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Abstract. Let (M;,g;) be a certain almost Hermitian 2n-manifold M, with
a Hermitian metric g; for ¢« = 1,2, which is more general than an almost L
manifold (a Kéahlerian manifold is known to be a special almost L manifold).
Let SpecP(M;, gi) denote the spectrum of the real Laplacian on p-forms on M;.
The purpose of this paper is to show that for some special values of p and n, if
SpecP (M1, g1) = SpecP (M2, g2), then (M1, g1) is of constant holomorphic sec-
tional curvature H; if and only if (Mz, g2) is of constant holomorphic sectional
curvature Ho, and Ho = Hj. The corresponding results on almost L manifolds
were obtained by C. C. Hsiung and C. X. Wu (The spectral geometry of almost
L manifolds, Bull. Inst. Math. Acad. Sinica, 23 (1995), 229-241).

AMS 1991 Mathematics Subject Classification. Primary 53C15, 53C35, 58G25.

Key words and phrases. Spectrum, Laplacian, almost complex structures, al-
most Hermitian structures, holomorphic sectional curvature, Bochner curvature
tensor.

1. Introduction

Let (M, g) be an m-dimensional compact Riemannian manifold M with a
Riemannian metric g. Throughout this paper all manifolds are supposed to
be C*° and connected. The set of the eigenvalues associated with all the p-
eigenforms, 0 < p < m, with respect to real Laplacian A and the metric g of
M is called the spectrum of A on p-forms on M, which will be denoted by
SpecP(M, g). Thus

(1.1) Spec? (M, g) ={0> X1 p > Ay, > -+ > —00},

where each eigenvalue \; ,, ¢« = 1,2,..., is repeated as many times as its
multiplicity; which is finite, and the spectrum Spec? (M, g) is discrete since A
is an elliptic operator.

It is well known that there are various examples ([13], [7] and the references
there) of a pair of nonisometric manifolds with the same spectrum. Thus the
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164 C- C. HSIUNG, W. YANG AND B. XIONG

spectra do not determine a manifold up to an isometry. However, the rela-
tionship between the geometry of a Riemannian or K&hlerian manifold and
its spectra has been extensively studied. Let (M, g) and (M’,g") be compact
Riemannian (respectively, Kéhlerian) manifolds M, M’ with Riemannian (re-
spectively, Hermitian) metrics g and ¢’ and SpecP (M, g) = SpecP(M’, g") for
a fixed p. Various authors [1], [4], [6], [14], ..., [17] have shown that for some
spacial values of p and m, (M, g) is of constant sectional (respectively, holo-
morphic sectional) curvature H if and only if (M, ¢’) is of constant sectional
(respectively holomorphic sectional) curvature H and H = H'.

Recently Hsiung and Wu [8] have generalized the results on Kéhlerian man-
ifolds to almost L manifolds of which Kéahlerian manifolds are special ones.
The purpose of this paper is to further generalize the results of Hsiung and
Wu to more general almost Hermitian manifolds.

In §2 there is a classification of all almost complex structures on a Riemann-
ian manifold, together with inclusion relations among all classes, by means of
the Riemann curvature tensor and the tensor of an almost complex structure.

In §3 we define various almost Hermitian structures and manifolds, and give
necessary and sufficient or just necessary conditions for some classes of almost
complex manifolds defined in §2 with an Hermitian structure to have constant
holomorphic sectional curvature at each point.

§4 contains some fundamenzal formulas for a Riemannian structure and the
well-known Minakshisundaram-Pleijel-Gaffney’s formula for the spectra of a
Riemannian manifold.

85 deals with the spectral geometry of some almost Hermitian manifolds
which are more general than L manifolds.

2. Almost complex structures

Let M be a Riemannian 2n-manifold, and let g;;, Rpiji, Rij, R, and Jij
denote, respectively, the Riemannian metric tensor, the Riemann curvature
tensor, the Ricci curvature tensor, the scalar curvature and the tensor of an
almost complex structure J of M. Let (¢/) be the inverse matrix of the matrix
(gij). Throughout this paper all Latin indices take values 1,---,2n unless
stated otherwise. We shall follow the usual tensor convention that indices of
tensors can be raised and lowered by using g*/ and g;; respectively, and that
repeated indices imply summation. Moreover, if we multiply, for example, the
components a;; of a tensor of type (0,2) by the components b/ k of a tensor of
type(2,0), it will be always understood that j is to be summed.

By using the following identities for the relationship between J;7 and Ruijk,
Hsiung and Xiong [9] have defined the following four classes of almost complex
structures on the manifold M:

(2.1) Rniji = Jn" Ji* Rysjks
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(2.2) Rhijk = JhrJiersjk + JhriSRm‘sk + JherSRrijm
(2.3) Ruijie = JnJi"J;" I Rpgrs,
(24) Ji1r<]i2$RT‘si3k + J’izr‘]i:’,sR”’S’ilk =+ Ji?’r‘]ilsRTSiQk = 0.

Let £ and R denote respectively the classes of almost complex structures
(or manifolds) and the Kéhlerian structure (or manifolds). Let £4,£9,£3 and
¢ denote the classes of almost complex structures (or manifolds) satisfying
(2.1), -+, (2.4) respectively. Hsiung and Xiong [9] have showed the following
inclusion relations.

Lo
(2.5) RC L L3 C L.
¢

Thus for ¢ = 1, 2,3, as ¢ decreases the structures (or manifolds) in £; resemble
Kéhlerian structures (or manifolds) more closely.

For simplicity, throughout this paper if an almost complex manifolds M
admits a certain special almost complex structure, then M is also called by
the same name as the structure’s.

If J;7 and gij satisfy

(2.6) 9ij 0" I = g,

then the almost complex structure J is called an almost Hermitian structure,
and g;; is called an Hermitian metric. For simplicity, throughout this paper,
unless stated otherwise, by an almost Hermitian manifold M we shall always
mean a manifold with an almost Hermitian structure J and an Hermitian
metric g;;. Friedland and Hsiung [5] called an almost Hermitian structure .J
an almost L structure if it satisfies

(2.7) IV}, Vil Ji" = (V; Vi — ViV L =0,

where V denotes the covariant derivation with respect to g;;. Obviously,
Kéhlerian structures are almost L structures since an almost Hermitian struc-
ture J;7 is Kahlerian if

(2.8) V.J;F =0 foralli,j, k.

For simplicity we shall denote an almost Hermitian £; structure by AH;
for :+ = 1,2,3, and a Kahlerian structure, an almost Hermitian € structure
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and an almost Hermitian structure respectively by K, AHC, and AH. From
(2.5) we thus obtain the following inclusion relations among almost Hermitian
structures:

AH,
(2.9) K Cc AH, AH3 C AH.
AHC

We [10] also have defined an AH{ manifold to be an almost Hermitian
manifold satisfying

(2.10) Rhijk = —Jn" Ji® Rysjk.-

Since the difference between (2.1) and (2.10) is only a sign, AH; ¢ AHC C
AH3 and the intersection of the two classes AH; and AHj is the class of locally
Euclidean spaces, that is, the classe of spaces with Ry, = 0.

Now we introduce one new classe of AH, manifolds which are almost Her-
mitian manifolds satisfying

(2.11) QRMjk = JhTJz‘SRrsjk + JhTJjSRrkis + JhTJkSRrjsi-

3. Almost Hermitian structures

In this section M is a Riemannian manifold as in §2. If there exists on M
a tensor J;7 of type (1,1) satisfying

(3.1) Ji? Ik = =67,
where ¥ are the Kronecker deltas defined by

1, i=k,

k __
(32 %= { 0, ik

then J;7 is said to define an almost complex structure on M, and M is called
an almost complex manifold.

If an almost complex J;7 is almost Hermitian, then as a consequence of
(3.1) and (2.6) the tensor J;; of type (0,2) defined by

(3:3) Jij = gindi"

is skew-symmetric. Thus

(3.4) Jij ' = gir,  JIIE = g*,
and for any tangent vector v’ of M,

(3.5) gij ' v’ =0,
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which shows that v’ is orthogonal to its transform invj . Furthermore, on an
almost Hermitian manifold M, there is a differential form

(3.6) w = Jijdx' A da?,

where z!,... , 22" are local coordinates on M, and the wedge A denotes the
exterior product. If the differential form w is closed, that is, if

(3.7) dw =0,

then J;? is called an almost Kihlerian structure. From (3.6) and (3.7) it follows
that an almost Kéahlerian structure satisfies

(3.8) Jhij = VhJZ'j + Vith + Vthi =0.

The tensor Jy;; is skew-symmetric in all indices.

Lemma 3.1. An almost Hermitian 2n—man1'fo]d M with an Hermitian metric
gi; and an almost Hermitian structure J;’ is Kéhlerian if it satisfies

1 ..

(3.9) Q=R+5J" JM R =0,
1

(3.10) Rpijr = ZHGhijka

where H is a nonzero constant, and
(3.11) Ghijk = 9nk8ij — 9nj9ik + Inkdij — InjJik — 2JniJjk.

Proof. Substituting (3.10) and (3.11) and four similar equations in Bianchi
identity (4.2) gives

(3.12)
vl(Jthij — thJik — 2Jhiij) + Vj(JhlJik - Jthil - 2th‘Jkl)
+ Vi (Injda — Judij — 2Jnidi;) = 0.

Expanding (3.12) by differentiating covariantly, multiplying the resulting equa-
tion by J** and using J¥V,J;; = 0 we obtain (3.8) which shows that M is
almost Kéahlerian. Hence M is Kahlerian since it is known that an almost
Kéhlerian manifold with condition (3.9) is Ké&hlerian (see for instance, [5,
p.261]). O

Let M be an almost Hermitian manifold with an almost Hermitian structure
Ji7 satisfying (2.6). Then the two-dimensional plane determined by an arbi-
trary tangent vector u’ of M and the tangent vector inuj at a point p of M is
called a holomorphic plane (u, Ju), and the sectional curvature with respect to
the plane (u, Ju) is called the holomorphic sectional curvature H(u, Ju) of M
at p. If the holomorphic sectional curvature at a point p is independent of the
holomorphic plane through p, then M is said to have constant holomorphic
sectional curvature at p.

Concerning constant holomorphic sectional curvature we have the following
theorems:
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Theorem 3.1[5]. A necessary and sufficient condition for an almost L 2n-
manifold M to be of constant holomorphic sectional curvature H at each
point is that the Riemann curvature tensor Ry;j, with respect to the metric
gij satisfy (3.10). Furthermore, the Ricci tensor and scalar curvature of such
a manifold are given respectively by

n+1
(3.13) Rij = TH%»
(3.14) R=n(n+1)H.

As a consequence of (3.13), M is an Einstein manifold.

Theorem 3.2[9]. A necessary and sufficient condition for an AHC' 2n-mani-
fold M to be of constant holomorphic sectional curvature H at each point is
that the Riemann curvature tensor Ry;;;, with respect to the metric g;; satisfy

. 1
(3.15) Rhijk = Jn"J;° Regir — §H(gk¢jghi + 9kignj — JkjIni — Jkidnj)-

Furthermore, the Ricci tensor and scalar curvature of such a manifold are
given respectively by (3.13) and (3.14). As a consequence of (3.13), M is an
Einstein manifold.

Theorem 3.3[10]. A necessary condition for an AHs 2n-manifold M to be of
constant holomorphic sectional curvature H at each point is that the Riemann
curvature tensor Ry;j, with respect to the metric g;; satisfy

1 1
(3.16) Rpijk = i(quijthiq + RprgiJnP I3 + RpjigIn? Ji?) + §HGhijk-

Furthermore, the Ricci tensor and scalar curvature of such a manifold are
given respectively by

(317) Rij = 3RpiqTJqujr+2(n—|—1)Hg¢j,
(3.18) R = 3Ry JPJ™ + dn(n + 1)H.

4. Spectra of Riemannian manifolds

Let (M, g) be a Riemannian manifold of dimension m > 2 with a Riemann-
ian mertic g = (g;;). We shall use all the notation with 2n = m, in §2, and
also the following identities:

(4.1) Rpijk + Rhjri + Rhkij =0,
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and
(4.2) ViRpiji + ViRpir + Vi Ry = 0.

(4.2) is called the Bianchi identity. In 1919 Einstein suggested the following
equation, called the Einstein equation,

(4.3) Tij = Rij — %gij»

where R is the scalar curvature:

(4.4) R =g¢"R;;,

and T;; is called the stress-energy tensor. When T;; = 0, (M, g) is called an
Einstein manifold and g;; an Einstein mertic.

Assume that M is compact. To study SpecP(M,g) given by (1.1) we need
the following Minakshisundaram-Pleijel-Gaffney’s formula:

oo 1 o0

Nipt i

(4.5) z;e o~ 4@,;2;%,75,
1=

1=

(4.6) aop = (’;) /M dM,
I ) N =)

(4.8) azp = / [e1(m, p)R? + ca(m, p)|Rij|* + cs(m, p)| Rpijn|’1dM,
M

(4.10) cz(m,p):—ﬁ (TZ>+;<T;_5>—2<?_;>,

(4.11) c3(m,p):1;0(";)112<7;__12>+;<7;__§>,
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dM being the volume element of M, <7;L> a binomial coefficient, and ’Rmz

and \ha‘jk|2 the square of the lengths of the Ricci and Riemann curvature
tensors respectively given by

(4.12) |Ri;|> = RV Rij,  |Rnijil” = R"* Ryijo.

The coefficients ag p,a1, and as ), have been calculated for p = 0 by many
authors (see [1], [12]), and determined for all p by V.K.Patodi [14].

Remarks. 1. Let (M,g) and (M',¢’) be compact Riemannian manifolds. If
SpecP (M, g) = SpecP(M’, g') for some p, then from (4.5) and (4.6) we have
(i) m=dim M =dim M’ =m/,
(i) Vol.M = Vol.M'.
2. For a geometric quantity A on (M, g), we shall denote the corresponding
quantity on (M’,g") by A’.

5. AH, 4 manifolds

The purpose of this section is to study the spectral geometry of the almost
Hermitian manifold M satisfying (2.2) and (2.11), which we call an AHj 4-
manifold. At first we need

Lemma 5.1. An AH,-manifold is an AH5 4-manifold.

Proof. Substituting (2.1) for the second and the third terms on the right-hand
side of (2.11) and using (4.1) we can easily see that the right-hand side of (2.11)
becomes automatically the left-hand side of (2.11). So an AH;-manifold is an
AH,-manifold and therefore an AHj 4-manifold, since from (2.9) an AH;-
manifold is also an AHs-manifold. [

Theorem 5.1. A necessary and sufficient condition for an AHy 4 2n-manifold
M to be of constant holomorphic sectional curvature H at each point is that
the Riemann curvature tensor Ry, with respect to the metric g;; satisfy
(3.10). Furthermore, the Ricci tensor and scalar curvature of such a manifold
are given respectively by (3.13) and (3.14). As a consequence of (3.13), M is
an FEinstein manifold.

Proof. Suppose that M is of constant holomorphic sectional curvature H at
each point. Since M is an AH, manifold, (3.16) holds. Since M is also an
AH,4 manifold, (2.11) also holds. Substituting (2.11) in the right-hand side of
(3.16) gives condition (3.10) immediately.

For the proof of the sufficiency of condition (3.10) one may see [5] as The-
orem 3.1 also has this condition. [J

Now we want to derive some relations among the tensors Jij , Rpijr and R;j
of an AH, 2n-manifold M. At first, from (4.1) follows

(5.4) T Rogis = —J" Ryish, — J™" Riori = 2J%" Ryins.
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Multiplying (2.11) by ¢"* and using (3.4), (5.4), we obtain

(5.5) 3Ry = J" J* Regjr + 2T J;% Ryins.
Similarly, multiplication of (2.11) by ¢* and use of (5.4) give
(5.6) 2Rp. + JhTJkers = SJ}LTJiSRikrS.

Substituting the right-hand side of (5.6) for each term on the right-hand side
of (5.5) yields readily

(57) Rij = JiTstRTsa
which together with (5.6) implies that
(5.8) Ruke = Jn" J* Rigrs = Ji" J* Riprs,

where the last equality is due to the symmetry of h and k. Multiplying (5.8)
by g"* gives

(5.9) JE I Ripys = R.
Multiplying (5.4) by in and using (5.8) we obtain

(5.10) T T Ryrsi = —2Rjs.
Multiplication of (5.10) by g% gives

(5.11) J*" T Rprsi = —2R.
Multiplying (5.7) by Ji* yields

(5.12) Ji'Rij = —J;° Ry,

which together with (3.5) shows that

(5.13) Ry J*R;oJI" = R;"J*R;.J{ = —Ri R™.

On the other hand, since
JTS(Rrpks + Rrkps) = JTSRrpks + JSTRskpr = 0;

we have
(5.14) J*Rypks = —J " Ryps-

From (5.8) and (5.14) it follows that
(5.15) Rug = Ji" ¥ Rigrs = —Ji" T Rips.
Multiplying (5.1) by th gives
(5.16) T Rinjs = Ju" J;" T Ripps.
Moreover, using (5.8), (3.4), (4.12) we readily obtain
(5.17) |Rij |2 = |7 Rigs| .

The following lemma is an immediate consequence of (5.11), Theorem 5.1
and Lemma 3.1.
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Lemma 5.2. If an AH5 4 2n-manifold M is of constant holomorphic sectional
curvature H at each point, then M is Kahlerian.

The Bochner curvature tensor B = (Bp;;;) of an almost Hermitian m-
manifold M with an Hermitian mertic g and an almost Hermitian structure
J;7 is defined as follows:

1
(5.18) Bhijk = Rhijk — o Anijr +

G 17k
n+2) )k

dn+1)(n+2

where the components of the tensors G = (Gpjx) and A = (Ap;j,) are given
respectively by (3.11) and

(5.19) Anijk = Qhijk + bnijk — 2Chijks

with

(5.20) anijk = GnkRij — gnjRik + gij Ruk — ik Rnj,

(5.21) bhijk = JijJn Rex — Jiwdn" Rej + Jnidi" Rej — Jnjdi" Ryg,
(5.22) Chijk = ijJhTRm‘ + JhZ‘JjTRTk.

Now we have the following crucial lemma.

Lemma 5.3. For an AH, 2n-manifold M,

8 2
5.23 Brisil® = |Rpisn]? — —— . S
(5.23) | Brijr|” = [Rhijkl - CESCE)

2
+2|Ri]‘| +

Proof. From (5.18) it follows that

) ) 1 ik
|Bhiji|” =|Rhijr|” — mRhijkA i
R y 1
5.24 RpiiGM% 4 | Apiii]?
( ) + <n+1)(n+2) hijk + 4(7‘L+2)2‘ h]’f‘

R2
16(n+1)2(n+2)

2
R
4dn+1)(n+2)

hiik 9
2AhijkG t + Q‘Ghijk| .

By (3.1), (3.4) and other equations of this section some elementary but com-
plicated computations give the following:

|anijil? = 8(n — 1)|Ry;|* + 4R?,
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anikb"* = 8|Ry;|* by (5.13),
(5.25) anijrc* = —8|Ri;|> by (5.13),
\bhijk|2 =8(n — 1)\Rij\2 + 4R?,
bijrc* = —8|R;;|> by (5.13),
lcnijel” = 4n|Ry;|* + 2R?;

Rhijkahijk = 4|Rij|27 Rhijkbhijk = 4|Rij|2 by (515),

(5.26)
Rpijic™* = —4|R;;|> by (5.10);
(5.27) RpijnG"% =8R by (5.9), (5.11);
anijra* = 8(n — 1)|Ry;|” + 4R?,
anirb"* = 8|Ry;|* by (5.13),
(5.28) anijrc* = —8|Ri;|> by (5.13),

[brijkl” = 8(n — 1)|Ri;|* +4R?,
bijrc* = —8|Ri;|> by (5.13),
lenijnl” = 4n|Ry;|* + 2R?;
anijrG"* = 8(n + 1)R,
(5.29) brijrG"* = 8(n + 1R,
chijkGhijk = —-8(n+1)R;

(5.30) |Ghinl”> = 32n(n + 1),
From (5.19), (5.25), - -+, (5.29) we obtain
Ry AMI* = 16| R;; |7,
| Apijel® = 32(n + 2)|Ry;|* + 16 R?,
ApijrGMI% = 32(n + 1R,
|Ghijel> = 16n(n + 2).
Substituting (5.27) and (5.31) in (5.24) yields (5.23) immediately. [

Assume that M is compact. Now we can express the coefficient as ) of
formula (4.5) in terms of \Bhijklz and
1

— R2
on"

(5.32) T ” = |Rij|* -

which follows from (4.3) readily.
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Lemma 5.4. For a compact AH4 2n-manifold M,
(5.33) az,p = / (b1 (12, 9) | Bhijil” + b2 (1, p) | Tij |* + b3 (n, p) R*|dM,
M

where

bi(n,p) = c3(m, p),

(534) b2(n7p) = 62(m7p) + n —+ 263(m7p)a
1 2
bs(n,p) = c1(m,p) + %CQ(map) + mcs(map)>

and m = 2n.

Proof. The lemma is an immediate consequence by substituting (5.23) and
(5.32) in (4.8). O

Lemma 5.5. An AH, 4 2n-manifold M for n > 2 is of constant holomorphic
sectional curvature if and only if the tensors B and T = (T;;) are zero.

Proof. Suppose M to be of constant holomorphic sectional curvature H. Then
(3.10), (3.11), (3.13) and (3.14) hold by Theorem 5.1. Substituting (3.10),
(3.11), (3.13) and (3.14) in (5.18) shows readily that Bpijx = 0. T;5 = 0
follows from (4.3), (3.13), (3.14).

Conversely, suppose that B = 0 and 7' = 0 which implies that M is an

. . . o R .
Einstein space, so that R is constant for 2n > 4. Substituting R;; = —g;; in

2n
(5.18) and using (3.1) and (2.6), we obtain
R
Ry — G
hijk 4n(n+1) hijk
Hence, by Theorem 5.1. M is of constant holomorphic sectional curvature
R
n(n+1)

6. The main theorem

The main results of this paper are listed in the following theorem.

Theorem 6.1. Let (M,g,J) and (M',¢’,J") be compact AH, 4 2n-manifolds
with almost Hermitian structures J and J’', Hermitian mertics g and g'. Let
(CP™, go,Jo) be the complex n-dimensional projective space CP™ with the
Fubini-Study metric go and the standard complex structure Jy. Consider the
following statements:
(1) (*) (M,g,J) is of constant holomorphic sectional curvature H if and
only if (M',g¢',J’) is of constant holomorphic sectional curvature H',
and H = H';
(2) (**) (M,g,J) is Kédhlerian and holomorphically isometric to (CP™,
90, Jo).
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Then we have the following:

(vi)

(vii)
(viii)

is true if Spec ,g) = Spec ,g") and 2n < 10.
*) i if Spec®(M Spec®(M’,¢') and 2n < 10

is true if Spec ,g) = Spec ,g0) and 2n < 10.
(**) i if Spec®(M, g) = Spec®(CP"™, go) and 2n < 10

is true if Spec ,g) = Spec ,g ) and 2n = 2 or <2n <
*) i if Spect (M Spec'(M',¢') and 2n = 2 or 16 < 2
102.
(**) is true if Spec' (M, g) = Spec' (CP", go) and 2n = 2 or 16 < 2n <
102.

is true if Spec ,g) = Spec , and 2n = 2,6,8, or
(*) i if Spec?(M,g) = Spec*(M’,g') and 2 2,6,8,14
18 < 2n < 188.

is true if Spec ,g) = Spec ,90) and 2n = 2,6,8,14 or
) i if Spec?(M Spec?(CP™ d2n = 2,6,8,14
18 < 2n < 188.

is true if Spec ,g) = Spec ,g') for p =0 and 1.
*) i if SpecP (M SpecP(M', g') f 0 and 1

is true if Spec ,g) = Spec ,go) for p =0 and 1.
**) 1 if Spec? (M Spec? (CP™ f 0 and 1

Remark. For almost L manifolds M and M’ Theorem 6.1 is due to Hsiung and

Wu [8].

When (M, g,J) and (M’, ¢, J') are Kéhlerian manifolds, parts (i)-(vi)

of Theorem 6.1 are reduced to the known results in ([14],[15],[16]) mentioned

before.

Proof of Theorem 6.1. It is clear that (*) and (**) hold in the case of n = 1.
So we assume n > 2.

(i)

(6.3)

From (4.6), (4.7), (4.9), ..., (4.11) for m = 2n, and (5.33), (5.34) we
obtain

0,0 :/ dM = Vol M,
M

1
al’():/ RdM,
6./

5n2 +4n + 3

2(6 —n) 9
2 w1 )M

ago = % .y [2|th‘jk\2 + IT;51% +

Since the roles of (M, g,J) and (M’,¢’,J’) in the theorem are the
same, we need only to prove the “if” part, and the “only if” part can be
proved in the same way as by interchanging the roles of (M, g, J) and
(M',g',J"). So we assume that (M’, ¢, J’) has constant holomorphic
sectional curvature H'. Then R’ = 2H' by Theorem 5.1, and therefore
R’ is constant. Thus from ag = a’9,0 and a1,9 = a’1 it follows that

[y R?dM > [, R 2dM’. In fact, using the Schwarz inequality we
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have

() ([ ) = ([, o) = ()

(6.4) = R*(Vol M')?
— R*Vol M-Vol M'

—Vol M- | R?ZdM.
M/

On the other hand, applying Lemma 5.5 to (M’, ¢’, J') gives

2_0.

(6.5) B sl = T3]
Thus from as9 = a’20, (6.4), (6.3) and its corresponding equation
(6,3)" for (M’,¢',J’) and 2n < 10, it follows that

(6.6) Bunl* =Ty =0, [ Ry = [ R
M M’

Hence by Lemma 5.5, (M, g, J) is of constant holomorphic sectional
curvature H = H'.

(ii) Since (CP™, go, Jo) is of constant holomorphic sectional curvature ¢ >
0, (M,g,J) is of constant holomorphic sectional curvature ¢ > 0 by
part (i). From Lemma 5.2 it follows that (M, g, J) is Kéhlerian. Hence
(M, g, J) is holomorphically isomertic to (CP™, go, Jo)-

(iii) As in part (i) we have

(6.7) ap,1 = 2n/ dM =2n Vol M,
M
-3
(6.8) ayl = L / R dM,
3 Ju
1 2 2
— [ {2020 —15)|Bu;; 1 T,
021 = 555 || 1200 =15)Buip + 5 [n(51 —n) + 30073
2 2 2
. —_ -2 1 1 M.
(6.9) + W 1) [n”(5n — 26) + 18n + 15| R"}d

For 8 < n < 51, all coefficients of \Bhijk|2, |Tij|2 and R? in (6.9) are
positive. Also as before we may assume that (M’, ¢, J’) is of constant
holomorphic sectional curvature H’ so that R’ is constant and (6.5)
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holds. We also have (6.4). Thus from as; = a’2; and (6.9), (6.9)
follows (6.6). Hence (M,g,.J) is of constant holomorphic sectional

curvature H = H'.

(iv) follows from (iii) and Lemma 5.2.
(v) As before we have

(6.10)

(6.11)

(6.12)

(6.13)

ap2 =n(2n — 1)/ dM =n(2n —1)Vol M,
M

1
a1z = —(2n* — 13n + 12)/ R dM.
6 M

1
22 = —— (Al\Bhijk|2 + A2|Tij|2 + A3R2)dM,
360 /s
where
Ay = 2(2n* — 31n + 120)
2 3 2
Ay = (2n” — 193n~ 4 426n + 120),
n—+2
Az = (10n* — 117n® + 362n* — 183n — 60).

n(n+1)

Thus for n = 3,4 or 7, or 9 < n <94, Ay, Ao, and Ag are positive.
The remaining part of the proof is completely similar to that in (i) or

(iii).

(vi) follows from (v) and Lemma 5.2.

(vii) Multiplying (6.3) by (2n — 15) and subtracting the resulting equation

(6.14)

from (6.9) we obtain

1
az1 — (2’)’L — 15)6‘6270 = 15/ |:10‘Eﬂ2 + E(TL + 5>R2 dM.
M

Assume that (M’,¢’,J’) is of constant holomorphic curvature H'.
Then we have (6.5) and (6.4) which together with as 1 —(2n—15)as o =
a'a1 — (2n —15)a’50, (6.14) and (6.14)" implies that |T;;|* = 0. Thus
from as o = a’s,, (6.3) and (6.3)" it follows that ]Bhijk|2 = 0. Hence
(M,g,J) is of constant holomorphic sectional curvature H = H'.

(viii) follows from (vii) and Lemma 5.2. [
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