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Abstract. The expected relative entropy (or the expected divergence) between
finite probability distribution @ on {1,2,...,¢} and its empirical one obtained
from the sample of size n drawn from @ is computed and is found to be given
asymptotically by (¢ — 1)(loge)/2n which is independent of ). A method to
compute the entropy of the binomial distribution more accurately than before
is also given.
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§1. Introduction

In information theory, the relative entropy (or divergence) D[P||Q]:=

>owex P(z)log ggi; plays an important role as a kind of measure of distance
between two probability distributions P, on a discrete set X' (log will al-
ways mean logy). It is known that D[P||Q] > 553 ,cx [P(z) — Q(2)])?
holds (see for example [1]). The relative entropy is closely related to math-
ematical statistics. For example, the log-likelihood ratio can be written as
the difference between two relative entropies, and the so-called Fisher infor-
mation can be expressed in terms of the relative entropy. In this paper, we
compute the expected relative entropy between a finite probability distribu-
tion and its empirical one. Let X" = (X7, Xo,...,X,) be the sample of size
n drawn from the distribution Q(x) on X = {1,2,...,¢} and let Pxn(x) be
the empirical (frequency) distribution corresponding to X™. It is known that
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E[D[Px~||Q]] < E[D [Pxn-1||Q]] (see [1]). Actually, however, the following
estimate will be found in §3 using a lemma in §2:

E[D[Px~||Q]] = C —217)210ge + 101552@ ( Q(lx) - 1) % n O(%).
X

§2. A Lemma

We prove a lemma which is essential for the proof of the theorem given in
§3. The lemma states that for the random variable X obeying B(n,p) (the
binomial distribution with parameters n, p) and for sufficiently large n,

Blr)| ~ 7

int

2m—2 r(4) El(X —n 3
ZO V) E(( p)’]

where f(x) is an arbitrary function such that max, 1 ) |f@m)(z)] < en?
for some m > 1, for example f(z) = —zlnz that appears in the entropy
— 2 rex P(z)logp(z).

Lemma . Let f(z) € C®™(0,1] for some m > 1 and suppose there exist
constants ¢ and s such that mMax, e 1 ] | ™) (z)| < en® for any positive integer

n. Then for 0 < p < 1, we have

[92(p) — 91(p)]n™ — 0 (n — o0)

and

2m—2 (3) )
g = 3 W o6y

i
=0 mn

where

k
" k
(p) = fl=
gip kglpk (n)
pi = > pe(k—np)’
k=0
2m (4) )
wp) = ! Z.,(p)flﬁ-
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Note:  From the lemma, we have ¢;1(p) =~ g2(p), and it is easy to show

) - S

Q

f"(p) p(1 —p)

Proof.  Since
(o) = ipmfj)
= Z f’l(p)(fl —p)+...
me 1( ) k 2m—1 f(2m)(0§) k 2m

with 0, lying between % and p, we get with some manipulations

92(p) — 91(p)In™
/ (2m)
= (10 + B bt TP )
i Zpk (£ ) = £ 0.))(k = np)

Since pon™ = (3)p°(1 — p)"n™ = (1 — p)"n™, the first part of the right hand
side goes to 0 as n — oo.
The continuity of f*™(z) implies

Ye>0,36>0; |p—p|<d=[fF(p)— fEM ()| <e

Hence in the second part:

(2;) nlm [ (£ )~ £2(0,)) (6= )]
1 1
= 2m'nm Z " Gt 2 ]
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we first have

1 1 m m m
Al S G 2 w0 = 10| (- mp)?
' Tkl—p|<§
11 om
< WW Z pre(k — np)
O Epl<s
< - 2 Xn:p(k np)>"
> o N\ m K\ —
2m)ln™ =
_ € i2m
(2m)! nm "

We know from Riordan [4] that
pam = (2m = 1)(2m = 3) -3 1(p(1 = p)n)™ + O(n™ ")

and so we obtain [A] < e+ O(%). Thus A — 0 as n — oo.
To estimate |B|, we note that, in the case |% —p| > 8, we have

o= D[(51-5)lim1-p)

n

1 k 2
> B (2T pl) (e D),

D
hence |/ 55k- > |% —p| > 4. Now for large n

1 1 m m m
Bl < ankD%;zl el fO™ (p) — f© )(eg)l(k/‘—np)2
:Dyp> oge

< e S (@) 12 () 1) (k- )

e
(2m) n k:Dp>252loge
1 2cn® om
< @m)! nm >
) k:Dp>2521loge

2c ns+m(n+1)22—2n52loge‘

(2m)!

Here in the last inequality we used

Y < (n1)2re
k:Dip>a

<

(see Theorem 12.2.1 in [1]). Thus B — 0 as n — oo. And [g2(p) — g1(p)|n" —
0 (n — 00), hence g1(p) = g2(p) + o(n™"™). Recalling p; = O(nlz2]) ([4]), we
can write g; (p) = > 27 £ 4 O(n™"™), completing the proof.

il nt
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Example 1. Let f(z) = zlnz and m = 3. We can use the lemma since
maX,el ) |£©)(x)| = 4!n°. Thus

f"p)pl—p) D) us  fD)u _
R ] 77§+ Al Fﬁ+0(”3)

1 p(l—p)  —1p(l—p)(1l—2p)

a(p) = f(p)

1-p (1-p)(1+p)

-3
2n 12pn? +0(n™)

Example 2 [eptropy of the binomial distribution].
Frank and Ohrvik[3] computed the entropy of the binomial distribution.
Here we observe it in more detail using the lemma.

H(X)

n
= = prlogpy
k=0

- _ ipk <log (Z) + klogp+ (n—k)log(1 —P)>
k=0

= — Zpk (logn! —logk! —log (n — k)! + klogp + (n — k) log (1 — p))
k=0
= —logn!—nplogp —n(l —p)log (1 —p)

+ Zpk (log k! + log (n — k)!)
k=0

= —logn!—nplogp —n(l —p)log(1—p)

n n—1
+ Zpklogk! + Zpk log (n — k)!.
k=1 k=0

In a similar way as in Feller[2, I1.9], we may show that there exists 0 < by, < %
such that

1 1 1 1-b
lnk!:2ln27r+(k+2)lnk—k‘+< k) (k>1).

12k 360k3

Then letting f(z) = Inx, %, m—lg in the lemma and using Example 1, we find

with some computations that

1 —2p)? Y4+ (1-p)?

(1—2p) P 5 p) rold).
12np(1 —p)  24n2p?(1 — p) n

H(X)= 5 log menp(l—p)]—(loge)(
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83. Expected Relative Entropy

We prove our main theorem below, using Example 1 (hence our lemma). This
theorem states that, for large n, E [D [Pxn»||Q]] is essentially (2712)%
inverse proportion to the sample size n and not dependent on the true distri-
bution.

Theorem. Let X" = (X1, Xo,...,X,,) be the sample of size n drawn from
the distribution Q(x) on X = {1,2,...,4} and let Pxn(x) be the empirical
(frequency) distribution corresponding to X™, then

(L — 1)loge loge (

, in

E[D[Px~||Q]] =

n2

1 1
- >+0(ng).

Proof.  The expectation to be computed is given by

E[D[Px»||Q]] = > Q" (x1, 22, ..., 2n) D[Ppn||Q)]

(z1,@2,...,xn)EXT

= Y Q"T(P) DIP||Q],

PePy,
where Q™ (z1, 22, ..., Ty) = Pr(Xi=z1,Xo=22,...Xn=2,), Py is the set of all pos-

sible empirical distributions, Q™(T'(P)) denotes the probability that the em-
pirical distribution becomes exactly P. Since the empirical distribution P is

written as (];17 1312 ) %) and Qn(T(P)) = (klyk;f,ke)Q(l)le(2)k2 T Q(ﬁ)kz’

we have

E[D[Px~||Q]]
= Y QUT(P)) <ZP(@ log P(i) — Y P(i) log Q(i )
PePy, eX ieX
= _E[H(%,%,...,Ig Z(Z Q"(T (')) log Q(i)
1€X \PEP),
S ()

- > (k . kg)Q(Ule@)kQ QU | tog Q)

1€X

k1,k2,....ke:
k1+k2+...+kg=n
K Ky, K,
= —EH(—,—,..., )|+ H(Q).

n n n
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Note that P(i) = %, i=1,...,¢, are random variables and H (II) denotes the
entropy of the distribution II. Since K; ~ B(n,Q(i)), we see using Example 1
that

1-— ] 1 1 1
Tlloge + 53 <Q(i) - Q(i)) loge + O(—5).

2n
Therefore,

ppPele) = ¢ _;iloge + lolg; (Z Q(1$) - 1) — 40

zekX

finishing the proof. a
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