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Abstract. Recently, it has been revealed that the semigroups satisfying Gaus-
sian estimates inherit some of the nice properties enjoyed by the Gaussian semi-
group itself. Arendt [1] gives a result in this direction, by proving the invariance
of the spectrum of the generators of consistent Cp-semigroups with Gaussian
estimates. In this paper, we generalize this result to the semigroups estimated
by the one generated by the fractional power —(I — A)® (1/2 < a < 1).
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§1. Introduction

Let © ¢ RY be an open set, and suppose that a Cy-semigroup T, = {Tx(t) }+>0
on LP(Q) with generator A, is given for each 1 < p < co. Assume further that
T,’s are consistent in the sense that T},(t) = T;(t) on LP(Q)NLI(Q2) for all t > 0.
Then it is natural to expect that the spectrum o(A4,) of A, is independent of
p. Unfortunately, this is not always true. Some simple but subtle examples are
given in Arendt [1, Section 3]. However, concerning a Schrodinger operator
as the generator of consistent semigroups, the following result was proved by
Hempel and Voigt: Let V be a real-valued measurable function such that V'
is admissible and V— € Ky with cx(V ™) < 1. Then o(H,y) is independent
of p € [1,00). Here, H,y = —A + V denotes a Schrodinger operator acting
in LP(R") with suitable domain that generates consistent Cp-semigroups on
LP(RY) ([5, Theorem]). On the other hand, Arendt [1] proved the following
result: Assume that Ty satisfies an upper Gaussian estimate. Then pso(Ap)
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is independent of p € [1,00). If, in addition, Ay is self-adjoint, then o(Ap)
is independent of p € [1,00). Here, p(4,) := C\o(A4p) and ps(4,) is the
connected component of p(A,) which contains a right half-plane {\ € C :
ReX > w} for some w € R ([1, Theorem 4.2, Corollary 4.3]). It is well known
that if V* is admissible and V~ € Ky with ¢y (V™) = 0 then the form sum
of —A and V generates a (positive) Cop-semigroup on L2(RY) satisfying an
upper Gaussian estimate. Therefore, the result of Arendt partly contains [5,
Theorem)].

One of the key to the proof of Arendt [1] is the estimate of the integral
kernel of T5(t) by a (modified) heat kernel. So, one is naturally led to the
question whether an estimate by a certain well-behaved kernel also guarantees
the p-independence of o(A)). The purpose of this paper is to partly answer this
question affirmatively by showing that the estimate by the integral kernel of
e MI=A)" for 1/2 < a < 1 does imply the p-independence of o(4,) (Theorem
2.7, Corollary 2.8). In the case where @ = 1, the assertions of Arendt is
equivalent to that of ours (¢f. Remark 2.2 below). As to the reason why we
consider (I — A)® instead of (—A)®, see the remark following the statement
of Theorem 2.7.

The paper consists of two parts. In section 2, we prove the main theorem.
In section 3, we apply the results in section 2 to some examples.

In this paper, ¢ denotes a vector in CN and &;,---,&y € C denote the
components of & & = (£1,---,€y). € € CN is also written as & = 1 + iC
(n,¢ € RN). €2 € C is the number defined by Zév:l 532, and |€]? denotes the
length of the vector &, defined by |£|> = ;\/:1 &% = n? + |¢[>. In the case
of £ € RV, £2 coincides with |¢]2. We also use the symbol Re &; or Im &; to
denote the real and imaginary part of £;, respectively (Re &; = n;,Im & = (j).

In the following, constants “C” may vary from place to place.

§2. The main results

Throughout this paper, let & C RY denote an open set and let T = {T'(t) }+>0
[resp. S = {S(t)}i>0] be a Cp-semigroup on L?(Q) [resp. L*(RN)] with
generator A [resp. B]. Assume that S(¢) (¢t > 0) is positive, i.e., S(t)f > 0 for
f >0 (Nagel (ed.) [9] is a standard reference book for the theory of positive
semigroups). We identify L?(Q2) with a subspace of L?(R”") by considering
the elements of L?(2) to have value 0 on RV\Q.

To make things clear, we introduce the notion of essential domination of
semigroups as a generalization of that of domination (see [9, p. 269]) and
upper Gaussian estimate ([1]).
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Definition 2.1. We say that T = {T'(¢)}+>0 is essentially dominated by
S = {S(t)}+>0 if there exist M > 0, w € R and b > 0 such that

(2.1) T()f] < Me*S(bt)|f]

holds for all £ > 0 and f € L?().

Remark 2.2. (1) In the case where S(t) = e®, T is essentially dominated
by S iff T satisfies an upper Gaussian estimate (see [1, Definition 4.1], for
definition). For the proof, see [1, p. 1160].

(2) For every £ > 0, T is essentially dominated by S(t) = /B iff T is essentially
dominated by e *c—5).

Next we collect the basic facts concerning the semigroup generated by the
fractional power (I—A)®. Here, A denotes the usual Laplacian in L?(R") with
domain H2(RY). For every real number a, (I —A)? is a positive definite self-
adjoint operator in L?(RY), and hence S, (t) := e *U=2)" is a Cy-semigroup
on L*(RY). Especially in the case of 0 < o < 1, S,(t) possesses the following
nice properties.

Proposition 2.3. Let 0 < a < 1. Then the following hold.
(1) Sa(t) >0 (t > 0).
(2) For each t > 0, there exists 0 < K,(t,-) € L'(R") such that

(2'2) Sa(t)f = Ka(tv ) * f (f € LQ(RN))v

where u * v is the convolution of u and v.
(3) For each 1 < p < 00, t > 0, a bounded linear operator S, ,(t) on LP(RY)
is defined by the following formula:

(2.3) Sap()f = Kat,)x [ (f € LP(RY)).

Then S, , are consistent positive Co-semigroups of contractions on LP(RM)
such that So 2 = Sq. (Note that K(-,-) is independent of p € [1,00).)

Proof.  Since the assertions are well known for a = 1, we assume 0 < o < 1.
(1) Tt is well known that the following equality holds for A > 0 (cf. [11, p.
37]):

A+ (I -2) =

sin o /00 p(p 41— A1
7 Jo  p2e 42 \u® cosa + A2 H-

Because of the positivity of e > 0, (u+1 — A)~t > 0 for g > 0, and so
0 < S,(t) (t>0).
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(2) Since
Flema ] (© = e M) (f e SRY))
and !+ € S(RY) for each ¢ > 0,
(= f) (@) = (F 7 [ s f) (@) (f € SRY)).

Here, Flu|(§) := / N e~y(z) dx is the Fourier transform of v € S(RY) and
R
S(RY) is the Schwartz space. Put

1 [ —t(1+€2)0 _ 1 / ize —t(14£2)"
(24) Ky(t,x):=F [e }(IL‘) @)™ v €€ d¢.

Then, (1) implies 0 < K,(¢,-) € S(RY) ¢ L}(RY) and
25)  |Ka(t, )| = /RN Ka(t,2)de = F [Ka(t,)] (0) = ¢ < 1.

Moreover, (2.2) holds since K, (t,-) € L'(RY) and S(RY) is a dense subset
of L2(RY).

(3) The assertion readily follows from (1), (2.2) and (2.5) (cf. [3, Theorem
1.4.1)). O

The following two estimates for K,(-,-) defined in (2.4) are crucial to our
main result.

Proposition 2.4. Let 0 < o« < 1 and 0 < § < 1. Then there exists a
constant C, s > 0 such that

—0lz|

(2.6) 0 < Kaolt,z) < Cy

v
’5W (0< t<OO)

Proposition 2.5. Let % < a <1and 0 < § < 1. Then there exists a
constant C, s > 0 such that

6_6|$|

(2.7) 0< Ku(t,2) < Cus 2 (0 <V <1).

’x‘N—i-l

For the proof of these two estimates, we need the following lemma.



INTERPOLATION OF THE SPECTRUM 165

Lemma 2.6. Let0<a<1,0<d<1,andlet = (&, --,6n) =n+iC €
CV (n, ¢ € RY) with || < §. Then we obtain

1) 1< TR oy
Tl T
(2) |arg(1l +&2)| < g := arctan(§/V/1 — 62) € (0,7/2) and
(3)  Re[(1+&%)%] = cosaby - [n|*.

)

Proof. (1) This is clear.
(2) Let X :=Re (1 +&2) and Y :=Im (1 + &?2). Then we have

Y \?2 Y2
X =1-|c]? 2>1 ¢ <> >1—6%2+ .
P+l 2 1= 1P+(57) 210+ 45

Therefore, we have |arg(1 + £2)| < 6y := arctan(6/v1 — §2) € (0,7/2) since
0<o<l
(3) Using (2), we have

Re [(1+§2)0‘} = (14 £&%)|*cos[aarg(l + £2)]

[Re (1+ fQ)FCOS afly > cos aby - |n]**.

v

So, the proof is complete. a

Proof of Proposition 2.4.  Hereafter, ¢ denotes a vector in CV and § e C
(j = 1,---,N) denotes the component of £&. We shall obtain the desired
estimate by shifting the integration area R" in the formula (2.4) to complex
region. Let us now fix 0 < & < 1 and 0 < § < 1. Then for each fixed
z € RY and t > 0, the function F(¢,xz,t) : € € CN —s eirte—t1+E)" ¢ C
is a well-defined analytic function in a neighborhood of Qs := {£ € CVN : ¢ =
n+i¢, n,¢ € RN with |¢| < 6}. First, note that for each ¢ € RN with [¢]| < 4,
F(n+i¢,z,t) is absolutely integrable with respect to n on RY. Hence we can

calculate / F(n+iC,z,t)dn as an successive integration with respect to
RN

M,y (n= (m,--+,mn)) in any order. Now fix a ¢* = (¢?,---,¢%) e RV

with |¢°] < 4. Set Deo p C Cas

{6 €C:0<Im & < ¢, [Re &| < R}

or

{6 €C:0>Im & > (7, [Re &| < R}

according as (Y > 0 or ¢} < 0. For each fixed &, -,y € R (even for
& with [Im &;| < |CJO\ (2 < j < N)), F( x,t) is an analytic function of



166 S. MIYAJIMA AND M. ISHIKAWA

€1 in a neighborhood of D¢o p. Moreover, Lemma 2.6 implies |F(&z,t)| <
el @zl g—teosabdo-nf* go & € DC?,R with |Re &1| = R. Therefore, the path on

the “vertical” edges of 0D¢o p of the integral 0 = f F(&, z,t)d&; tends to
QR
0 as R — 0, and hence 1

/R F(E, 2, t)d€) = /Rw F(E, 2, t)d€) = /R F(( +iC0, 69, Ex), 2, 1)

This means that we can shift the integration path for & € R in (2.4) to the
path R +4¢? in the complex region:

Ka(t, .Z') = (271)]\[ /RNfl d§2 T dgN </R+iC? F(éa Z, t)d§1> :

Change of the order of integration yields

Ko(t,z) = (271)]\; /R+i<? dé1 /RM2 d€s---dén (/R F(&l‘,t)dﬁz) :

By applying a similar argument as above, we see that
F(& x,t)d :/ F(& x,t)d
[RAGECIEE NGRS
for all ¢ € R+iC), & € R (j # 1,2). Hence we obtain

1
Ko(t,x) = @ny /R+z‘<§’ iy |, A6 iy </R+icg F(fafmt)dﬁz) :

We can further rewrite K, (¢,z) as

Kalt) = g o060 fo e fo e e (P& nass)

and shift the integration path for &3 from R to R +i¢J. Continuing a process
like this, we finally reach the equality

1
(28)  Kalt,z) = (27T)N/R+z'<? d&m/RJrz'q?v dENF (&, @, t)
— 1 - ~0
- (27T)N /RN F(U“‘@C a:Evt)dn
eizco T _ 2\« .
= G o €T (€= i),
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From the estimate in Lemma 2.6, we obtain a constant C' such that

ixn | —t(14+£2)e —t cos afy-|n|>™ _ c
‘/RN ele dn’ = /RN € e dn = tN/2a

for every (% with [¢°| < 6. Thus we get

—0|=
. _xc[) C o e
Ka(t,z) < Kloﬂliée Nj2a ~ ZyNj2a

So, the proof is complete |

Proof of Proposition 2.5.  Let % <a<l,0<d<landj=1,---,N. Then
we obtain from (2.8) and the integration by parts,

N+1 N —x( iz ot —t(14£2)~
where ¢ = n 4 i¢ with 9, ¢ € RN and |¢| < §. By induction with respect
to n, it is easy to show that the following equation holds for every infinitely

differentiable function f of , ¢ (£ =n +i():

n

ki
o Xk -
(210 Gre = 30 Cupt l-”H[anlf(E)] e,

J (k1)1€Dn,

where D, = {(k)); € Z%} : >3] 1lk; = n} and (), denotes a constant
depending on (k;); € D,,. On the other hand, by the analyticity of (1 + £2)*
and induction with respect to [, we obtain

l l

P vy = a1ee =ty e,

(2.11) o od

where p;(§) is a polynomlal of £ of degree [. For a (k;); € Dy 41, put ZNH =
m. Note that m € {1,---, N 4+ 1}. With the aid of Lemma 2.6 (1), we obtaln
the following estimate:

N+1

[T [a+ &))"

=1

Ny (&)
HN—H 1+€2)l a]k’l
54 (1 e+
(1 +£2)N+1fam
(1+ ¢

[Re (14 ¢2))7
C/(1+ [n?) ™~

(2.12)

C

IN
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Hence, (2.9), (2.10), (2.11) and (2.12) imply

¢ oML ey
< inf ¢~ / - d
= @V st S o g
N+1 1 )
—d|z| —t cos abp-|n|**
< Ce Z /RN 14+ |77| ) (N+1)/2— am © ’ dn
- |N+1 rV t cos afyr
_ —d|z m —tcos afp-r=*
o Z ¢ </ / > +742 (N+1)/2— am © ’ dr
5‘ |N+l T‘N_l
—dlz
= Z ( /O 1 +r2)(N+1)/27amdr
pN-1 r2 Ht—am . b 20
—tcosabpr
+/ FN+1—2am <1+r2 ¢ o dr
| |N—i—l 5
< —6 T (tm + tm/ 2am—2€—tcos abo-r ad?")
mzl 1

N+1

S 5‘$| Z (tm t1/2a/ 204m267“20‘dr) ,

where the last integral is finite because 2am — 2 > —1. It follows from i <
1 < m that t™m < ¢1/22 for 0 <t <1, so

N41
(213) |z NI (L, @) < Cedlel (Z m 4 t1/2°‘> < Qe dlelgt/2a
m=1
holds for 0 < t < 1. Therefore,
el v
Ko(t,z) < C|x‘N+1t (0 <Vt < 1),

since the constant C' of the right hand side of (2.13) depends only on «, §. O

Now our main results reads as follows:

Theorem 2.7. Assume that a Cy-semigroup T on L?(Q2) (2 c RY) is es-
sentially dominated by S, = {e7tU=2)"},5¢ (on L2(RY)) for some a € (3,1].
Then there exist consistent Cy-semigroups T), on LP(2) (1 < p < oo) such that
Ty =T and ps(Ap) is independent of p € [1,00), where A,, is the generator of
T,.



INTERPOLATION OF THE SPECTRUM 169

Corollary 2.8. Assume that the generator A of T is self-adjoint and that T
is essentially dominated by S, for some o € (%, 1]. Then there exist consistent
Co-semigroups T, on LP(Q) (1 < p < oo) such that To = T and o(A,) is
independent of p € [1,00), where A, is the generator of T),.

Remark 2.9. By an inspection of the proof of our main theorem, we can
easily see that the essential domination by e *¢=2) for an & > 0 and 1 /2 <
a < 1 implies the same conclusion as in our main theorem. So, it may be
conjectured that the assumption of essential domination by e /=2 can be
relaxed to that by e *(=2)% Note that 0 < e He=2)" < ¢~H(=2)" holds for all
t > 0. At present, the authors are not able to prove or disprove this conjecture.
However, we would like to note that the Fourier multiplier theory yields the
p-independence of the spectrum of (—A)® in L?(RY) with a suitable domain
([10, p. 96]).

In the following, we state a full proof of our main theorem for the reader’s
convenience. However, the authors would like to emphasize that we owe the
method of the proof to Arendt [1]. Our own contribution mainly lies in the
estimate of the integral kernel of S, (¢), which makes Arendt’s method work.

Proof of Theorem 2.7 From Proposition 2.3 and (2.1), it follows that there
exist consistent Cp-semigroups T, on LP(2) (1 < p < oo) such that 7' = T
and

(2.14) I T,(t) | < Me*" Sap(b)If (f € LP(Q), t>0)

(cf. [1, p. 1160]).

To continue the proof, we need the idea of Arendt [1] to use the following
auxiliary spaces.

For each vector e,z € RN, we let ex := Zévzl gjxj. Let LP := LP(Q),
LP = LP(Q, e P%dz), for 1 < p < 0o, € € RY. Then (Uepf)(x) := e = f(x)
defines an isometric isomorphism of L2 onto LP. Hence T¢ ,(t) := Uz, T (t)Us
defines a Cy-semigroup fa’p on LP.

Since S (1) is an integral operator for ¢ > 0 (see Proposition 2.3), it follows
from (2.14) and a well-known fact (cf. [1, Proposition 6.2]) that for ¢ > 0 there
exists a measurable function K (t,-,-) on Q x Q such that

(00 @) = [ K(t)f )y

holds for all f € LP. We write such a relation of T),(t) and the integral kernel
K(t,-,-) as Tp(t) % K(t,-,-). Note that K(-,-,-) is independent of p € [1, 00).

Consequently, ngp(t) % K(t,-,-) where

(2.15) K.(t,z,y) = VK (t, 2, y).
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We use the following notation. Let 1 < p,q,r < oo, Q € L(LP). Then we
set

1Qllg,r :=sup {||Qfl»: f € LPNLL [[f[lg <1}

Concerning §a757p, we obtain the following lemma.

Lemma 2.10. Let 0 <eg < 1, e € RN with le|] <egand 1 < p < co. Then
there exists a Cp-semigroup Sy p on LP satisfying

(2.16) Saept)f = Sa,s,p(t)f (feLPnLE)

and

(2.17) lslgp [Seep(t)|lpp < C < 00.
el<eqg

0<t<1

Moreover, for q1,q2 € [1,00] with ¢ < g2 and t >0

(2.18) sup [[Sa,ep(t)llgrg < Ct < 00

le|<eo
holds for all 1 < p < oo (C; is a constant depending on t > 0).

Proof. Let0<eg<1,e€ RN with |¢] < e, 1 <p<oo,and gg < d < 1.
Then for t > 0 and f € LP N LE,

(2.19) |See () f| < Saep®If] = (€5 Kalt, ) * |f].
From Proposition 2.4 and Proposition 2.5, we have

sup e Ka(t, )1
le|<eq
0<t<1

= sup / +/ T Ko (t, x)dx
|E|§€0 ‘x|2t1/20¢ |$|St1/2a

o<t<

6_5|‘T‘ 1/2 6_6|‘T‘
< C sup /20 g 4 e ——dx

e jaj<it/2a~ tN/2e

t1/2a
TN_ldr>

|e\<50 |z\>t1/2a

0<t<

< C sup (1/20‘ ! N_ldr+t_N/2°‘/

le|<eq t1/2c TN+1 0
0<t<1

= C sup
lel<eq
0<t<1

N/2
= C sup <t1/20‘-t_1/20‘+t_N/2a-t /a> :N+1C<oo.

T,N t1/2c
t1/2a N 0

N N

le|<eq
0<t<1
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Thus, by (2.19), there exists a semigroup Sqcp, on LP such that (2.16) and
(2.17) hold for all 1 < p < co. It remains to show that So.,(t)f — f (£ ] 0)
in LP for all f € LP. By (2.17), it suffices to consider functions with compact
support. Let f € L? such that f(z) =0 for |z| > r, where r > 0. Then

tsnsup | Sa.cp(0f — £ < limsup [ [(e"Ka(t, ) + f|(2)} do
t10 t]0 |z|>r+1

(cf. [1, p. 1165]). If [x| > r + 1 then

(6—¢0)|z—yl —(0—¢0)|z—y|
Jor Ty Ol = /| ey [y

I<r |z —

e—(0—<0)|z—y|
< /|xy>1\$—yN+1|f(y)|dy

(7= x11]) (@),

e~ (6—¢0)lz—y| p
/|1’|>7“+1 (/RN |:C_y|1v+1|f(y)ldy> da
Jou (@) @]

||f”p/ —(6—=e0)lzl 1 « 0.

Thus, by Proposition 2.5,
lim sup / (e Ka(t,-)) * |f|(2)]" d
|z|>r+1

t|0

— o (—c0)|z—y| ; P -
< i tP/ e _—_— = 0.
< lim /WH /RN oy M wldy ) da

This implies ltii%l |Saep(®)f = flIF = 0.

IN

SO

IN

IN

Moreover, let g1, qs € [1,00] with ¢1 < g2 and ¢ > 0. Then by Proposition
2.4,

C
|Sa,s,p<t>frs<e€'Ka<t,->>*|f|Stma O=<olly|f] (f € LPnL™).

Since e~ 0= ¢ L7 (f =1 —|— = — —) Young’s inequality implies that
c
< —— |le=(6=e0)l|
S S Olle < 7z | <
holds for all 1 < p < co. a

By virtue of Lemma 2.10, we obtain



172 S. MIYAJIMA AND M. ISHIKAWA

Proposition 2.11. Let 0 < g9 < 1, ¢ € RN with le] <epand 1 < p < .
Then the following assertions hold:
(1) There exists a Cy-semigroup T; , on LP such that

(2:20) Tp(t)f =Tep(t)f (FELPNLL £20).
(2) There exist M1 > 0 and w; € R such that
1Tep () llpp < Myert (t > 0)

for all |e] < ep, 1 <p < 0.
(3) For A > w
i | R, Acp) = B(A Ap)llpp = 0,

where A, denotes the generator of T; , on LP (1 < p < 00).

Proof. Let0<eg<1,e€RYN with [¢] <egg, 1 <p<ooande <6< 1.
(1) It follows from (2.14) that

(2.21) IT., (1) f| < Me®tS -, (bt)|f| (t>0, fe LPNLP).

Thus, by (2.16) and (2.17), there exists a semigroup 7%, on LP such that (2.20)
holds. In order to prove (1) it remains to show that T, ,(¢)f — f (¢ | 0) in
LP for all f € LP. By (2.17) and (2.21), it suffices to consider functions with
compact support. Let f € LP such that f(x) = 0 for |x| > r, where r > 0.
Then, by a calculation similar to [1, p. 1165] and the strong continuity of S;

lingl%up [Tep(@)f = flIp < 1gf})1Mplle“’tSe,p(bt)\f| =71z = 0.

(2) By (2.16), (2.17) and (2.21),

My = sup || T p(t)|pp < 00
0<t<1

holds for all |e] < &g, 1 < p < oo. Thus, by the semigroup property, (2) follows
(w1 :=log My).
(3) First, we show that for 0 < a <1

(2.22) lim sup [T () — Tp(t)]pp = 0.
e]10 a<t<l/a

In fact, since T ,(t) — Tp(t) % K(t,z,y)(es®¥) — 1) (see (2.15)) and, by

Proposition 2.4,
Slz—y|

xr— w e_ Tr—
K2, ) (e 1)) < O G 1),
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we have for a < t < 1/a, |(T;,(t) = Tp(t)) f] < Cge * |f], where g.(z) =
e 7l|es® — 1|. Since |ge(z)| < e~ 0202l 4 ¢=0l2l ¢ L1 and g.(z) — 0 ae. x
as |e] | 0, (2.22) follows by the dominated convergence theorem.

Now let A > wy. Then for 0 < a <1

lim sup HR(/\:Ae,p) - R(AaAp)”p,p < lim SUP/O e_AtHTe,p(t) - Tp(t)Hpﬂpdt

le|10 le]10
a oo
< 2M, / + / e~ O—wiltgy
0 1/a
< 2M,; (a + ! e—(k—wl)/a) .
- A—wi
Since 0 < a < 1 is arbitrary, the assertion follows. a

It is clear from the construction that the semigroups 7, on L” and Ts,p
on L? are consistent. Consequently, R(\, A.,) and R(/\,/Nle,p) are consistent
for A € C if Re A is sufficiently large. Thus, we obtain from [1, Proposition
2.2] the following assertion: R(\, A.,) and R(\, A.,) are consistent for all

A€ [p(Acp) N p(Acp)loo- Here, for open subset O of C, we let O be the
connected component of O which contains a right half-plane {A € C: Re A >
w} for some w € R.

Note that by construction p(A.,) = p(A,) and
RO\ Aep)f = e (RO A) (€5 ))  (f € 1)

for all A € p(Ap). Therefore, if f,e™ f € LP and X € [p(A. ) N p(Ap)]oo, then
the following holds:

(2.23) R(X, Acp)f = € (R(A, Ap)(e™ f)) .
Now we can continue the proof of Theorem 2.7.
Proof of Theorem 2.7 (continued).  (cf. [1, Proof of Theorem 4.4]) Let

1 <p,q < o0, p € poo(Ap). First, we have to show that u € p(4,). By [1,
Proposition 2.3], it suffices to show that [|R(u, Ap)|lq,q < 00. Since

1
RipAy) = [ €T (0)dt + T, (DR, Ay),
0
it is enough to show that

(2.24) 1T, (1) R (g, Ap)
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Let K be the image of a continuous path in p(A,) connecting p with a point
in {A € C: Re A > wi}. By Proposition 2.11 (3) and [1, Proposition 6.6],
there exists 0 < g9 < 1 such that K C p(A.,) for all ¢ € RY with |e] < &.
Consequently, p € [p(Acp) Np(Ap)]so. It follows from (2.16), (2.18) and (2.21)
that

sup HT&p(%)Hl,p <oo and sup HT&p(%)Hpm < 0.

lel<eo lel<eo

Since Tt (1) R(p, Acp) = T p(2)R(p1, Ac p) T2 (), it follows that

(2.25) Co = sup [|Tep(1)R(k; Aep)ll1,00 < 00.

el <eo

Therefore, the operator T ,(1)R(u, Acp) is given by a kernel K (-,-) such
that |K.(x,y)| < Cp (a.e. z,y € Q) (cf. [1, Proposition 6.1]). In particular,

Ko(-,) € T,(1)R(1, 4,). (2.23) implies that

T.p(WR(p, Acp)f = e Tp(1) [e7 (e R(p, Ap)(e™" )]
e [T, (1) R(p, Ap)] (7' f)

whenever f,e™ f € LP, hence
K(z,y) = "V E(2,y) (ae 2,y € Q).

So, by (2.25), |Ko(z,y)| < Coec0lo=¥l (ae. z,y € Q), which yields (2.24).
Thus we obtain ps(A4,) C p(Ay), hence poo(Ap) C poo(Ag)- O

§3. Applications

In this section, we apply the results in the section 2 to some examples. Let
QC RN, T, S, Aand B be as in first paragraph of section 2, and let S, (t) =
e tU=2)" for 0 < <1.

(I) The fractional power of the Schrddinger operators: First, we show the
following proposition.

Proposition 3.1. IfT(t) = ' is dominated by S(t) = e*P in the sense that
IT(t)f| < S(t)|f] for f € L2(Q ) and suppose that S(t) is uniformly bounded,
then e =4 is dominated by e *(=5)".
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Proof. Let A>0and 0 < f € L*(Q). Then

sinwa [ p(p— A)"Lf

T /0 12 4 2 \p® cos o + A2 a
sin T /°° p (= A) |

7 Joo p2e 42 u® cosmar + A2
sinwa [ p(u— B)7Lf

T /0 w2+ 2 p® cos mar + A2 H
= D+ (=BT

A+ (7| =

hence we conclude the proof (see [9, Proposition 4.1]). O

Proposition 3.1 implies that if e!4 is dominated by e'®, then e tU—A)*
is essentially dominated by e */=2)"  Therefore, we can obtain many Co-
semigroups essentially dominated by e */=2)"  For example, if —A is the form
sum of either the negative Dirichlet Laplacian —Ap or the negative Neumann
Laplacian —Ay (in the latter case € is assumed to be bounded and to have the
extension property) and 0 < V € Llloc, then A is self-adjoint and generates a
positive Cy-semigroup T on L? which is dominated by 2. Proposition 3.1 im-
plies that e tU=4" is dominated by Su. Therefore, Corollary 2.8 implies that
there exist consistent positive Cp-semigroups on LP generated by —(I — A)“
(1 < p < o) such that —(I — A)% = —(I — A)* and o(—(I — A)%) is in-
dependent of p € [1,00). Especially, o(—(I — Ap)®,) and o(—(I — An)“,) is
independent of p € [1,00).

(IT) The generator of absorption semigroups: For the theory of absorption
semigroups, see [12], [13] and [7].

Let 0 < a < 1, B, the generator of S, and V() .= V An. Then
s- lim et(BOfV(M) exists for all ¢ > 0 if 0 < V is measurable. We denote

n—oo

this limit by So v (¢). If, in addition, V' is S, (-)-admissible (see [12], for defi-
nition), then S, v := {Sa,v (t)}i>0 is a Co-semigroup on L?. It is clear that

0 < Sav(t) < Salt) (t>0)

and the generator B,y of S,y is self-adjoint. Therefore, if o € (%, 1] then
there exist consistent positive Cp-semigroups S, on LP with generator
Bapyv (1 <p < oo)such that By v = Ba,v and 0(B,pv) is independent of
p € [1,00) (Corollary 2.8).
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