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1. Introduction

In this article, we give a new idea to prove analyticity of solutions to analytic
nonlinear elliptic equations. To illustrate our idea, we only treat the simple
equation,

(1) Au = \u? in Q,

where A = 22:1 9?/0x3, Q is a domain in R™ and A is a constant in R. In
next section, we prove the following theorem by using our method.

Theorem 1. Suppose that u is in C*°(Q2) and that u satisfies the equation
(1). Then u is real analytic in €.

Many proofs of analyticity of solutions to analytic nonlinear elliptic equa-
tions have been given by many mathematicians. There are two families of
methods to prove analyticity. One is the method to estimate higher order
derivatives of solutions([2], [3], [4], [5], [13], [15]). And another is the method
to extend the variables of the corresponding integral equations to complex
values([9], [11], [12], [14]). Our method belongs to the former. But the author
believes that our proof is new and simple.

In these papers([2], [3], [4], [5], [13], [15]), the Sobolev norm of M times de-
rivative of a solution in a domain B contained in € is estimated by the Sobolev
norm of (M —1) times derivative of a solution in By = {x;dist(x, B) < §}. To
estimate the Sobolev norm of any times derivative of a solution by that of a
solution itself, we must prepare countably many domains By, B1, ..., B, ...
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with Bary1 = (Bum)s,, and must check convergence with respect to dps care-
fully. The method in this article needs only two domains B and B’ with
B C B’ C Q because we use a cut-off function r(z) to the power M for M-th
derivative of a solution.

We briefly exhibit our method. Our method is to multiply a cut-off function
r(x) to the power |a| to the a-th derivative of a solution u and estimate its
Sobolev norm. The point of our method is not multiplication of a cut-off
function r(z) itself to the a-th derivative of a solution but multiplication of
a cut-off function r(x) to the power |a| to the a-th derivative of a solution.
As we see in the following, the term r(x)*l0%u is adapted to nonlinear term.
So it is easy to estimate ||r(x)/*l0%u|| with |a| = M + 1 by ||r(z)/*l0%u|| with
la] < M.

As an application of our method, we refer two papers, [8], [6]. In [8], we
consider the evolution equation,

iug + Au= f(u), u(0,z)=¢(x).

Applying our method, we show that if the initial data ¢ satisfies ||(x-V)!@|| gm
< CAN(IN?2 for all [ € N with m > n/2, the solution u is real analytic in z for
t > 0. In [6], we show by our method how analytic singularities for semilinear
wave equations Cu = f(u) propagate.

2. Proof of Theorem 1

First we introduce some notation and prepare several propositions. Let {2
be a domain in R™ and m be a real number. We denote an usual Sobolev space
of order m with respect to L?(Q) by H™ () and let HJ*(2)be the completion
of C§°(2) with the norm of H™(2). For a multi-index a = (aq,...,a,),

we denote z% = x{" -0, |a| = a1 + -+ ap, ol = aq!---ap! and 0F =
071052 - 0% with 0; = 0/0x; (j = 1,2,...,n). For multi-indices o and £,
we write @ < Bif o; < §; for 1 <Vj < n and define o+ = (o +061,... ,an+

Br) and (g) =al/(B(a—P)).

Proposition 2.1. Let o be a multi-index and k be an integer with 0 < k <

la|. We have
> ()= (%)

1Bl=k
B<a

Proof. Comparing the coefficients of t* in both sides of
(L) (L) = (L4 t)l

we have the proposition. [
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Proposition 2.2. Let () be a domain in R"™ with smooth boundary. If f and
g are in H™(Q) with m > n/2, then we have

(2) [ fallam ) < Cillfllzm @) gl mm (),

where Cy is a constant which does not depend on f and g.

Proof. See for example Adams[1]. O

Proposition 2.3. Let (2 be a domain in R"™. We have

(3) 103 vl am ) < 1AV am ),

for all v € H)**2(Q) and multi-indices a with |a| = 2.

Proof. Tt suffices to prove (2.1) for v € C§°(€2). From Plancherel’s theorem,
we have

107 0|l 5m (@) = 105 0] m (R
= [|(1 + [€]*)™/2*0(€) || 2 (ry
< @+ 162 ™ 210 L2 (mery
= | Av][ gm mony

= [|Av|| gm(q)-

Proof of Theorem 1. It suffices to prove that w is real analytic in every open
ball B in  with B C €. We take an open ball B’ with B C B’ and B’ C Q.
We take and fix a real valued function r(z) in C§°(B’) such that 0 < r(z) <1
and r(xz) = 1 in a neighborhood of B. To prove that u is real analytic in B,
we show that there exist positive constants C' and A such that

(4) Ir(2) O ul| g 5y < CA |,

for all multi-indices o, where m = [n/2] + 1. We prove (4) by induction with
respect to |«|. For simplicity we assume that A is larger than or equal to 1.
The inequality (4) is valid for |a] <1 if C is large enough. We fix a constant
C' so that (4) is valid for |a| < 1. Assuming that (4) is valid for |a| < N(> 1),
we show that (4) is valid for |a| = N + 1 by taking a constant A sufficiently
large. In the following, we write || - || = || - ||gm(p+) for abbreviation. Let a
and [ be multi-indices with |a] = N — 1 and |3| = 2. From Proposition 2.3,
we have

PN LS ul| < (|07 rN T O ul| + (1[07, N 05 ull
< [ ArN ol + 1|87, rN 85 ]|
< [ rNHOY Al + (1A, NIl + ([[07, N o5
=1 + I + I,
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where I} = ||rVHL02 2|, I = ||[A,rNH10%u| and I3 = ||[02,rNH1]0%u|.
We estimate each I;(j = 1,2,3) by (1/3)CANTYH(N + 1)!.

First we estimate I3. We put 92 = 9;0y. Since the commutator [0, rV+1]
is equal to
(N +1)[r™(9;7)0% +1N (0kr)05] + (N +1)rN (027) + (N + 1) NrN=1(9;7) (Oyr),
we have from Proposition 2.2 and the assumption of induction,

Iy < (N + D)C1 |97 (llrY 005 ull + [0k ||| 0;05 ul|]
(N4 D @) [0l + (N + DNC [0y @4 92

< 401C20AN(N + 1)',
where Cy = max << (10,7, [1(@,060)1, 1 87) 0kr) [, [2]]). Tt A s larger
than or equal to 12CCs, we have I3 < (1/3)CANTL(N + 1)\

Next we estimate I5. By the same estimate as in the estimate of I3, we
have Iy < 4nCiCy AN (N 4 1)!. If A is larger than or equal to 12nC;Cs, we
have I < (1/3)ANTLH(N + 1)

Thirdly we estimate I;. By Leibniz’s rule, Proposition 2.2 and the assump-
tion of induction, we have

(0%
n= et S ()2l ozl ozl

v<a

<peze S (j) CAP I IC Al o — 41

V<«
la lal -1/,
< ACFCL,C? Al > 7 Y ( ‘> < )
k=0 [yj=k M) 7
v<a

By Proposition 2.1, we have

|af

I < [NC*CTC Aoty "1
k=0
< |ACPCEC,ANTINL
If A is larger than or equal to 3|]A\|CC%Cy, we have I} < (1/3)CANTH (N +1)L.
We consequently have
[P O )| < CANTH(N + 1),

if A is larger than or equal to max(1,12nC;Cy, 3|]A\|CC?Cs). This completes
the proof. [

Remark. We can prove analyticity of solutions to analytic fully nonlinear el-
liptic equations. We give the proof of analyticity of solutions to analytic fully
nonlinear elliptic equations of second order in forthcoming paper([7]).
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