.1 Under conditions (i)–(iv), we have (2.4) with r defined by (2.8). In par-
ticular, if condition (v) also holds, the right hand side of (2.4) is finite.

Proof. We only need to prove that (v) implies ν1r < ∞. This has been basically done
in the proof of Theorem 4.1 of [18]. We show here that it can be directly achieved. We
first note the stationary equation:

ν1 = ν0B1 + ν1A0 + ν2A−1. (2.9)

From this, (2.2) and (2.8), we have

ν0B1y = ν1(I − A0 − RA−1)y

= ν1(r + α−1A−1y).

Since ν1α
−1A−1y is nonnegative, condition (v) implies the desired finiteness.

Remark 2.1 Since r is usually hard to compute, condition (v) is convenient. Theo-
rem 2.1 and Lemma 2.1 are also valid for the GI/M/1 type Markov chain with countably
many background states.

In view of (2.2), the background process is said to be α-positive recurrent if R is α-
positive and if condition ν1r < ∞ holds. Namely, this process is well-behaved as the level
increases under the appropriate scaling. However, this does not mean that the background
process is still well-behaved when the same scaling is applied to the background process
itself. For our application, we are particularly interested in the case that the background
process fades out under this scaling. To consider this, we assume that the background
states are integer valued so that the scaling can be applied, which motivates the following
definition.
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Definition 2.2 Assume that the background state space of the QBD process is Z, i.e., the
set of all integers. For this QBD process, the background process is said to be dominated
by the level process if it is α-positive recurrent and

lim
n→∞

αnxn = lim
n→−∞

α−nxn = 0,

where x = {xn; n ∈ Z} is the left eigenvector of A∗(α).

This dominated notion intuitively means that the level process has more influence
when the same scaling is applied to the level and background processes.

2.2 Another sufficient condition

In the previous subsection, we considered the case in which the rate matrix R is α-
positive. However, this positivity may not be necessary for the geometric decay along the
level direction in a QBD process. To take care of this case, in this subsection we provide
a new sufficient condition for the geometric decay. For this, we prepare the following
lemma, whose proof is elementary, but given in Appendix C for convenience of the reader.

Lemma 2.2 Let U = {unk; n, k ≥ 1} be an infinite matrix and {ζk} an infinite sequence
that converges to some finite constant a. Then, the sum ηn =

∑∞
k=1 unkζk converges to ab

as n → ∞ if

lim
n→∞

unk = 0, k = 1, 2, . . . , (2.10)

lim
n→∞

∞∑
k=1

unk = b, (2.11)

∞∑
k=1

|unk| < γ, n = 0, 1, . . . , (2.12)

for positive constant b and some γ not depending on n. Furthermore, if un,k’s are non-
negative, the same implication holds true for a = ∞.

Remark 2.2 The converse of Lemma 2.2 holds in the sense that, if ηn converges to ab
whenever {ζk} converges to a, then conditions (2.10), (2.11) and (2.12) are necessary.
Thus, these conditions characterizes the convergence of {ηn}. This result is called the
Toeplitz limit theorem in the literature (e.g., see pages 270–274 of [11]).

Theorem 2.2 For an irreducible positive recurrent aperiodic discrete-time QBD process
P with its stationary probability vector ν = (ν0, ν1, ν2, . . .), where νn = {νnk; k ≥ 0}, if
there exist a positive left invariant vector x = (xk) of A∗(α) for some α > 1 and some
finite c ≥ 0 such that

lim
k→∞

ν1,k

xk

= c, (2.13)
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then, for any nonnegative column vector h satisfying xh < ∞,

lim
n→∞

αnνnh = αcxh. (2.14)

In particular, if 0 < c < ∞, then νnh decays geometrically with rate α−1 as n goes to
infinity.

Proof. Consider the following two cases: 1) A∗(α) is 1-positive and 2) A∗(α) is not
1-positive. In case 1), there exists column vector y of (iii) such that xy < ∞. To use
Theorem 2.1, we first show that ν0B1y < ∞. We first note that (2.9) implies ν0B1 ≤ ν1.
Then, this finiteness is obtained easily from the boundedness of ν1,k/xk since

ν0B1y ≤ ν1y =
∞∑

k=1

ν1,kyk =
∞∑

k=1

ν1,k

xk

xkyk ≤ sup
1≤k≤∞

{
ν1,k

xk

}
xy < ∞.

Since ν1,k/xk are bounded and xh < ∞, Theorem 2.1 yields (2.14) by the bounded
convergence theorem.

For case 2), by Lemma 2.1 the rate matrix R is not α-positive, but we still have

x(αR) = x from the factorization (2.6). Recall that G̃
(α)
+ = ∆−1

x (αRt)∆x is a stochastic

matrix. Since R is not positive, G̃
(α)
+ is not positive either. Denote the (i, j)th entry of

(G̃
(α)
+ )n by p

(n)
ij . Let uni =

∑
j∈S xjhjp

(n)
ji , where hi is the ith entry of h. Then, by the

assumptions and the bounded convergence theorem,∑
i∈S

uni =
∑
i∈S

∑
j∈S

xjhjp
(n)
ji = xh < ∞, n ≥ 1,

lim
n→∞

uni = lim
n→∞

∑
j

hjxjp
(n)
ji = 0.

Applying Lemma 2.2, we have

lim
n→∞

αnνnh = α lim
n→∞

∞∑
i=1

ν1i

xi

∑
j∈S

xjhjxiα
n−1[Rn−1]ij/xj

= α lim
n→∞

∞∑
i=1

ν1i

xi

u(n−1)i = αcxh.

Remark 2.3 From the proof of this theorem, it can be seen that (2.14) is still valid for
c = ∞ when A∗(α) is not 1-positive.

Remark 2.4 The existence of a positive left invariant vector x of A∗(α) for some α > 1
satisfying x1 < ∞ is equivalent to the existence of a quasi-stationary distribution for
A∗(α).

Corollary 2.1 Under the assumptions of Theorem 2.2, if 0 < c < ∞, then the marginal
distribution of the level process has a geometric tail.
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2.3 Extensions to a double-sided QBD process

To apply the above results to the generalized join-the-shortest-queue model, it is conve-
nient to extend the QBD process so that its level is integer valued. Such a QBD process in
discrete-time is defined as a Markov chain with the following block structured transition
matrix, and said to be double-sided:

P =



. . . . . . . . .

A−1 A0 A1

A−1 A0 B1

B−1 B0 B1

B−1 A0 A1

A−1 A0 A1

. . . . . . . . .


,

where Ai, B1, B−1, B0, B1, B−1 and Ai are matrices of sizes S− × S−, S− × S0, S0 × S−,
S0 × S0, S0 × S+, S+ × S0 and S+ × S+, respectively.

Let R and R be the minimal nonnegative solutions, respectively, for the following
matrix equations:

R = A−1 + R A0 + R2A1,

R = R
2
A−1 + R A0 + A1.

Then, it is straightforward to extend the matrix geometric form (2.2) to the following
form:

νn =

{
ν1R

n−1
, n ≥ 1,

ν−1R
−n−1, n ≤ −1,

where ν0, ν1 and ν−1 are determined by

ν−1 = ν0B−1(I − R A1 − A0)
−1,

ν1 = ν0B1(I − R A−1 − A0)
−1,

ν0 = (ν−1 + ν1)(I − B0)
−1.

Hence, Theorem 2.1 is easily extended for the positive and negative directions of the
levels. For example, if A∗(α) is 1-positive for some α > 1 and has right and left invariant
vectors x and y, then

lim
n→−∞

α|n|νn =
ν−1r

x r
x,

where r = (I − A0 − R A−1 − α−1A−1)y. Similarly, Theorem 2.2 is extended.
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3 A generalized join-the-shortest-queue model with

two servers

In this section, we consider a generalized join-the-shortest-queue model with two servers
studied by Foley and McDonald [7] and Houtum et al. [9]. from a different perspective.
This model is a generalization of the classical join-the-shortest-queue model with two
servers. In the classical model, there are two parallel queues, numbered as queue 1 and
queue 2, with exponential service rates µ1 and µ2, respectively, and each has a buffer of
infinite size and a Poisson arrival stream with arrival rate δ joining the shortest queue or
either of the two queues of the same length with equal probability. In the generalized join-
the-shortest-queue model, we further assume that two more independent Poisson arrival
streams with rates λ1 and λ2, respectively, dedicated to queues 1 and 2, respectively. We
assume that

λ1 + λ2 + δ + µ1 + µ2 = 1

and the system is stable, namely,

ρ1 ≡
λ1

µ1

< 1, ρ2 ≡
λ2

µ2

< 1, ρ ≡ λ1 + λ2 + δ

µ1 + µ2

< 1.

This stability condition is clearly necessary. Its sufficiency was proved in [7].

If λ1 = λ2 = 0, then it is intuitively clear that the two queues are well-balanced by
the arrivals. Hence, the decay rate of the minimum of the two queues would be ρ2, since
the sum of them behaves like the M/M/1 queue with traffic intensity ρ. This decay rate
is actually verified in Kingman [10]. If either or both of λ1 and λ2 are not zero, one may
have a question when the two queues are balanced. We address this issue. To this end, we
need to clearly define “balanced”, which will be done after introducing the basic notation.

Let Q1ℓ and Q2ℓ be the lengths of queue 1 and queue 2 at time ℓ, respectively, including
customers in service. To answer the question, we take the minimum min(Q1ℓ, Q2ℓ) of the
two queues and the difference Q2ℓ−Q1ℓ as the state variables. Denote their realized values
by m and n, respectively. Then, state transitions in (m,n)-plan are depicted in Figure 1.

3.1 Geometric decay in the minimum direction

In this subsection, we formulate the generalized join-the-shortest-queue model as a QBD
process by taking the minimum of the queues as the level and the difference of the queue
lengths as the background. That is, Xℓ = min(Q1ℓ, Q2ℓ) and Yℓ = Q2ℓ−Q1ℓ in the notation
of Section 2. Then, the matrices A∗(z) and B∗(z) are, respectively, given by
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λ1 λ1

λ2 λ2

µ1 µ1

µ1

µ1

µ1

µ2

µ2

µ2

µ2

µ2 λ1+δ λ1+δ

λ2+δλ2+δ

λ1+δ/2λ1+δ/2

λ2+δ/2 λ2+δ/2

µ1+µ2
m=min(Q1, Q2)

n=Q2-Q1

Figure 1: State transitions for the generalized join-the-shortest-queue model in the (m, n)-
plan

A∗(z) =



· · · −3 −2 −1 0 1 2 3 · · ·
...

. . . . . . . . .

−2 a−1 0 a1

−1 a−1 0 a1

0 a− 0 b+

1 b−1 0 b1

2 b−1 0 b1
. . . . . . . . .


,

where

a−1 = µ2z
−1 + λ1, a1 = µ1 + (λ2 + δ)z, a− = µ2z

−1 +

(
λ1 +

δ

2

)
,

b+ = µ1z
−1 +

(
λ2 +

δ

2

)
, b−1 = µ2 + (λ1 + δ)z, b1 = µ1z

−1 + λ2,
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and

B∗(z) =



· · · −3 −2 −1 0 1 2 3 · · ·
...

. . . . . . . . .

−2 λ1 µ2 a1

−1 λ1 µ2 a1

0 λ1 + δ/2 µ1 + µ2 λ2 + δ/2
1 b−1 µ1 λ2

2 b−1 µ1 λ2

. . . . . . . . .


.

Denote the left and right invariant vectors of A∗(z) for z > 1 by

x(z) = (. . . , x−1(z), x0, x1(z), . . .) and y(z) = (. . . , y−1(z), y0, y1(z), . . .),

respectively.

Let us consider conditions for the two queues to be balanced. Intuitively, the two
queues being balanced means that the smart arrival stream (joining the shortest queue)
can keep the two queue lengths close to each other despite the influence on the difference
by a service completion. Since the difference of the two queues is taken as the background
state, the balance of the two queues may be characterized by how the background process
behaves as the level goes up under an appropriate scaling. For this, we introduce the
following definition, using the α-positive and dominated background processes in Section
2.1 and Definition 2.2.

Definition 3.1 The two queues are said to be weakly balanced if the background process
is α-positive, and to be strongly balanced if the background process is dominated by the
level process.

Based on the following two lemmas, a necessary and sufficient condition for the two
queues to be weakly balanced, or strongly balanced, can be easily obtained. First, we
examine conditions (iii) and (iv). To this end, let

βij(z) = 1 − 4[µi + (λj + δ)](µjz
−1 + λi), i, j = 1, 2,

f(z) =
µ2z

−1 +
(
λ1 + δ

2

)
2(µ2z−1 + λ1)

β12(z) +
µ1z

−1 +
(
λ2 + δ

2

)
2(µ1z−1 + λ2)

β21(z).

Then, we have the following result.

Lemma 3.1 For the generalized join-the-shortest-queue model, conditions (iii) and (iv)
hold if and only if there exists a z > 1 such that

β12(z) > 0, β21(z) > 0, (3.1)

and f(z) = 1. In this case, the left and right invariant vectors x(z) and y(z) of A∗(z)
satisfying x(z)y(z) < ∞ have the following forms:

xn(z) =


(
1 + δ

2(µ2z−1+λ1)

)
x0η

|n|
min, n ≤ −1,(

1 + δ
2(µ1z−1+λ2)

)
x0θ

n
min, n ≥ 1,

yn(z) =

{
y0η

−|n|
max , n ≤ −1,

y0θ
−n
max, n ≥ 1,

(3.2)

13



where ηmin and ηmax are the roots of the equation:

φ−(η) ≡ [µ1 + (λ2 + δ)z]η2 − η + (µ2z
−1 + λ1) = 0 (3.3)

such that ηmin < ηmax, and θmin and θmax are the roots of the equation:

φ+(θ) ≡ [µ2 + (λ1 + δ)z]θ2 − θ + (µ1z
−1 + λ2) = 0 (3.4)

such that θmin < θmax.

Remark 3.1 From (3.3) and (3.4), we have

ηmin =
1 −

√
β12(z)

2[µ1 + (λ2 + δ)z]
, ηmax =

1 +
√

β12(z)

2[µ1 + (λ2 + δ)z]
,

θmin =
1 −

√
β21(z)

2[µ2 + (λ1 + δ)z]
, θmax =

1 +
√

β21(z)

2[µ2 + (λ1 + δ)z]
.

Since the proof of this lemma is just mechanical, we defer until Appendix A. Next,
we solve the equation f(z) = 1. Our key idea for computations is to use the following
notation, which will turns out to be very helpful.

γ1 = µ1ρ
2 + λ2, γ2 = µ2ρ

2 + λ1.

We note the following identity, which is immediate from the definition.

γ1 + γ2 + δ = ρ. (3.5)

Lemma 3.2 z = ρ−2 is the only solution of f(z) = 1 for z > 1, and

(ηmin, ηmax) =

(
ρ

γ1

γ2 + δ
, ρ

)
or

(
ρ, ρ

γ1

γ2 + δ

)
, (3.6)

(θmin, θmax) =

(
ρ

γ2

γ1 + δ
, ρ

)
or

(
ρ, ρ

γ2

γ1 + δ

)
. (3.7)

For the same reason, we also defer the proof of this lemma until Appendix B.

Let ν ≡ {νm} stand for the stationary joint distribution of min(Q1ℓ, Q2ℓ) and Q2ℓ−Q1ℓ,
where νm is the subvector for level m. That is, the nth entry of νm is

νm,n = P (min(Q1, Q2) = m,Q2 − Q1 = n), m ≥ 0, n ∈ Z, (3.8)

where Z is the set of all integers and Qi is the stationary version of Qiℓ for i = 1, 2.

Theorem 3.1 For the generalized join-the-shortest-queue model satisfying the stability
condition and the pooled condition that max(ρ1, ρ2) < ρ, the two queues are weakly
balanced if and only if the following condition holds

|(µ1 − µ2)ρ
2 + λ2 − λ1| < δ. (3.9)

14



In this case, for any fixed value of the difference between the two queues, the stationary
probability vector νm decays geometrically as m → ∞ with the decay rate ρ2, namely,

lim
m→∞

ρ−2mνm = x(ρ−2), (3.10)

where

xn(ρ−2) =


x0ρ

(
γ2+δ/2
γ1+δ

)(
ρ γ1

γ2+δ

)n

, n ≥ 1,

x0, n = 0,

x0ρ
(

γ1+δ/2
γ2+δ

)(
ρ γ2

γ1+δ

)|n|
, n ≤ −1,

(3.11)

and x0 is a constant. Furthermore, the two queues are strongly balanced if and only if

γ1 < ρ(γ2 + δ) and γ2 < ρ(γ1 + δ). (3.12)

Remark 3.2 This theorem is essentially identical to Theorem 2 of [7] except the charac-
terization parts, and (3.10) agrees with the corresponding result there.

Proof. It follows from Lemmas 3.1 and 3.2 that there are four cases for possible
expressions of x(ρ−2). Obviously, it is impossible that γ2 +δ < γ1 and γ1 +δ < γ2. Hence,
there remain the following three cases.(

ηmin

θmin

)
=

(
ρ γ1

γ2+δ

ρ γ2

γ1+δ

)
,

(
ρ

ρ γ2

γ1+δ

)
or

(
ρ γ1

γ2+δ

ρ

)
.

However, it can be checked that

x(ρ−2)A∗(ρ
−2) = x(ρ−2)

is satisfied only in the first case. Hence, A∗(ρ
−2) is 1-positive if and only if |γ1 − γ2| < δ,

which is identical to (3.9).

We then apply Theorem 2.2 by verifying conditions (i)–(v) to prove the geometric de-
cay in (3.10). Conditions (i) and (ii) are obvious. Conditions (iii) and (iv) are identical to
the weakly balanced conditions. It remains to verify the finiteness or boundary condition
(v). Since B∗(α) has a tri-diagonal structure with bounded entries and yk is geometric in
both sides, it is sufficient to show that

ν0y < ∞. (3.13)

¿From Lemma 3.2, we have
ηmax = θmax = ρ.

Therefore, (3.13) can be written as

∞∑
k=0

ρ−k[P (Q1 = k,Q2 = 0) + P (Q1 = 0, Q2 = k)] < ∞,

which is the same condition as C.10 and proved, under the pooled and weakly balanced
conditions, in Proposition 1 of Foley and McDonald [7] using Theorem 14.3.7 of Meyn
and Tweedie [16]. The last part of the theorem is a direct consequence of (3.11).
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3.2 Geometric decay in the difference direction

In this subsection, we formulate a QBD process by taking the difference between the
two queue lengths as the level and their minimum as the background. For this, we
use the double-sided QBD process of Section 2.3. That is, we let Xℓ = Q2ℓ − Q1ℓ and
Yℓ = min(Q1ℓ, Q2ℓ) in this subsection. Although the position of the level and background
processes has been interchanged, some notation introduced earlier remains the same for
convenience. In what follows, Qi denotes the stationary version of Qiℓ for i = 1, 2 as used
in Subsection 3.1.

We still symbolically use m and n for the realized values of min(Q1, Q2) and Q2 −Q1,
respectively, but n is now a level while m is a background state for the QBD. To avoid
possible confusions, we introduce ν̃ = (ν̃n,m) for the stationary probability vector for the
present QBD process. Clearly, ν̃n,m = νm,n for ν = (νm,n) defined in (3.8). Similarly, we
use Ã∗(z) for the generating function of the repeating blocks in the transition matrix of
the current QBD process. By A∗(z), we denote the submatrix of Ã∗(z) corresponding to
the positive levels. Then, it is easy to see that

A∗(z) =


µ2z

−1 + λ2z + µ1 (λ1 + δ)z−1

µ1z µ2z
−1 + λ2z (λ1 + δ)z−1

µ1z µ2z
−1 + λ2z (λ1 + δ)z−1

. . . . . . . . .

 .

Similarly, let A∗(z) be the submatrix of Ã∗(z) corresponding to the negative levels. Then,
we have

A∗(z) =


µ1z + λ1z

−1 + µ2 (λ2 + δ)z
µ2z

−1 µ1z + λ1z
−1 (λ2 + δ)z

µ2z
−1 µ1z + λ1z

−1 (λ2 + δ)z
. . . . . . . . .

 .

A∗(α) or A∗(α) may not be expected to be 1-positive for some α > 1 or α > 1,
respectively, when the two queues are balanced. So, we consider to apply Theorem 2.2
instead of Theorem 2.1. To this end, we first consider the positive direction. Then, we
need to find a positive row vector x(α) for some α > 1 such that

x(α)A∗(α) = x(α)

and to verify the compatibility condition (2.13), which according to Theorem 3.1 can be
expressed as

lim
m→∞

ν̃1,m

xm(α)
= lim

m→∞

νm,1

xm(α)
= lim

m→∞

x0ρ
2m

xm(α)
= c (3.14)

for some c > 0, where νm,1 and x0 are defined in Theorem 3.1. This can be done under a
slightly different condition from the strongly balanced condition. Similar arguments are
also valid for the left invariant vector x(α) of A∗(α) for α > 1.
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Theorem 3.2 For the stable generalized join-the-shortest queue model, assume that the
pooled condition is satisfied and the two queues are strongly balanced. Then, for any
subset B of {0, 1, . . .}, the stationary vector ν of (3.8) has the property

lim
n→∞

(
γ2 + δ

ργ1

)n ∑
m∈B

νm,n = c+

∑
m∈B

(
ρ2m + d+

(
(λ1 + δ)γ2

1

µ1(γ2 + δ)2

)m)
, (3.15)

if

(λ1 + δ)γ2
1 < µ1ρ

2(γ2 + δ)2; (3.16)

and the property

lim
n→−∞

(
γ1 + δ

ργ2

)|n| ∑
m∈B

νm,n = c−
∑
m∈B

(
ρ2m + d−

(
(λ2 + δ)γ2

2

µ2(γ1 + δ)2

)m)
, (3.17)

if

(λ2 + δ)γ2
2 < µ2ρ

2(γ1 + δ)2, (3.18)

where c+ and c− are positive constants, and

d+ =
γ1(µ1ρ(γ2 + δ) − (λ1 + δ)γ1)

µ1(γ2 + δ)(ρ(γ2 + δ) − γ1)
, d− =

γ2(µ2ρ(γ1 + δ) − (λ2 + δ)γ2)

µ2(γ1 + δ)(ρ(γ1 + δ) − γ2)
. (3.19)

Remark 3.3 If (λi+δ)/µi < 1 for i = 1, 2, then (3.16) is implied by the strongly balanced
condition. This is always the case if λ1 = λ2 = 0 because of the pooled condition. In this
particular case, we always have (3.15) and (3.17) since the strongly balanced condition
(3.12) is also automatically satisfied.

Proof. Let x(z) = (x0(z), x1(z), x2(z), . . .) be the left invariant vector of A∗(z). Then,
xj(z) has the form:

xj(z) = c+(ξj
min + d+ξj

max), j ≥ 0,

where ξmin and ξmax are the roots of the quadratic equation of ξ:

µ1zξ
2 − (1 − (µ2z

−1 + λ2z))ξ + (λ1 + δ)z−1 = 0, (3.20)

provided ξmin ̸= ξmax. For the condition (3.14) to be satisfied, it is expected that ξmax = ρ2

and ξmin < ξmax. So we substitute ξ = ρ2 into (3.20), which leads to

(µ1ρ
2 + λ2)ρ

2z2 − ρ2z + (µ2ρ
2 + λ1 + δ) = 0.

This yields

(1 − ρz)(ρ − γ1(ρz + 1)) = 0.
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Hence, by using (3.5) we have that z = ρ−1 or γ2+δ
ργ1

, either of which is the candidate for α.

Since the strongly balanced condition (3.12) implies the weakly balanced condition (3.9),
which is equivalent to

ρ−1 <
γ2 + δ

ργ1

,

we set α = γ2+δ
ργ1

. Then, from (3.20), we have

ρ2ξmin =
(λ1 + δ)z−1

µ1z
.

Hence, we have

ξmin =
(λ1 + δ)γ2

1

µ1(γ2 + δ)2
,

which is indeed less than ξmax (= ρ2) by (3.16). To determine d+ in xj(α), we use the
stationary equation for x(α) at level 0, i.e.,

x0(α) = x0(α)(µ2α
−1 + λ2α + µ1) + x1(α)µ1α.

This yields d+ in (3.19). We need to show that x(α), i.e., the right-hand side of (3.15),

is positive. Since
(λ1+δ)γ2

1

µ1(γ2+δ)2
< ρ2, this positivity is obtained if 1 + d+ > 0. This is indeed

verified by the strongly balanced condition (3.12) and

(1 + d+)ρ(ρ(γ2 + δ) − γ1) =
ρ2(γ2 + δ)2µ1 − (λ1 + δ)γ2

1

µ1(γ2 + δ)
> 0.

So, x(α) is positive. Similarly, we get d− in (3.19) and verify its positivity by (3.16). So,
the left invariant vectors x(α) and x(α) of A∗(α) and A∗(α) are positive. Hence, we get
(3.15) and (3.17) from Lemma 2.2 with h whose j-th entry is hj = 1(j ∈ B).

We need stronger conditions for Theorem 3.2, but it has a great flexibility for taking
marginals of the joint probability νmn for each fixed n. In particular, we see that the tail
distribution of Q2−Q1 geometrically decays. This is not the case for Theorem 3.1. Then,
it may be questioned whether a similar result holds for min(Q1, Q2). Theorem 3.2 enables
us to answer this question.

Corollary 3.1 Under the assumptions of Theorem 3.2, we have, for any subset B of Z,

lim
m→∞

ρ−2m
∑
n∈B

νmn =
αν1r

xr

∑
n∈B

xn(ρ2). (3.21)

Proof. In the view of (2.4), (3.21) is obtained if ν1n/xn(ρ−2) for n ∈ Z are bounded.
This boundedness immediately follows from (3.11), (3.15) and (3.17).
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4 Concluding remarks

In Theorem 3.2, we need somehow artificial conditions (3.16) and (3.18) for verifying the
condition (2.13) of Theorem 2.2. These conditions may or may not be stronger than the
strongly balanced condition (3.12). All the conditions are satisfied when λ1 = λ2 = 0 as
noted in Remark 3.3. They also hold for the symmetric case, i.e., λ1 = λ2 and µ1 = µ2,
as is expected. The conditions (3.16) and (3.18) are certainly related to good boundary
behaviors, but we do not have any physical interpretations for them.

For taking marginals of νmn for each fixed n, we have used extra conditions in Corol-
lary 3.1. It seems very hard to verify it without such conditions. In fact, this problem has
been considered for the join-the-shortest-queue model with PH renewal arrivals in [20].
We believe that the present approach also solves the problem there. However, there yet
remains the question whether the extra conditions are needed. We leave it as an open
question.
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18510135 and by NSERC Discovery Research grants.
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A The proof of Lemma 3.1

Condition (iii), i.e., x = xA∗(z) and y = A∗(z)y can be written in component wise as
follows:

xk(z) = xk−1(z)(µ1 + (λ2 + δ)z) + xk+1(z)(µ2z
−1 + λ1), k ≤ −2, (A.1)

x−1(z) = x−2(z)(µ1 + (λ2 + δ)z) + x0(µ2z
−1 + λ1 +

δ

2
), (A.2)

x0 = x−1(z)(µ1 + (λ2 + δ)z) + x1(z)(µ2 + (λ1 + δ)z), (A.3)

x1(z) = x0(µ1z
−1 + λ2 +

δ

2
) + x2(z)(µ2 + (λ1 + δ)z), (A.4)

xk(z) = xk−1(z)(µ1z
−1 + λ2) + xk+1(z)(µ2 + (λ1 + δ)z), k ≥ 2, (A.5)

and

yk(z) = yk−1(z)(µ2z
−1 + λ1) + yk+1(z)(µ1 + (λ2 + δ)z), k ≤ −1, (A.6)

y0 = y−1(z)(µ2z
−1 + λ1 +

δ

2
) + y1(z)(µ1z

−1 + λ2 +
δ

2
), (A.7)

yk(z) = yk−1(z)(µ2 + (λ1 + δ)z) + yk+1(z)(µ1z
−1 + λ2), k ≥ 1, (A.8)

where x0(z) and y0(z) are written as x0 and y0, respectively, since they can be constant
by normalization. From the definitions of θmin, θmax, ηmin and ηmax, it is not hard to see
that, if ηmax ̸= ηmin, and θmax ̸= θmin, a general solution for x is given by

xk(z) =

{
c1η

−k
max + c2η

−k
min, k ≤ −2,

c3θ
k
min + c4θ

k
max, k ≥ 2,

(A.9)

where c1, c2, c3 and c4 are constants, which are determined except for a multiplicity con-
stant by (A.2) – (A.4). Similarly,

yk(z) =

{
d1η

k
min + d2η

k
max, k ≤ −1,

d3θ
−k
max + d4θ

−k
min, k ≥ 1,

(A.10)

where d1, d2, d3 and d4 are constants.

Condition (iv), i.e., xy < ∞ requires that ηmax ̸= ηmin, θmax ̸= θmin, x be constructed
using ηmin and θmin, and y using 1/ηmax and 1/θmax. Namely, c1 = c4 = d1 = d4 = 0.
Furthermore, those numbers must be positive, so we must have (3.1).

We next verify conditions (A.6), (A.7) and (A.8) for {yk} of (A.10). From (A.6) and
(A.8), it is easy to see that d2 = y0 and d3 = y0. Hence, we have

y−1(z) = y0η
−1
max, y1(z) = y0θ

−1
max.

Substituting these formulae into (A.7), we have that f(z) = 1. We make a similar
verification for (A.1) – (A.5) for {xk(z)} of (A.9). This time, more steps are required in
computations, which eventually leads to

c2 =
µ2z

−1 + λ1 + δ/2

µ2z−1 + λ1

x0, c3 =
µ1z

−1 + λ2 + δ/2

µ1z−1 + λ2

x0.

Furthermore, we have that x−1(z) = c2ηmin and x1(z) = c3θmin. Substituting these for-
mulae into (A.3), we again have that f(z) = 1. Thus, the conditions are necessary and
sufficient. Simultaneously, we obtain (3.2). This completes the proof of the lemma.
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B The proof of Lemma 3.2

We show that z = ρ−2 is a unique solution of f(z) = 1. For convenience, we introduce
the following notation:

ξ1 = 2(µ1z
−1 + λ2) + δ, ξ2 = 2(µ2z

−1 + λ1) + δ.

Note that the following identities follow:

µ1z
−1 + λ2 =

1

2
(ξ1 − δ), µ2z

−1 + λ1 =
1

2
(ξ2 − δ),

µ1 + (λ2 + δ)z =
1

2
(ξ1 + δ)z, µ2 + (λ1 + δ)z =

1

2
(ξ2 + δ)z.

Therefore, f(z) = 1 can be written as

δ(ξ1 + ξ2 − 2δ) = ξ1(ξ2 − δ)
√

1 − (ξ1 − δ)(ξ2 + δ)z

+ξ2(ξ1 − δ)
√

1 − (ξ2 − δ)(ξ1 + δ)z .

Taking squares of both sides of the above equation and rearranging terms, we have

δ2(ξ1 + ξ2 − 2δ)2 − ξ2
1(ξ2 − δ)2 − ξ2

2(ξ1 − δ)2

= −ξ2
1(ξ2 − δ)2(ξ1 − δ)(ξ2 + δ)z − ξ2

2(ξ1 − δ)2(ξ2 − δ)(ξ1 + δ)z

+2ξ1ξ2(ξ1 − δ)(ξ2 − δ)
√

1 − (ξ1 − δ)(ξ2 + δ)z
√

1 − (ξ2 − δ)(ξ1 + δ)z . (B.1)

The left-hand side of this equation becomes

2(ξ1 − δ)(ξ2 − δ)(2δ2 − ξ1ξ2) .

Since ξ1 − δ and ξ2 − δ are positive, we can cancel (ξ1 − δ)(ξ2 − δ) on both sides of (B.1),
which leads to

2(2δ2 − ξ1ξ2) + [ξ2
1(ξ

2
2 − δ2) + ξ2

2(ξ
2
1 − δ2)]z

= 2ξ1ξ2

√
(1 − (ξ1 − δ)(ξ2 + δ)z)(1 − (ξ2 − δ)(ξ1 + δ)z)

= 2ξ1ξ2

√
1 + 2(δ2 − ξ1ξ2)z + (δ2 − ξ2

1)(δ
2 − ξ2

2)z
2 .

We again take squares of both sides of the above equation, then we obtain

4(4δ4 − 4δ2ξ1ξ2 + ξ2
1ξ

2
2) − 4[2(ξ2

1 + ξ2
2)δ

4 − ξ1ξ2(ξ
2
1 + ξ2

2)δ
2 + 2ξ3

1ξ
3
2 ]z

+[(ξ2
1 + ξ2

2)
2δ4 − 4ξ2

1ξ
2
2(ξ

2
1 + ξ2

2)δ
2 + 4ξ4

1ξ
4
2 ]z

2

= 4ξ2
1ξ

2
2 [1 + 2(δ2 − ξ1ξ2)z + (δ4 − (ξ2

1 + ξ2
2)δ

2 + ξ2
1ξ

2
2)z

2].

After some manipulations, this equation can be reduced to

(ξ2
1 − ξ2

2)
2δ2z2 − 4[2(ξ2

1 + ξ2
2)δ

2 − ξ1ξ2(ξ1 + ξ2)
2]z + 16(δ2 − ξ1ξ2) = 0 .

Thus we arrive at

[(ξ1 + ξ2)
2z − 4][(ξ1 − ξ2)

2δ2z + 4(ξ1ξ2 − δ2)] = 0 .

Since ξ1ξ2 − δ2 > 0, this equation can have real solutions only if

(ξ1 + ξ2)
2z − 4 = 0.

Obviously, this is a quadratic equation of z, which has z = 1 as one of the solutions.
Therefore, it is easy to see that the other solution is z = ρ−2. Thus, this is the only
possible solution for z > 1. For this z, (3.6) and (3.7) are immediate from Remark 3.1.
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C The proof of Lemma 2.2

Suppose c is finite. From the convergence of {ζk} and condition (2.11), there exists an
n0 ≥ 1 for any ϵ > 0 such that, for all k ≥ n0,

|ζk − a| < ϵ,∣∣∣∣∣
∞∑

k=1

unk − b

∣∣∣∣∣ < ϵ.

Using these inequalities and (2.12), we have

|ηn − ab| ≤
n0∑

k=1

|unk||ζk − a| +
∞∑

k=n0+1

|unk||ζk − a| + a

∣∣∣∣∣
∞∑

k=1

unk − b

∣∣∣∣∣
≤

n0∑
k=1

|unk||ζk − a| + (γ + a)ϵ.

Letting n go to infinity in the above formula, condition (2.10) yields

lim
n→∞

ηn = ab.

We can similarly prove the result for the case of a = ∞.
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