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Abstract. Friedland and Hsiung [1] proved an analogue of F. Schur’s theo-
rem concerning the holomorphic sectional curvature of some almost Hermitian
manifolds called almost Hermitian L-manifolds, of which Kéhlerian manifolds
are special ones. Recently, Hsiung and Xiong [3] gave a classification of almost
Hermitian manifolds and extended the above work of Friedland and Hsiung to a
new class of almost Hermitian manifolds called the class of almost C' Hermitian
manifolds.

In this paper we shall further extend the above work of Hsiung and Xiong by
studying the general sectional, the holomorphic sectional and the holomorphic
bisectional curvatures of almost Hermitian manifolds of all classes, together
with some relationship among the three types of sectional curvatures.

§1. Introduction

Let M be a Riemannian 2n-manifold, and g;;, Jij and Ryp;j, the components
of a Riemannian metric tensor, and an almost complex structure J, and the
curvature tensor, of M respectively. Throughout this paper, all Latin indices
take the values 1, ..., 2n unless stated otherwise. By using the following iden-
tities. Hsiung and Xiong [3] have defined the following four classes of almost
complex structures on the Riemannian manifold M:

(11) Rhijk: — JhTJiSRrsjka
(1.2) Rpijr = J;fJiersjk + J}:stRrisk + J}kaerijsy
(1.3) Rnijr = J3 1T T Rpgrs,
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(14) Jilr‘]i;R’r‘Sigk + Ji;‘]i:RTSZ'lk + Ji:JilsRTS’L'Qk = 0,

where the repeated indices imply summation.

Let £ and K denote the classes of almost complex structures (or manifolds)
and the Kéhlerican structures (or manifolds), respectively. Let L1, Lo, L3 and
C denote the classes of almost complex structures (or manifolds) satisfying
(1.1),...,(1.4) respectively. Hsiung and Xiong [3] have showed the following
inclusion relation:

L
C2 CcLsC L.

(1.5) K cC £1 C
Thus for 1 = 1,2, 3 as ¢ decreases, the structures (or manifolds) in £; resemble
Kaéhlerian structures (or manifolds) more closely.

If J7 and g;; satisfy

(1.6) 9 T T = gnie,

then the almost complex structure J and the manifold M are called an almost
Hermitian structure and an almost Hermitian manifold, respectively, and g;;
is called an almost Hermitian metric. For simplicity, throughout this paper,
unless stated otherwise, by an almost Hermitian manifold M we shall always
mean a manifold with an almost Hermitian structure J and an almost Hermit-
ian metric g;;. Friedland and Hsiung [1] called an almost Hermitian structure
J (or manifold M) an almost L structure (or manifold) if it satisfies

where V denotes the Levi-Civita connection of g;;. Obviously, Kéhlerian man-
ifolds are almost L manifolds since M is Kahlerian if and only if

(1.8) ViJ¥F =0 forall i34k

Friedland and Hsiung [1] have obtained a necessary and sufficient condition
for an almost L manifold to have constant holomorphic sectional curvature H
at each point and showed that H is an absolute constant for such a manifold.
Hsiung and Xiong [3] have proved that an almost L manifold is an almost
Hermitian £; manifold and extended the above result of Friedland and Hsiung
to an almost Hermitian C manifold.

The purpose of this paper is to extend further the above results of Hsiung
and Xiong to an almost Hermitian manifold of each class with respect to a
general sectional curvature or holomorphic sectional curvature, or holomorphic
bisectional curvature, and to discuss the relationship among the three types
of sectional curvatures for each of these manifolds.
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In §2 (resp. §3) we recall some fundamental notation, definitions and well-
known results on Riemannian structures (resp. almost complex structures)
which are needed for the later discussions.

In §§ 4,5 and 6, we give a necessary and sufficient condition for an almost
Hermitian manifold of each class to be of constant general sectional curva-
ture, or constant holomorphic sectional curvature or constant holomorphic
bisectional curvature at each point of the Riemannian manifold, respectively.

Some relationship among the three types of sectional curvatures for an
almost Hermitian manifold of each class are derived in §7.

For simplicity we shall denote an almost Hermitian £; manifold by AH; for
i =1,2,3, and a Kéahlerian manifold, an almost Hermitian C manifold and an
almost Hermitian manifold respectively by K, AHC and AH. From (1.5) we
thus obtain the following inclusion relations

AH,

(19) K C AH, C AHC

C AHs C AH.

Now we introduce the new notion of AH| manifold which denotes an almost
Hermitian manifold satisfying

(1.10) Rniji = —J," ;" Rysjin-

It should be noted that the difference between (1.1) and (1.10) is only a sign,
and therefore that AH; ¢ AHC C AHs, and the intersection of the two
classes AH; and AH] is the class of locally Euclidean spaces, that is, the class
of spaces with Ry, =0

§2. Riemannian structures

Let M be a Riemannian manifold of dimension m > 2 with Riemannian
metric tensor g;;, and let (¢/) be the inverse matrix of (g;;). We shall follow
the usual tensor convention that indices can be raised and lowered by using
g and gi; respectively. Let Rp;jk, R;j, R denote the Riemannian curvature
tensor, the Ricci curvature tensor and the scalar curvature of M, respectively.

The following identities are known, the last two of which are called the
Bianchi identity and the Ricci identity respectively:

(2.1) Rpiji + Rnjki + Bnkij = 0,
(2.2) ViRpijk + VjRhike + ViRpie; = 0,
(2.3) ViVkah — vjviTkh = TksRhsji - TshRskjiv
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where V denotes the Levi-Civita connection of M, and T, is an arbitrary
tensor of type (1,1).

The sectional curvature with respect to the two-dimensional plane (u,v)
determined by two linearly independent tangent vectors u and v of M at a
point p is given by

’ (Ghr9ij — Gnjgin)uviuivk
[9(u, v)]? = g(u, u)g(v,v)’
where
(2.5) R(u,v,u,v) = Rhijkukviujvk,
(2.6) g(u,u) = giju'e?, g(u,v) = gi;u'v?, g(u,v) = giju'v’!

Note that K(u,v) is the Gaussian curvature of the two-dimensional geodesic
submanifold of M tangent to the plane (u,v) at P. If the sectional curvature at
any point of the Riemannian manifold does not depend on the two-dimensional
plane at the point, then

(2.7) Rhuijr = K(gnrgis — gnjgin)-
The Riemannian manifold is said to be locally Euclidean or locally flat if

K =0, i.e., if Rp;jr = 0. For nonzero function K on M, from (2.2) and (2.7)
it is easy to show that

(2.8) Rij = (m — 1)Ky,
(2.9) R=m(m—-1)K,

and for m > 3, K and therefore R are absolute constants on the manifold M
and M is said to be of constant curvature. Furthermore, M is a n Einstein
manifold as a consequence of (2.8).

Now we want to define an angle between 2-planes through a point p in
the tangent space T,(M) of the Riemannian m-manifold M at p. Let II =
(a,b) and II" = (e, d) be two 2-planes determined respectively by orthonormal
tangent vectors a,b and ¢, d at the point p. Then the determinant

(2.10) (ILIT) = ’ % 3 ZEZ 21; ’

is called the inner product of IT and II'. When IT and II’ coincide, since a and
b are not parallel, we have

(2.11) (I1, ) = g(a, a)g(b, b) — [g(a, b)J? > 0.

So we can define the angle (II, II') between IT and II' such that
I, 11

(2.12) cos(IL, II') = (IL10) 0 <(ILII') < /2.

(IL, II) (I, 1)’
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§3. Almost complex structures

In this section M is a Riemannian manifold as in § 2 but with dimension
m = 2n. If a tensor J,” of type (1.1) on M satisfies

i 7k k
(3'1) ']z‘JJj :—52'7

where ¥ are the Kronecker deltas defined by

5k_{1, i=k,
10, ik,

then J Ji is called an almost complex structure on M, and M is called an
almost complex manifold.

If J is Hermitian, then as a consequence of (3.1) and (1.6) the tensor J;; of
type (0,2) defined by

(3.2) Jij = gjJ;"*

is skew-symmetric. If the differential form J;; is closed, then Jij is called an
almost Kéahlerian structure, and M an almost Kéahlerian manifold. It is clear
that an almost Kahlerian structure satisfies

(3.3) Jhij ~ VhJij + vith + vjjhz’ =0.

The tensor Jy;; is skew-symmetric in all indices.
An almost Hermitian structure J,”7 satisfying

(3.4) Ji~=V;J =0

is called an almost semi-Ké&hlerian structure. An almost Kéahlerian structure
is almost semi-Kahlerian. _
An almost Hermitian structure J,”7 satisfying

(3.5) V" + V0.5 =0

is called a nearly Kéhlerian structure. Since J;* = ¢ .J;; = 0, from (3.4) and
(3.5) it follows that a nearly Kdhlerian manifold is almost semi-Kdhlerian.
Let M be an almost Hermitian manifold with an almost complex struc-
ture Jij . Then the two-dimensional plane (u, Ju) determined by an arbitrary
tangent vector u of M and the tangent vector Ju at a point p is called a holo-
morphic plane, and the sectional curvature with respect to the holomorphic
plane at p is called the holomorphic sectional curvature at p. If the holomor-
phic sectional curvature at p is independent of the holomorphic plane at p,
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then M is said to be of constant holomorphic sectional curvature at p. We
easily obtain

_ Rpupjqd; P I utud uk
[g(u, u)]?
R(u, Ju,u, Ju)
[9(u, u)]2

(3.6) _

Let v be another tangent vector of M at p. Then the holomorphic bisec-
tional curvature B(u,v) of M at p with respect to the vectors u and v is
defined as follows (see Goldberg and Kobayashi [2]):

R(u, Ju,v, Jv)

(3.7) B = B(u,v) = — o(a )gw.0)

It is clear that B(u,u) = H(u). So the holomorphic bisectional curvature is a
generalization of the holomorphic sectional curvature.

Now let v and v be two unit tangent vectors of M at p, and let ¢, 0 and ¢’
be the angles between v and v, Ju and v and w and Jv, respectively. Then
we obtain

cos ¢ = g(u,v) = g(Ju, Jv) = gijuivj,
cos = g(Ju,v) = Jiu'v?,
(3.8) cosf' = g(Jv,u) = — cosb.

Furthermore, for two holomorphic planes II = (u, Ju) and II' = (v, Jv), we
have, in consequence of (2.10),

(I, I1) = (II'Tl) = 1,
(3.9) (IT, IT') = cos® ¢ + cos? 0,

which together with (2.12) imply

(3.10) cos(IT, II') = cos? ¢ + cos? 6.
Thus
(3.11) 0 < cos? ¢ 4 cos? 6 < 1.

In particular, when IT and II' are orthogonal, ¢ = 6 = m/2; when II and II
coincide, § = w/2 and ¢ # 6.
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For the later developments, using (3.1), we can easily show that the follow-
ing identities (3,12),(3,13),...,(3,16) are equivalent respectively to identities
(2.1), (1.1),...,(1.4):

(3.12) Jj”qu(Rhipq + Rhpqi + Rhgip) =0,

(3.13) J;¥ Rhipr. + Ji” Rnigp = 0,

(3.14) i Rpijie + ;P Rupjrc + J° Ryipr + J,” Ryigp = 0,
(3.15) T2 T Rygie — J;7 T, Ruipg = 0,

(3.16) T Ripij + J;" Ripjn + J;¥ Ripni = 0.

§4. General sectional curvatures

In this section we shall discuss general sectional curvatures of almost Her-
mitian manifolds. At first we have

Theorem 4.1. If an almost Hermitian 2n-manifold M?" is of constant general
sectional curvature K at each point, then M?" is an AH5 manifold.

Proof. The identity (2.7) yields
Iyl I T Rygrs = 9,0 T 0T K (GpsYar — 9pr9as)
= K(JnsJird"T" = Tpndis ;7 T,)
= K(9nr9ij — 9njgir) = Rnijk,
which is the defining equation (1.3) of an AH3 manifold. [

Now we want to prove the following theorem for some smaller classes of
almost Hermitian manifolds.

Theorem 4.2. If an AH; or AH| 2n-manifold M*" for n > 1 has constant
general sectional curvature K, then M?" is locally flat.

Proof. Suppose that M?" is an AH; manifold of constant general sectional
curvature K in (1.1), we can easily obtain

(4.1) K (9nk9ij — 9njgik + JnjJik — Jnidij) = 0.
Multiplying (4.1) by g¢;; we have (n — 1)gnr K = 0, which implies K = 0.
Hence, by (2.7), Rpijx = 0 is deduced. Thus M?" is locally flat.
If M?" is an AH], manifold of constant general sectional curvature K, from
(1.9), we have
(4.2) K (9nk9ij — 9njgit — Jnjdik + Jnidij) =0,

which yields ngp, K = 0. Hence M?" is also locally flat. [
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§5. Holomorphic sectional curvatures

In this section we discuss holomorphic sectional curvatures of AH manifolds.
For an AH manifold, Friedland & Hsiung [1] have established

Theorem 5.1. A necessary and sufficient condition for an almost complex
2n-manifold M?" with an almost complex structure J,” and a Riemannian
metric g;; to be of constant holomorphic sectional curvature H at each point
is that the Riemann curvature tensor Ry;j, of M 2n with respect to gij satisfies:

(Rjrsk + Rirsj) Iy J;° + (Rirsk + Rirsi) I3 J;°
+ (Rirsj + Rjrsi) Iy J° + (Rhrsk + Rirsn)J; " J;*
+ (thsj + Rjrsh)JiTJk;s + (thsi + Rirsh)JkTJjS
(5.1) = 4H (gnigjk + 9ijgnk + 9njgik)-
In this section, we use Theorem 5.1 to deduce a necessary and sufficient

condition for an AH 2n-manifold M?" of each special class to have constant
holomorphic sectional curvature H at each point. At first we have

Theorem 5.2. A necessary condition for an AH 2n-manifold M?" to be of
constant holomorphic sectional curvature H at each point is that the Riemann
curvature tensor Rp;ji, of M 2n gatisfies

Ryijr = —Rhiquijkq — qu,,thinquTJks

1 1 4
(5.2) + 3 Fhijh + thijk + gHGhi_jka

Phijk = (Ripgrd; ! — Ripge),") ;"
+ (ijqk - qupk)Jth‘q

(2

(5~3) + (qupith - quphjiq)Jkpv

Qhijk = — Qquththiq + (thquip - Rikquhp)qu
(5.4) + (Rjiquhq - thquiq)Jkpa

(5.5) Ghijk = 9nk9ij — 9nj9ik + Jnedij — InjJi — 2JniJj.

Furthermore, the Ricci tensor and scalar curvature of such a manifold are
given respectively by

(56) Rij = —quJiijq + 3RpiqTJqujr + 3RqurquJiT + 4(7’L + 1)Hgij,
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(5.7) R = 3Ry JPJ" + dn(n + 1)H.

Proof. Multiplying (5.1) by Jhthif and changing hy,i; back to h,i respec-
tively, we obtain

(5.8) Rniji + Rukji = Thije — 4H (Jji i + 9njgik + JniJji,
where

Thijr = (Rgpk + Rhkpg) J;* T + (Rhgpi + Rhipg) Iy J;"
+ (qupk + Rjkpq)Jkahq + (qupi + Rjiqukpjih

(5.9) = (Ropgr + Rorgp) 0 J; 105" T3
Interchange of h and ¢ in (5.8) yields
(5.10) Rinjk + Rirjn = Ting — 4H (JinJji + 9ijgnk + JinJjn)-
Subtracting (5.10) from (5.8) and using (2.1) and (5.5) we easily have
(5.11) 3Rpijk = Thijk — Tinjr +4H Ghjr.

On the other hand, from (5.9), (2.1), (5.3), (5.4) it follows that

Thijk — Tinjt = —3RnipgJ;" I — 3Rpgrs " T, 0 T;" T3 °
(5.12) + Priji + Qnijk-
Substitution of (5.12) in (5.11) gives immediately (5.2).

Multiplying (5.2) by ¢"* and using (2.1), (3.4) we can obtain (5.6). More-
over, (5.7) follows similarly by multiplying (5.6) by g%/.

The following theorem is a consequence of Theorem 5.2.

Theorem 5.3. A necessary condition for an AHsz 2n-manifold M?" to be of
constant holomorphic sectional curvature H at each point is that the Riemann
curvature tensor Ry;ji, of M?" satisfies

2
Rhijk = g(quijthiq + Rpkquthjq + Rpjquthkq)
1
- g(quijthz'q + Rpigidy I3 + Rpijq )0 I, )

2
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Furthermore, the Ricci tensor and scalar curvature of such a manifold are
given respectively by

(514) Rij = 3RpiqrquJjT + 2(” + I)Hgija

(5.15) R = 3RpergJPIJ" + dn(n + 1) H.

Proof. Multiplying the defining equation (1.3) of an AHs-manifold by .J,"J,?
and Jaink, we obtain respectively

(5.16) Rysjidy Ji® = Ruirs L, T3,

(5.17) Rprskd;"J;° = Rirsjd)," J}°

Moreover, multiplying (5.17) by ¢"* and ¢g** gives respectively

(518) RrSJiTJjS - le,

(5.19) Riyiqrd™," = Ryyjord ;"
Using (5.17) and (2.1), we can reduce (5.3) and (5.4) respectively to

(5.20) Prijr = 2(thquiq — Riquth)ij — Rhiquijkq,

(5.21) Qniji = —2Rnipg ;" 1% + 2(Rhkpg ;" — RikpgJF)

J

Substitution of (1.3), (5.20), (5.21), (5.16) in (5.2) yields

3Rhijk = — 3qujkjhp<]iq + thquijiq — Riqujjpth

(5.22) + RikpgJ;" J;* = Rikpg )" J;* + 2HG i

By means of (5.16), (5.17), (2.1) the first five terms on the right-hand side of
(5.22) can be reduced to

- SRPijJthiq + Rpjiqjhpjkq - Ripq’f‘]jp‘]hq
+ (=Ripgj i) T + Ripgi i J,")
(523) - (_RiquJthjq =+ Riqu‘]jp‘]hq)'

Substituting (5.23) in (5.22), we readily arrive at (5.13).
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(5.14) can be obtained by multiplying (5.13) by ¢"* and using (2.1), (5.19)
or by applying (5.18), (5.19) to (5.6). Equation (5.15) follows immediately by
multiplying (5.14) by ¢¥ O

Now suppose that M?2" is an AH3 Einstein manifold of constant holomor-
phic sectional curvature H. Since M>" is an Einstein manifold, we have

R
(5.24) Rij = 5 Gij,
which together with (5.14) implies
, R
(5.25) Rij = 3Rpiququj + 2(TL + 1)Hgij = %gij,

so that Ri; = aRpiqJP1J;" = BHg;, and therefore R = aRpigr JPITT =
2nfBH. On an AH; manifold of constant holomorphic sectional curvature

H, 5= ”7“[1], that is

R

(5.26) H = YO

holds. We investigate an AH3 manifold satisfying (5.26)

Lemma 5.4. If M?" is an AH5 Einstein 2n-manifold of constant nonzero

holomorphic sectional curvature H with H = ﬁ, then
n+1

(5.27) R;; = Tng‘j:

(5.28) Rij = —Rpigr JPJ;",

(5.29) Q = R+ RyigJP1J" = 0.

Proof. Equation (5.27) follows from (5.24) and (5.26). Substituting (5.26) in
the right-hand side of (5.25), we obtain

(530) (n + 1>ng] = —2Rpiququjr.

Substitution of (5.30) in the left part of (5.25) gives (5.28) immediately. (5.29)
is obtained by multiplying (5.28) by ¢g%/. [
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Corollary 5.5. On a compact AH3 Einstein 2n-manifold of constant positive
holomorphic sectional curvature H satisfying (5.26), the
first Betti number of M>" is zero.

Proof. The result follows from (5.27) because the Ricci curvature tensor is
positive definite [4].

It is known (see, for instance, [1]) that @ < 0 on an almost Ké&hlerian
manifold, and ¢ > 0 on a nearly Kéhlerian manifold. Furthermore, ) = 0 if
and only if the manifold is Kéhlerian. Thus the following corollary is obvious
due to (5.29).

Corollary 5.6. An almost Kéahlerian or a nearly Kéhlelrian FEinstein 2n-
manifold of constant nonzero holomorphic sectional curvature H satisfying
(5.26) is Kahlerian.

In the following, we shall discuss Theorem 5.3 for three special AH3 mani-
folds.

Theorem 5.7. A necessary condition for an AHs 2n-manifold M?" to be of
constant holomorphic sectional curvature H at each point is that the Riemann
curvature tensor Ry;jj, satisfies

1
Rhijk = i(quk]'Jthiq + Rpkquthjq + Rpjquthkq)

1
(5.31) + S HChig

Furthermore, The Ricci tensor and scalar curvature of such a manifold are
given respectively by

(532) Rij = 3Rpiqrqu¢]jr + 2(n + I)Hgij,
(5.33) R = 3RpsygJP1I™ + dn(n + 1) H.

Proof. Substituting the defining equation (1.2) of an AH3 manifold in the
second term on the right-hand side of (5.13) we obtain (5.31) immediately.
Multiplying (5.31) by ¢"* and using (5.19), (5.23) is deduced. Furthermore,
(5.33) follows by multiplying (5.32) by ¢¥. O

Lemma 5.8. An almost Kéhlerian or a nearly Kéhlerian AHC manifold M>*"
is Kahlerian.

Proof. The defining equation (1.4) of an AHC manifold is equivalent to
(5.34) ha’jk = thijZ-kaq + thkaiPqu.

Multiplying (5.34) by ¢"*¢" and using (2.1), we can easily obtain (5.29). Thus
the lemma is proved in the same way as Corollary 5.6 was proved. [
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Theorem 5.9. [3]. A necessary condition for an AHC' 2n-manifo Id M*" to
be of constant holomorphic sectional curvature H at each point is that the
curvature tensor Rhijk satisfies

(2

1
(5.35) Ryijk = Rpgr 1,0 J; 1 + §HGhijk'

Furthermore, the Ricci tensor and scalar curvature of such a manifold are
given respectively by

(5.36) Rij =

5 Hg;;,

(5.37) R=n(n+1)H.

As a consequence of (5.36), M>™ is an Einstein manifold. Furthermore, if M*"
is compact and H is positive, then the first Betti number of M?" is zero.

Proof. Since an AHC manifold is AH3, the curvature tensor Ry, satisfies
(5.13), which can be rewritten as

1
Rhijk = §[4qukj=]hpjiq + quijijz‘q + (Rpiquthz‘q + Rpkqijhpjjq)
+ (Rpiqjjhpjkq + Rpjquthjq)(Rpkquthjq + Rpjquthkq)
(5.38)

+ HGhijk]~
By (3.17), (5.38) is reduced to

1
Rhijk = §[4qukj‘]hp‘]iq + (RPij‘]thiq + qukijhpjjq + quithkaq)
(5.39)

+ (Rpkquthjq + Ryjig,F I + 2HGhijinl,

which together with (3.21) and (5.34) gives (5.35).
By multiplying (5.34) by G* and using (5.18) we can easily obtain
1

(5.40) Ri; = quhijthip'
On the other hand, from (3.8) it follows that
(5.41) qukjjhpjiq = _Rpqujiq‘]hp + Rpjkqjiqjhp-

Multiplying (5.41) by ¢"*, we have
1
(5.42) Rpgrij J* J;* = _iRijquinq-

Multiplying (5.35) by ¢"* using (5.42) and (5.40), we thus arrive at (5.36).
Equation (5.37) is obvious, and the last part of this theorem follows from
the same argument as in the proof of Corollary 5.5. [
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Theorem 5.10 [1]. A necessary and sufficient condition for an AH; 2n-
manifold M?" to be of constant holomorphic sectional curvature H at each
points is that the curvature tensor Ry satisfies

1
(5.43) Rpiji = ZHGhijk-

Furthermore, the Ricci tensor and scalar curvature of such a manifold are
respectively given by (5.36), (5.37). As a consequence of (5.36), M>*" is an
FEinstein manifold. Furthermore, if M?" is compact and H is positive, then
the first Betti number of M?" is zero.

Proof. (5.43) is a consequence of (5.35), (1.1), (1.5).

For the sufficiency of the theorem, we notice that from (3.11) it follows that
M?" has constant holomorphic sectional curvature H is and only if

(5.44) Rmsthrthjsujuk = —thiuhuigjkujuk

holds for any tangent vector u® of M?". If (5.43) holds, then by substituting
(5.43) in the left-hand side of (5.44), we can easily show that the left-hand
side of (5.44) becomes automatically the right-hand side of (5.44).

The other part of the theorem follows from the same argument as in the
proof of Theorem 5.5. [

§6. Holomorphic bisectional curvatures

This section is devoted to a study of the holomorphic bisectional curvatures
of AH manifolds. At first we have

Theorem 6.1. A necessary and sufficient condition for an AH 2n-manifold
M?" to be of constant holomorphic bisectional curvature B at each point is
that the Riemann curvature tensor Ry;ji, satisfies

Rupjq ;" it + Ripjg I, + Rupg ;7 T}
(6'1) + Ripkqjhpjjq = —4Bgnigjk-

Proof. To prove the necessity of condition (6.1) we assume that M?" is of
constant holomorphic bisectional curvature B. Then, from (3.7) it follows
that

(6.2) thquikaquhuivjvk = —thigjkuhuivjvk

for any tangent vectors u and v of M?". By collecting all the coefficients of
a general term u"u'v/v* on the left-hand side of (6.2) by interchanging the
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indices h,1, 7,k in all possible cases, i.e., interchanging h,¢ and keeping j, k,
interchanging j, k and keeping h,¢ and interchanging h,? and interchanging
J, k at the same time, we can easily obtain the left-hand side of (6.1). In the
same way we can show that all the coefficients of the general term u/u‘viv®
on the right-hand side of (6.2) is the right-hand side of (6.1).

To prove the sufficiency of condition (6.1) we suppose that (6.1) holds. Mul-
tiplying both sides of (6.1) by u"u‘viv* for any tangent vectors u and v of
M?" and summing for h, i, j, k we can see that all the terms on the left-hand
side of the resulting equation are equal to each other. Thus (6.2) holds for
any tangent vectors u and v of M?", that is, M?" is of constant holomor-
phic bisectional curvature at each point. Hence the proof of this theorem is
complete.

Theorem 6.2. A necessary and sufficient condition for an AH 2n-manifold
M?" to be of constant holomorphic bisectional curvature B with respect to
gij at each point is that the Riemann curvature tensor Ry;jj satisfies

—Rhnijk = Rpgrs 1,0 J; 1" T, + Rpgind) I
(6.3) —|—Rhiquijkq +4BJhiij.

Furthermore the Ricci tensor and the scalar curvature of such a manifold are
given respectively by

(6.4) Rij = Rpjqrd;"JP1 + Ryigr ;" JP? — Ry J, "4 + ABgy;,

(6.5) R = Rypgs J?J"* + 4nB.

Proof. To prove the necessity of condition (6.3), we suppose that M?" is of
constant holomorphic bisectional curvature B. Then, by Theorem 6.1, we
have (6.1). Multiplying (6.1) by J,'J,*, (6.3) is immediately deduced. Also,
we obtain (6.4) by multiplying (6.3) by ¢"*, and obtain (6.5) by multiplying
(6.4) by g¥.

To prove the sufficiency of condition (6.3) we suppose that (6.3) holds.
Multiplying (6.3) by J,'J,*, (6.1) is readily obtained. Thus M?" is of constant
holomorphic bisectional curvature at each point by Theorem 6.1. [

The following corollary is an obvious consequence of (6.1) and (6.3).

Corollary 6.3. A necessary and sufficient condition for an AH 2n-manifold
M?™ to be of zero holomorphic bisectional curvature at each point is that the
Riemann curvature tensor Ry;j, satisfies

Ripjq ;" Jp" + Ripjq " T + Riprg ;¥ 75"
(6.6) + Ripquthjq — 0,

147
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or

_Rhijk = qursjhpjiqjjrjks + qujkjhpjiq
(6.7) + Rhiquijkq.

Remark. From (1.9) and (6.7) it follows immediately that an AH{ manifold
has zero holomorphic bisectional curvature at each point.

Theorem 6.4. A necessary and sufficient condition for an AHs 2n-manifold
M?™ to be of constant holomorphic bisectional curvature B at each point is
that the Riemann curvature tensor Ry;jj, satisfies

(6.8) —Rniji = Rhipg ;" " + 2B JniJjis.

Furthermore, the Ricci curvature and the scalar curvature of such a manifold
are given, respectively, by

(6.9) Ri; = Rhiquijhq + 2Bgij,

(6.10) R = RpyiqpJ?J" + 4nB.

Proof. By means of (1.3), we can see that on the right-hand side of (6.3) the
first term is Rp;;, and the second and third terms are the same, so that (6.3)
becomes (6.8). Multiplying (6.8) by ¢g"*, (6.9) is deduced and, furthermore,
(6.10) is obtained by multiplying (6.9) by ¢¥/. O

Corollary 6.5. A necessary and sufficient condition for an AHj3 manifold
M?" to be of zero holomorphic bisectional curvature is that M>" is an AH]
manifold.

Proof. This follows immediately from (6.8) and (1.9) O

Theorem 6.6. A necessary and sufficient condition for an AH, 2n-manifold
M?" to be of constant holomorphic bisectional curvature B at each point is
that the Riemann curvature tensor Ry;ji, satisfies

(6.11) Rhijk = Rpiqkjhpjjq + B(ghigjk — Jhiij)-

Furthermore, the Ricci curvature and the scalar curvature of such a manifold
are given, respectively, by

(6.12) Rij = RpyigJ?J;" + 2Bg;;,

(6.13) R = Ry JPJ* + dnB.
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Proof. Since M?" is an AH3 manifold by (1.9), (6.8) holds. By multiplying
(6.8) by J,*, we obtain

Rpeni ;¥ — Rjpnid," = 2BJnigje,
which becomes, after some changes of indices,
(6.14) Rpijed),} = Rupjid;” = 2BJjkgni-
Similarly, we have
(6.15) Rpknid;¥ — Rjpni,” = 2BJInigi-

Subtracting (6.14) and (6.15) from (3.10), which holds for an AHs manifold,
we have

(6.16) thjkjip + ijhijkp = —B(Jz‘kghi + Jhigjk)‘

By multiplying (6.16) by J,*, we arrive at (6.11).
Multiplying (6.11) by ¢g"*, (6.12) is deduced, and, furthermore, (6.13) is
obtained by multiplying (6.12) by ¢*. O

Theorem 6.7. If an AHC 2n-manifold M>" is of constant holomorphic bi-
sectional curvature B, then B must be zero and M?" is an AH| manifold.

Proof. Since M?*" is an AH3 manifold by (1.9), (6.14) holds. By changing the
subscripts i, j, k cyclically from (6.14), we obtain two more equations. On the
left-hand side of these three equations, the sum of the three first terms is zero
by (2.1), and the sum of the three second terms is zero by (3.12), so that we
obtain

2B(Jikgni + Jkign; + Jijgnk) = 0,

which implies B = 0, and hence M?" is an AH] by Corollary 6.5. [

§7. The relationship among the three types
of sectional curvatures

In this section we shall assume, unless stated otherwise, that M is an almost
Hermitian 2n-manifold with an almost Hermitian structure J and an almost
Hermitian metric g whose respective components are J;7 and g;;. Moreover,
let u and v be two unit tangent vectors of M at a point p, and let ¢, 0,6 be
the angles between v and v, Ju and v,u and Jv, respectively. Then, from
(2.4) and (3.13) it follows that the sectional curvature of M with respect to
the two- dimensional plane (u,v) determined by two linearly independent unit
tangent vectors u and v at p is given by

(7.1) K(u,v) = —R(u,v,u,v)sin 2 ¢.
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Theorem 7.1. If M is an AH; manifold, then the sectional curvature K (u,v)
and the holomorphic bisectional curvature B(u,v) satisfy

B(u,v) = K(u,v)sin® ¢ + K (u, Jv) sin? 6.

Proof. From (1.1), (2.1), (3.8) and (7.1) we obtain

B(u,v) = —Rhijkthpiupijquq
hoyi i Tk
= (thki + thij)u Jp’upv],]q v?
— Ry gyt TP T k4
= —Rpjiu v’ J,'uP J v
+ thijthququlupv]
— . p7ay,h, i ik
= —(BhjpgJ;" Iy Jutv’utv
pray,hyk,r iy
— (RnkpgJ; " T )" I, 50" u J o
= thjikuhvjuivk — thijthTkvruiJsjvs
(7.3) = K (u,v)sin® ¢ + K (u, Jv)sin? .

Corollary 7.2. Assume that M is an AH;-manifold. If the two holomorphic
planes Il = (u, Ju) and II' = (u, Jv) are orthogonal, then

(7.4) B(u,v) = K(u,v) + K(u, Jv).

Proof. This result is immediately deduced from the previous theorem and
(3.10). O

For a Kéhlerian manifold, Goldberg and Kobayashi obtained (7.4) in [2],
but missed the orthogonality condition of the two holomorphic planes (u, Ju)
and (v, Jv).

Corollary 7.3. If M is an AH{ manifold, then the sectional curvature K (u,v)
and the holomorphic bisectional curvature B(u,v) satisfy

(7.5) —B(u,v) = K (u,v)sin® ¢ + K (u, Jv) sin” 6.
In particular, if (u, Ju) and (v, Jv) are orthogonal, then

(7.6) —B(u,v) = K(u,v) + K(u, Jv).

Proof. This corollary is deduced by imitating the proof of Theorem 7.1. [

If an almost Hermitian manifold M has constant general sectional curva-
ture, then from the definition M must also have constant holomorphic sectional
curvature, but the following theorem shows that M does not necessarily have
constant holomorphic bisectional curvature.
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Theorem 7.4. If an almost Hermitian manifold M has nonzero constant gen-
eral sectional curvature K, then the holomorphic bisectional curvature B(u,v)
of M satisfies

(7.7) B(u,v) = K(cos® ¢ + cos? ) = K cos(IT, IT'),

where (II,II') is the angle between the two planes Il := (u,Ju) and II' :=
(v, Jv) defined by (2.12).

Proof. By (3.7) and (2.7), we have
B(u,v) = —K(gnrgij — ghjgik:)uht]piupvjjquq-

Substitution of (3.8) and (3.10) in the above equation gives immediately (7.7).
O

The following two corollaries are immediate consequences of Theorem 7.4
and (3.11).

Corollary 7.5. For an almost Hermitian manifold M with nonzero constant
general sectional curvature K, the holomorphic bisectional curvature B(u,v)
has the same sign as K and

0 < B(u,v) <K for K >0,
(7.8) K < B(u,v) <0 for K <O0.

Moreover, the absolute value |B(u,v)| reaches zero, the minimum, when the
two holomorphic planes 11 = (u,Ju) and II' = (v, Jv) are orthogonal, and
reaches | K| when II and 11" coincide.

Corollary 7.5. A necessary and sufficient condition for two holomorphic
planes II = (u,Ju) and II' = (v, Jv) of an almost Hermitian manifold M
with nonzero constant general sectional curvature to be orthogonal is that the
holomorphic bisectional curvature of M determined by Il and II' is zero.

Theorem 7.7. Let M be an AH; manifold with nonzero constant holomor-
phic sectional curvature H. Then the general sectional curvature K (u,v) and
the holomorphic bisectional curvature B(u,v) are

H 3cos? 0
(7.9) K(u,v) = T <1 + Sm2¢>,
(IL IT')

(7.10) B(u,v) = H cos® 5
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respectively.
Proof. By (7.1), (5.43), (5.5) and (3.8) we obtain
—K(u,v)sin® ¢ = Rhijk.uhviujvk
1 o
= ZHGhijkuhvzu]vk
H
(7.11) = —Z(sin2¢+30082 9),

which implies (7.9).
Similarly, we have, in consequence of (3.7) and (3.10),

—B(u,v) = Rhijkthpiupijquq
1 o
= —~HGpiju" J, P’ J ot

4
I, I
(7.12) = H cos® <’2>,

which implies (7.10). O
The following corollary is an immediate consequence of (7.9).

Corollary 7.8. Using the same notation as in Theorem 7.7 for orthogonal
vectors u and v we have

<K<H for H>D0,

(7.13) >K>H for H<O.

e

In Corollary 7.8, % = K occurs when Ju and v are orthogonal, and H = K
occurs when Ju and v coincide.

Since a Kéahlerian manifold is an AH; manifold, the following corollary is
obvious.

Corollary 7.9. Both Theorem 7.7 and Corollary 7.8 are true for a Kahlerian
manifold.

For (7.9) and Corollary 7.8 for a Kéhlerian manifold see Kon and Yano [5,
pp. 76-77].

Corollary 7.10. Any AH; or Kahlerian 2n-manifold M for n > 2 of constant
holomorphic bisectional curvature is locally flat.

Proof. Since M is of constant holomorphic bisectional curvature B, every holo-
morphic sectional curvature H(u,v) is constant. Suppose H # 0. Then from
(7.12), cos®({II,II') /2) is constant, which is impossible for n > 2. Thus H = 0
which implies that Rp;j, = 0 by (5.43). Hence M is locally flat. [

For AH C manifolds, which are more general than A H; manifolds, of nonzero
constant holomorphic sectional curvature, we have the following theorem.
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Theorem 7.11. If M is an AHC manifold of nonzero constant holomorphic
sectional curvature H, then the general sectional curvature K and the holo-
morphic bisectional curvature B of M satisfy

(IL, 1)

(7.14) K (u,v)sin? ¢ + K (u, Jv)sin® @ = H cos? 5

(7.15) B(u,v) = H cos® (I, H/>.

Proof. 1t is known [3] that the Riemann curvature tensor Ry, , of M satisfies

1
(7.16) Rhiji = Rupgj ;" T2 — QH(ghjgik + 9ni95k + Jnidik + Jnidjk).

Substituting (7.14) in (7.11) and using (3.8), (3.10) and (7.11) for K (u, Jv),
we obtain

K (u,v)sin® ¢ = RpyjoJ; " ulviudo”
1 o
+ EH(ghjgik + gnigik + JnjJix + Jnidp)uviu ok
= Rhijkthpivpuqukvq
1
+ §H(1 + cos? ¢ 4 cos? 6)
1
= —K(u, Jv)sin® 0 + §H(1 + cos(II, IT')),
which implies (7.14). Similarly, from (7.3) it follows that
B(u,v) = JZ»TJksthjsthpiupijquq
1 ) .
+ §H(9hjgz‘k + gnigjr + Jn; ik + Jhiij)thpZUpU]quvq
. 1
= Rhm-suhurvjvs + §H(1 + cos? ¢ + cos? 0)
1
= §H(1 + cos(I, IT'}),
which implies (7.15) O

Corollary 7.12. If an AHC manifold M is of constant holomorphic sectional
curvature H, then the sectional curvature K and the holomorphic bisectional
curvature B satisfy

(7.17) B(u,v) = K (u,v)sin® ¢ + K (u, Jv) sin® 0.

Proof. The corollary follows immediately from (7.14) and (7.15). O

Remark. Theorem 7.1 shows that (7.17) also holds for an AH; manifold M,
but there is no constant holomorphic sectional curvature condition on M.
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Corollary 7.13. If M is an AHC manifold of nonzero constant holomorphic
sectional curvature H, then the holomorphic bisectional curvature B of M
satisfies

, for H >0,

, for H < 0.

In Corollary 7.13, & = B(u,v) occurs when I = (u, Ju) and II'(v, Juv) are
orthogonal, and H = B(u,v) occurs when IT and II’ coincide.
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