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Let us start by recalling the classical theorem of Bertini. Let X be a smooth algebraic variety
in a projective space Pn. Let H ⊂ Pn be a hyperplane. Then, the theorem of Bertini says
that the hyperplene section X ∩H is smooth, if H is general. General objects are ubiquitous
in many fields. In fact, especially in algebraic geometry, there are many properties, concepts
and invariants that involve generality conditions. In this paper, w call such a kind of invariant
Bertini type invariant. It is difficult to compute Bertini type invariants for singular varieties
because of genericities. There are two major methods for computing Bertini invariants. One
is the use of random numbers. The other method utilized tools from numerical algebraic
geometry, the software Bertini developed by Daniel J. Bates et al [2]. Both methods are
widely used, however, they are not deterministic.

We propose an alternative, deterministic method for computing Bertini type invariants. The
key of our approach is the Gröbner basis computation with coefficients in the field of rational
functions of new auxiliary indeterminates. For the case that a family of varieties or ideals
depending on deformation parameters are given. Computing parameter dependency of Bertini
type invariants is of fundamental importance. In this talk, we address such parametric cases
and show that by utilizing the theory of comprehensive Gröbner systems, our approach can
be extended to treat parametric cases.

Here we give an example to illustrate a role of auxiliary indeterminates in our approach.

Chern-Schwartz-MacPherson class

Let ϕ : Pn −→ Pn be a rational map. Let gi = card(ϕ−1(Pn−i) ∩ Pi), where Pn−i and Pi

are general planes of dimension n − i and i respectively. Then, g = (g0, g1, g2, . . . , gn) is
called the projective degrees of the map ϕ. (See [6].)

Let V = V (f) be a hypersurface of Pn, where f is a defining polynomial of V . Let cSM (V )
be the Chern-Schwartz-MacPherson class of V . (See [7].)

Theorem (P. Aluffi[1]) Let g = (g0, g1, . . . , gn) be the projective degrees of the polar map



ϕ : Pn −→ Pn defined to be

ϕ : p 7→ (
∂f

∂z0
(p),

∂f

∂z1
(p), · · · , ∂f

∂zn
(p))

Then,

cSM (V ) = (1 + h)n+1 −
n∑

j=0

gj(−h)j(1 + h)n−j ∈ A∗(Pn)

holds, where h is the class of a hyperplane defined by a general linear form and A∗(Pn) is
the Chow ring of the projective space Pn.

The next result is due to M. Helmer [4].

Proposition (M. Helmer) Let S = 1− s
∑n

j=0 cj
∂f
∂zj

, LA = 1−
∑n

j=0 rjzj and

Pk =
∑n

j=0 aj,k
∂f
∂zj

, Lk =
∑n

j=0 bj,kzj , k = 1, 2, . . . , n.

Assume that all the coefficients aj,k, bj,k, cj , rj are general. Then the projective degrees
g = (g0, g1, g2, . . . , gn) of the polar map defined in the above theorem are given by

gi = dimK(K[z0, z1, . . . , zn, s]/(P1 +P2 + · · ·+Pi +L1 +L2 + · · ·+Ln−i +LA + S)).

M. Helmer utilized probabilistic method and tools from numerical algebraic geometry for
computing projective degrees and he obtained an algorithm for computing Chern-Schwartz-
MacPherson classes [4].

Now, we regard aj,k, bj,k, cj , rj as indeterminates and set u = (aj,k, bj,k, cj , rj), j, k =
1, 2, . . . , n and x = (z1, z2, · · · , zn, s). Let K(u)[x] denote the polynomial ring with coef-
ficients in K(u), where K(u) is the fields of rational functions of u. We have the following
result.

Proposition Let Gi be a Gröbner basis, in the ring K(u)[x], of the ideal generated by
P1, P2, . . . , Pi, L1, L2, . . . , Ln−i, LA. Then, gi = dimK(u)(K(u)[x]/(Gi)), i = 1, 2, . . . , n
hold.

The above proposition togather with the theorem of Aluffi allow us to construct a determin-
istic method for computing Chern-Schwartz-MacPherson classes!!

Comprehensive Gröbner systems with auxiliary indeterminates

Let x = {x1, x2, . . . , xn}, t = {t1, t2, . . . , tm}, u = {u1, u2, . . . , uℓ} and let (K(u)[t][x]
denote the ring of polynomials with coefficients in K(u)[t]. Here we regard x as main vari-
ables, t as parameters and u as auxiliary indeterminates.

Let K(u) be an algebraic closure of the field K(u) of rational functions. For an arbitrary

t̄ ∈
(
K(u)

)m

, the specialization homomorphism

σt̄ : (K(u)[t])[x] −→ K(u)[x]



is defined as the map that substitutes t̄ into m variables t. For G ⊂ (K(u)[t]){x}, σt̄(G) =
{σt̄(g)|g ∈ G} ⊂ K(u){x}. For g1, . . . , gr ∈ K(u)[t],

V
K(u)

(g1, . . . , gr) =
{
t̄ ∈

(
K(u)

)m

| g1(t̄) = · · · = gr(t̄) = 0
}
.

We call an algebraic constructible set of the form V
K(u)

(g1, . . . , gr)\VK(u)
(g′1, . . . , g

′
r′), a

stratum. Notations A1, A2, . . . , Ar are frequently used to represent strata.

Definition Fix a term ordering �x on K[x]. Let F ⊂ (K(u)[t])[x], A1, . . . , Ar ⊂
(
K(u)

)m

,
S1, . . . , Sr ⊂ (K(u)[t])[x]. If a finite set G = {(A1, S1), . . . , (Ar, Sr)} of pairs satisfies
the properties such that (i) for i 6= j, Ai ∩ Aj = ∅, and (ii) for all t̄ ∈ Ai and g ∈ Si,
ht≻x(g) = ht≻x(σt̄(g)) and σt̄(Si) is a Gröbner basis of 〈σt̄(F )〉 in K(u)[x], (ht≻x stands
for the head term) then, G is called a comprehensive Gröbner system (CGS) of 〈F 〉 over
K(u) on A1 ∪ · · · ∪ Ar. We call a pair (Ai, Si) segment of G. We simply say that G is a

comprehensive Gröbner system of 〈F 〉 over K(u) if A1 ∪ · · · ∪ Ar =
(
K(u)

)m

.

We have the following

Proposition Let VC(u)(E) be a non-empty stratum in C(u)
m

where E ⊂ C(u)[t]. Set E′ =

{hq ∈ C[u][t]|∀h ∈ E, q is the least common multiple of all denominators of coefficients in
C(u) of h} and T = {cα|

∑
cαu

α ∈ E′, cα ∈ C[t]} ⊂ C[t]. Then, VC(E) = VC(T ) in Cm.
(Notice that VC(u)(E) ∩ Cm = VC(E).)

The above proposition allows us to design a deterministic method for computing Bertini type
invariants for parametric cases.
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