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Abstract. Sufficient conditions are given for the fractional maximal operator
to send a weighted Orlicz class into another one. As an application, an Orlicz
version of the famous Fefferman-Stein inequality is obtained.
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1. Introduction and Results

The fractional maximal operator M, of order a, 0 < o < n, is defined as
(Myf)(x) = sup{|Q3_1/ |f(y)|dy; where @ is a cube containinga;}.
Q

Here n is a nonnegative integer and the cubes considered have sides parallel
to the coordinates axis. So M = M is the well-known Hardy-Littlewood
maximal operator. In this paper ®1(.), ®5(.) and ®(.) denote some continuous
and increasing functions defined on [0, co[— [0, 0o which take the value 0 at
0 and tend to oo when ¢ — oo; and z(.), z1(.), 22(.), u(.) and v(.) are weights,
i.e. nonnegative locally integrable functions on R".

Our purpose is to give a sufficient condition on these weights which guar-
antees M, : 21L®1 — 2,122, This boundedness means there is C' > 0 for
which

(1.1)

/R” D, <z2(x)(Maf)(a;)>u(:c)dw <Pyt [/R" ol <Cz1 (w)f(x))v(x)dx}
for all nonnegative functions f(.). Interest in study of (1.1) comes from the
fact that such an integral inequality is more and more used (particularly by

Italian schools) to tackle problems in P.D.E..
Inequality (1.1) is a generalization of the classical two weight inequality

q
P

(1.2 ot <o [ paoe)
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The consideration of z;1(.) and z5(.), as in [Bl-Ke] and [Go-Ko2], is motivated
by the fact that the weights cannot be combined as in the Lebesgue case where
Jrr P @v)dy = fre (Fo7)? (y)dy.

Problem (1.1) for particular o and weight functions was considered by many
authors [Ke-To|, [Bl-Ke], [Go-Kol], [Go-Ko02], [Su], [Ch] and [Qi]. But this
inequality has not been studied in full generality, as we will do in this work.
Indeed the boundedness My : L® — L® was characterized by Bloom and
Kerman [Bl-Ke| and also independently by Gogatishvili and Kokilashvili [Go-
Kol]. A significant approach of the two weight inequality My : L® — L® was
given by Sun [Su] and also by Chen [Ch]. And a solution for M, : 1L®* — L2,
with 0 < o < m, was presented by Qinsheng [Qi].

A characterization of (1.2), with 1 < p < ¢ < oo, was due to Sawyer
[Sa]. However the right necessary and sufficient condition is expressed in
terms of the maximal operator M, itself, so in general it is difficult to decide
whether a given pair of weight functions is convenient for (1.2). Consequently
people, who were interested in problems of weighted inequalities, investigated
simpler conditions not necessarily a characterizing condition. Observe that

(1.2) implies
(i L) (g [ ) )

for all cubes @ and for a fixed constant A > 0. Here p’ = -£-. Conversely

p—1
Pérez [Pe| proved that, for 1 < p < ¢ < oo, (1.2) is true whenever there is

e > 1 such that

a1 (g [ twan) (g [ [o) e wan) 7 < 4

for all cubes @. Clearly by the Holder inequality condition (1.4) implies (1.3).
So the natural question, answered in this paper, is to find an analogue of this
Pérez’s result for the problem (1.1) without using standard assumptions like
As-condition on ®1(.) and ®o(.) [see [Ke-To|] nor Muckenhoupt A.-condition
on the weight functions.
Following Bloom and Kerman [Bl-Ke], if ®(.) is a N-function, then a nec-
essary condition for the boundedness M, : zng’ 1 22L§2 is

Q!
<O\ Q) <oo forall A >0 and all cubes @,

1
7

<A

bS]

(1.3) Q

where A > 0 is a fixed constant. Here

O\, Q) = 0, d;" [/Q (132</\Z2<y))u(y)dy:|,
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and ®7(.) is the complementary function to ®;(.). Recall that ®(.) is a N-
(I)(S) = lim, oo ﬁ -

0, and its complementary function ®*(.) is defined as <I>*(t) = sup,>o{st —
®(s)}. Condition (1.5) is the substitute of (1.3) in the Orlicz setting. And the
assumption "p < ¢” will be expressed by the growth condition

function whenever it is a convex function with limg_,q

(1.6) Zsz L) < ody [ ¢ Ztk] for all ¢, > 0,
k

where ¢y > 0 is a fixed constant. Our main result can be stated as follows.

1
Theorem 1. Suppose the condition (1.6) is satisfied and ®{ (.) is a N-function
for some t > 1. Then M, : 21 L®* — 2 L®2 whenever for a constant A > 0

) [l | 0o @

< 0:(\,Q) < oo forall A >0 and all cubes Q,

0.,0) =l ez | | ®2(raty >)u<y>dy}}i.

Observe that (1.7), a substitute of (1.4), is reduced to (1.5) when ¢t = 1. And
the Pérez’s result, quoted above, is covered by Theorem 1 by taking ®;(s) ~ sP
andtzﬁ,where€>1<p<ooandr’:

where

1 o 1 , , —e ep’
O (s) & sV (B1)*(s) ~ 5©) and v~ PV ETE() = w1 () = [%} v ().
In the classical Lebesgue setting, many problems in Analysis are involved
by the famous Fefferman-Stein inequality

(1.8) /Rn(Maf)p( Yu(z d:c<C’/ (@) (Mayu) (2)da for all £(.) > 0

Here 0 < o < 7 and C' > 0 is a fixed constant independant of u(.). As an
application of Theorem 1, we obtain an Orlicz version of (1.8).

Proposition 2. Assume that ®7 (.) is a N-function for some ¢t > 1. Then

L9) [ ®(=()(Maf)(@) Jule)de <
fe o )

/R" <I> Ma,t,gzu)(m)dx for all f(.) >0
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Here C > 0 does not depend on the weight functions u(.) and z(.). The
maximal operator M ; &, is defined by

Masoe0)) = sl [ XL TL a0 o))
t,®,29)\T) = SUPSUPY | =1, ~—=. | T 2\Y))19\y)lay
¢ Qa2 x>0 L LS5 (AQITH) ] 1@l Jo

where S 4(s) = s~ 1(®1)*(s).

For z(.) =1, ®(s) ~ s? and t = (51};;/)’ withe > 1 < p < oo, then My 0. =
M, so inequality (1.8) is covered by (1.9). For z(.) = 1 and a = 0, elementary
arguments lead to a similar inequality as (1.9) with My e . replaced by
M = Mj. Thus the real significance of Proposition 2 appears when z(.) # 1
or a # 0.

2. Proof of Proposition 2

Following Theorem 1, it remains to get

(2.1)

a1
Lt [P a0, ot s

Q vt ()

30000 [ a3 01000 S s
<O:(N\, Q) < oo forall A >0 and all cubes @,

o[

where v(x) = (./\/layt,gzu) (z) and ©(\, Q) = ]Q|{ el fQ ( dy) (y )dy}f‘
By the definition of v(.), then

<!Q| / (Az(yDu(y)dy)

< Sit ()\\Q|_%) X v%(x) for all A > 0 and all cubes Q > z.

o=

(2.2)

Condition (2.1) will appear once it is proved that

23 AQE / s[ Q10,0 Q)

For doing, call Z(Q,t,\) the left member of (2.3). Using the definition of
O:(\, Q) and (2.2), then inequality (2.3) will follow since

Z(Q,t, \) =

A—HQﬁ—l/Qscp,t[ ek <‘Q|/ (Az(y))u(y)dy)ivil(x)}dx

<ATQIF SeSpi(NQITH) < 1.

1

v (x

}dx<1.
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3. Proof of Theorem 1
The result is based on two lemmas.

Lemma 3. The above condition (1.7) implies

(2.4) /Q‘I’z(zz Q"™ /f dy (z)dr <

o2l / of (242 001(0) ot ) ) |

for all cubes @@ and all f(.) > 0

Lemma 4. Suppose f(.) is a bounded nonnegative function with a compact
support. Let a > 2" and Qy, = {x; (M, f)(x) > a*} for each integer k. Then
one can find non overlapping maximal dyadic cubes satisfying the following:

(2.5) . ¢ | JBQsw);
J
(2:6) A7 < |Qul "t [ fly)dy < 27"aP
Qjk
(27) (1= =)@l < Bl
a

for some disjoints sets Ej, C Qjx, and so
k

This is a sort of discretization of M, by means of Calderén-Zygmund, whose
details of proof can be seen in [Pe] (p. 678, 681 and 682).

By the monotone convergence theorem and since the estimates do not in-
volve the bound of f(.), then it can be assumed that this functions is nonnega-
tive, bounded and has a compact support. Therefore the chain of computations
which yields to the conclusion in Theorem 1 is as follows

/]R" P, (zz(l‘)( of)( ) x)dx _Z/k\ﬂkH <I>2 zo(x )(Maf)(w))u(x)dx

@, (zg(a:)ak+1>u(x)dx by (2.5) and the definition of Q41
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e»\»d

o

(201Az1( ) f(x)>vi(x)dx) t}

< ; ; 0 [BQ]H ( 300 J; o o/ <201A21 (a:)f(x))

by Lemma 3

< ooy CQZZ sl g 50

by the growth condition (1.6)

< Byd7 :03 ;ZJ: Bl <|3ngk| ot (2clAz1(x)f(x))v%(x)dx> f}
by property (2.7)

< 007" |y Zk:zJ:/E [aref (zclAzl(.)f(.))vi(.)T(g;)dx]

recall that M is the Hardy-Littlewood maximal operator

< Byd; ! :03 /R [are] (QCIAzl(.)f(q)vi(.)T(x)dx}

by property (2.8)

< Pyt :04 /]R” [@1% (261Azl(:x)f(:v))vi(as)rd:x]

since t > 1 and M : L} — L}, and here ¢4 > 1

< Pyt /]R” o, (20104Azl(:r:)f(x))v(x)dac}

(3Qjk)

1
since @7 (.) is convex function and ¢4 > 1.

To achieve the proof of Theorem 1, it remains to give

Proof of Lemma 3.
The conclusion in Lemma 3 is equivalent to

1
t

(2.9) 0,0\, Q) < /Q of (2421(2)f(2) vt (2)de = B(Q)

where \ = |Q|» 1 Jo f(y)dy. On the other hand by condition (1.7) then

[ AHels
Az (z)vt (z)

1
t

= o=

(2.10) AQ) = /Q @) @t@,@]v (2)de < ©,(A. Q) < o0
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Estimate (2.9) can be obtained by using the Young inequality [which asserts
1 1
that s152 < (®1)*(s1) + ®{ (s2)] and (2.10) as follows

20,(\, Q) = /Q A QI x 204(M, Q) F(y)dy

1
t

- [ o0 x 2420070t way
Q

Az (y)vt (y)
< AQ) + B(Q) < 64\, Q) + B(Q).
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