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Abstract. In this paper, we obtain a sufficient condition for a foliation F with
an Ehresmann connection D = (TF)⊥ on a compact, connected manifold M
to have leaves whose universal covers have the same growth type. When such
a foliation has a compact leaf L, we show that the growth type of all leaves is
bounded from above by the growth types of π1L and HD(L).
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§0. Introduction

C. Ehresmann defined a connection in a fiber bundle to be a complementary
distribution D to the fibers on the total space satisfying the property that
every curve in the base space can be lifted horizontally to the total space.
R.A.Blumenthal and J.J.Hebda generalized the notion for a foliated manifold
and called it an Ehresmann connection for the foliation. In [BH2], they defined
a group HD(L) based at a point p ∈ L which naturally surjects onto the
germinal holonomy group of L based at p. The following theorems from [BH2]
provide the motivation for this paper:

Theorem 1. Let F be a smooth foliation of a connected Riemannian man-
ifold M admitting an Ehresmann connection D. If F has a compact leaf L0

such that HD(L0) is finite, then every leaf L is a compact leaf such that HD(L)
is finite.
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Theorem 2. Let F be a totally geodesic foliation of a connected, complete
Riemannian manifold M . If F has a leaf L0 of finite volume such that HD(L0)
is finite, then every leaf L is a leaf of finite volume such that HD(L) is finite,
where the Ehresmann connection is D = (TF)⊥.

In this paper, we investigate how the growth type of leaves is related to
the growth type of HD(L) for a compact leaf L when D = (TF)⊥ is an
Ehresmann connection for foliation F on a compact, connected Riemannian
manifold M . We conclude the following:

Corollary 3.7. Assume that the hypothesis (2.1) (see Proposition 2.1) holds
or that F is totally geodesic. Then D = (TF)⊥ is an Ehresmann connection
and, for any compact L ∈ F , the growth type of HD(L) bounds the growth
type of any other leaf L′ from above.

The corollary follows, indirectly, from our main theorem, Theorem 3.1,
which states for foliations satisfying the hypothesis (2.1) that universal covers
of their leaves have the same growth type. A comparison between the lengths
of vertical paths from Proposition 2.1 is used in the proof of Theorem 3.1 to
show that a diffeomorphism between the universal covers of leaves is a quasi
isometry. The corollary can be applied to Riemannian foliations since they
satisfy hypothesis (2.1). Corollary 3.4, which follows directly from Theorem
3.1, has a similar conclusion: the growth type of π1(L) for compact L bounds
the growth type of any other leaf from above.

§1. Preliminaries

We assume that F is a smooth m-dimensional foliation on a compact, con-
nected Riemannian manifold M and that D is a complementary distribution.

We define a rectangle as a piecewise smooth map δ : [0, 1] × [0, 1] 7→ M
such that every path s 7→ δ(s, t) is horizontal(ie. tangent to D) and every
path t 7→ δ(s, t) is vertical(ie. lies in a leaf of F). We call δ(s, 0) and δ(0, t) the
initial horizontal and vertical edges of δ, respectively, and δ(s, 1) and δ(1, t)
the terminal horizontal and vertical edges, respectively. Given a horizontal
path σ(s) and vertical path τ(t) with initial points σ(0) = τ(0), we say that a
rectangle δ(s, t) is determined by σ and τ provided that δ(s, 0) = σ(s) and
δ(0, t) = τ(t). When either one is sufficiently short, they determine a unique
rectangle. When both σ and τ are long, they do not necessarily determine a
rectangle, unless D has special properties.

Blumenthal and Hebda [BH2] define an Ehresmann connection for F to
be a complementary distribution D with the property that every horizontal
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path σ(s) and vertical path τ(t) with the same initial point uniquely determine
a rectangle δ(s, t). Examples of foliations with Ehresmann connections include
Riemannian foliations(ie., local submersion charts are isometries) and totally
geodesic foliations(ie., all leaves are totally geodesic). For these, D = (TF)⊥

is the Ehresmann connection.
Foliations with Ehresmann connections enjoy special properties. One is

that any pair of leaves can be joined by a horizontal curve. Another is the
following: let τ and τ ′ be fixed endpoint homotopic vertical paths (with ho-
motopy through vertical paths) and let σ be a horizontal path which begins
at τ(0) = τ ′(0), and the rectangles δ (resp. δ′) determined by σ and τ (resp.
τ ′) then δ and δ′ have a common terminal horizontal edge and have terminal
vertical edges which are homotopic through vertical paths.
Notation: For each leaf L ∈ F , let SL = ∇ −∇L denote the second funda-
mental form, where ∇ and ∇L are the Riemannian connections on M and L
(with the induced metric), respectively.

For any rectangle δ, let Lδ(s) denote the length of vertical path t 7→ δ(s, t),
that is,

Lδ(s) =
∫ 1

0
<

∂δ

∂t
,
∂δ

∂t
>

1
2 dt .

§2. Comparing Lengths of Vertical Paths

We assume that F is a smooth m-dimensional foliation on a compact, con-
nected Riemannian manifold M .

Proposition 2.1. Let D = (TF)⊥. Suppose that the following holds:

For any horizontal curve σ, there is a measurable function fσ over [0, 1],
such that any rectangle δ with δ(s, 0) = σ(s) satisfies

‖∂δ(s, t)
∂s

‖ ≤ fσ(s).(2.1)

Then, for any rectangle δ, Lδ(0)e−C ≤ Lδ(1) ≤ Lδ(0)eC holds, where C > 0
is a constant which depends on only the initial horizontal edge δ(s, 0).

Proof. We first show there is an upper bound on the second fundamental form
SL when M is compact. Let 4∗(SF × SF) be the bundle induced from the
product bundle SF × SF by the diagonal map 4 : M → M × M , where SF
is the unit tangent bundle of F . Define a function Φ over 4∗(SF × SF) by
Φ(v, w) = ‖SL(v, w)‖ for (v, w) ∈ 4∗(SF × SF), where L is the leaf tangent
to v and w. It is clear that Φ is continuous. Since M is compact, so is also
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4∗(SF × SF). Hence there is the maximum value of Φ, which we denote by
K. It follows that

‖ SL(v, w) ‖≤ K ‖ v ‖‖ w ‖(2.2)

for any v, w ∈ TL.
Let δ be an arbitrary rectangle and let σ(s) = δ(s, 0). For any 0 ≤ a ≤

b ≤ 1 , we will compare Lδ(a) and Lδ(b). Observe that

dLδ(s)
ds

=
∫ 1

0

d

ds
<

∂δ

∂t
,
∂δ

∂t
>

1
2 dt =

1
2

∫ 1

0

1
‖ ∂δ

∂t ‖
d

ds
<

∂δ

∂t
,
∂δ

∂t
> dt

=
∫ 1

0

1
‖ ∂δ

∂t ‖
< ∇ ∂δ

∂t

∂δ

∂s
,
∂δ

∂t
> dt,

since
d

ds
<

∂δ

∂t
,
∂δ

∂t
>= 2 < ∇ ∂δ

∂s

∂δ

∂t
,
∂δ

∂t
>= 2 < ∇ ∂δ

∂t

∂δ

∂s
,
∂δ

∂t
> .

Letting Ls denote the leaf which contains path t 7→ δ(s, t), observe

< ∇ ∂δ
∂t

∂δ

∂s
,
∂δ

∂t
>=

∂

∂t
<

∂δ

∂s
,
∂δ

∂t
> − <

∂δ

∂s
,∇ ∂δ

∂t

∂δ

∂t
>

= 0− <
∂δ

∂s
, SLs(

∂δ

∂t
,
∂δ

∂t
) + ∇Ls

∂δ
∂t

∂δ

∂t
>= − <

∂δ

∂s
, SLs(

∂δ

∂t
,
∂δ

∂t
) >

since ∂δ
∂s ∈ D and ∇Ls

∂δ
∂t

∂δ
∂t ∈ TF . Using (2.2), we get

∣∣∣∣< ∂δ

∂s
, SLs(

∂δ

∂t
,
∂δ

∂t
) >

∣∣∣∣ ≤ ∥∥∥∥∂δ

∂s

∥∥∥∥ ∥∥∥∥SLs(
∂δ

∂t
,
∂δ

∂t
)
∥∥∥∥ ≤

∥∥∥∥∂δ

∂s

∥∥∥∥ K

∥∥∥∥∂δ

∂t

∥∥∥∥2

.

Using the preceding and (2.1), we obtain∣∣∣∣dLδ(s)
ds

∣∣∣∣ ≤ ∫ 1

0

1
‖∂δ

∂t ‖

∣∣∣∣< ∇ ∂δ
∂t

∂δ

∂s
,
∂δ

∂t
>

∣∣∣∣ dt =
∫ 1

0

1
‖∂δ

∂t ‖

∣∣∣∣< ∂δ

∂s
, SLs(

∂δ

∂t
,
∂δ

∂t
) >

∣∣∣∣ dt

≤
∫ 1

0

1
‖∂δ

∂t ‖

∥∥∥∥∂δ

∂s

∥∥∥∥ K

∥∥∥∥∂δ

∂t

∥∥∥∥2

dt ≤
∫ 1

0
fσ(s)K

∥∥∥∥∂δ

∂t

∥∥∥∥ dt = fσ(s)KLδ(s).

From the preceding, | 1
Lδ(s)

dLδ(s)
ds | ≤ fσ(s)K, so∣∣∣∣∣

∫ b

a

1
Lδ(s)

dLδ(s)
ds

ds

∣∣∣∣∣ ≤
∫ b

a

∣∣∣∣ 1
Lδ(s)

dLδ(s)
ds

∣∣∣∣ ds ≤ K

∫ b

a
fσ(s)ds.

It follows that Lδ(a)e−C ≤ Lδ(b) ≤ Lδ(a)eC , where
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C = K

∫ b

a
fσ(s)ds.(2.3)

2

When F is a Riemannian or totally geodesic foliation, we make specific
comparisons between Lδ(0) and Lδ(1), as follows.

Corollary 2.2. Assume that F is a Riemannian foliation, that is, the Rie-
mannian metric of M is bundle-like for F and let D = (TF)⊥. Then, for any
rectangle δ,

Lδ(0)e−C ≤ Lδ(1) ≤ Lδ(0)eC ,

where

C = K

∫ 1

0
‖∂δ(s, 0)

∂s
‖ds.

Proof. Since the parallel translation with respect to the Bott connection along
vertical paths t 7→ δ(s, t) is an isometry, ‖∂δ(s,t)

∂s ‖ = ‖∂δ(s,0)
∂s ‖ for all t, so the

hypothesis (2.1) is satisfied as fσ(s) = ‖dσ(s)
ds ‖. The conclusion follows. 2

Corollary 2.3. Assume that F is totally geodesic and let D = (TF)⊥. Then
for any rectangle δ, the length of any vertical path t 7→ δ(s, t) for t ∈ [0, 1]
does not depend on s, that is, all vertical paths have the same length.

Proof. For every leaf L, the second fundamental form SL ≡ 0 so the constant
K in (2.2) in the proof of Proposition 2.1 is zero. Hence, the conclusion
follows.2

We state a definition and a theorem from [NK].

Definition: For any horizontal curve σ, define a function Gσ on rectangles δ
with δ(s, 0) = σ(s) by Gσ(δ) = Lδ(1)

Lδ(0) , that is, Gσ(δ) is the ratio of the terminal
vertical edge to the initial one of δ.

Theorem 2.4. [Koike] Let F be a foliation on a Riemannian manifold M ,
which may not be compact. Assume that,

(i) the induced metrics on leaves of F are complete
(ii) for each horizontal curve σ, supδGσ(δ) < ∞, where the supremum is

over all rectangles δ such that δ(s, 0) = σ(s).
Then D = (TF)⊥ is an Ehresmann connection for F .

As a consequence of Theorem 2.4, we state a sufficient condition for D to
be an Ehresmann connection.
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Corollary 2.5. Assume that F satisfies the hypothesis (2.1) in Proposition
2.1. Then D = (TF)⊥ is an Ehresmann connection for F .

Proof. Let σ be a horizontal curve and let δ be any rectangle with δ(s, 0) =
σ(s). From Proposition 2.1, there is a constant C > 0 which depends on only
σ such that e−C < Lδ(1)

Lδ(0) < eC . It follows that Gσ(δ) < eC therefore
supδGσ(δ) < ∞. Also, since M is compact, the induced metrics on leaves of
F are complete. The conclusion follows from Theorem 2.4. 2

§3. Growth Types

Definition: Positive real valued functions f and g are said to have the same
growth type if there exist positive constants a, b, c, d such that d · g(ct) ≤
b · f(at) and positive constants a′, b′, c′, d′ such that d′ · f(c′t) ≤ b′ · g(a′t)
for all t ∈ R. The property of having the same growth type is an equivalence
relation. The growth type of a Riemannian manifold M is defined as the
growth type of the volume function v(t) = vol(Bt(x)), where Bt(x) is a ball
of radius t about x. The growth type is independent of the point x.

We remark that Riemannian manifolds X and Y have the same growth
type if there is a quasi isometry f mapping X onto Y . That is, f is a
diffeomorphism with the property that there exist constants K, k > 0 such
that for any v ∈ TpX,

k‖v‖ ≤ ‖f∗v‖ ≤ K‖v‖,

where ‖ ‖ corresponds to the Riemannian metric of each manifold.
In the sequel, we assume that F is a smooth m-dimensional foliation on

a compact, connected Riemannian manifold M . In the following theorem,
we use Ehresmann rectangles to construct a quasi isometry between universal
covers of leaves of F .

Theorem 3.1. Assume that F satisfies hypothesis (2.1). Then the universal
covers of the leaves have the same growth type.

Proof. From the assumption, D = (TF)⊥ is an Ehresmann connection.
Hence, any two leaves can be joined by a horizontal path. Let σ(s) be a hor-
izontal path starting at p ∈ L0 and ending at q ∈ L1. Choose p̃ ∈ L̃0 and
q̃ ∈ L̃1 as lifts of p and q to the universal covers. We construct a diffeomor-
phism φ : L̃0 7→ L̃1, as follows.
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For any x̃ ∈ L̃0, let τ̃ be a

path from p̃ to x̃. Let τ be its projection to L0, which begins at p, and δ
the rectangle, determined by σ and τ . The path δ(1, t) in L1 begins at q and
is lifted uniquely to a path in L̃1 starting at q̃ and ending at some point ỹ.
Define φ : L̃0 7→ L̃1 by φ(x̃) = ỹ. Note that φ(p̃) = q̃. It is shown that φ is a
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diffeomorphism (see [BH1]). We show that φ is a quasi isometry.

Take an arbitrary point x̃ in L̃0. Let τ0 be the geodesic in L0 starting at p
such that its lift starting at p̃ is the shortest path from p̃ to x̃. Let τ1 be the
geodesic in L1 starting at q such that its lift starting at q̃ is the shortest path
from q̃ = φ(p̃) to ỹ = φ(x̃). From Proposition 2.1, the rectangle δ0 determined
by τ0 and σ satisfies,

length δ0(1, t) ≤ (length τ0)eC

for C as in (2.3) with a = 0 and b = 1. Since δ0(1, t) is fixed endpoint homo-
topic to τ1, length τ1 ≤ length δ0(1, t) holds. The rectangle δ1, determined by
τ1 and σ(1 − s) satisfies

length δ1(1, t) ≤ (length τ1)eC

for the same C as before. Since τ1 and δ0(1, t) are fixed endpoint homo-
topic, so are δ1(1, t) and τ0, therefore length τ0 ≤ length δ1(1, t). From the
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above, (length τ0)e−C ≤ length τ1 ≤ (length τ0)eC . Since dist(p̃, x̃) =
length τ0 and dist(q̃, ỹ) = length τ1, we have

dist(p̃, x̃)e−C ≤ dist(φ(p̃), φ(x̃)) ≤ dist(p̃, x̃)eC ,(3.1)

where dist is the distance in each covering space. Here, we note that C is
independent of the choice of x̃ ∈ L̃0. From the following lemma, φ is a quasi
isometry. 2

Lemma 3.2. Let f : X 7→ Y be a diffeomorphism and suppose that there are
constants K, k > 0 such that k ·dist(p, x) ≤ dist(f(p), f(x)) ≤ K ·dist(p, x)
for every x ∈ X. Then f is a quasi isometry.

Proof. See appendix. 2

We mention a result from [BH2] when F is totally geodesic that the uni-
versal covers of leaves are isometric. This result also follows from (3.1) by
observing that C = 0 when F is totally geodesic. It follows that universal
covers of leaves have the same growth type when F is totally geodesic.

We use [M] to define the growth type of a group.

Definition: The growth function γ(s) associated with a finitely gener-
ated group G and a specified choice of generators {g1, ..., gp} is defined on
each positive integer s as the number of distinct group elements which can be
expressed as words of length ≤ s in the specified generators and their inverses.

We remark that if γ and γ′ are growth functions which correspond to differ-
ent sets of generators for G, then they have the same growth type. We define
the growth type of a group G as the growth type of any growth function for
G.

The following proposition comes from arguments made in [M].

Proposition 3.3. [M] Suppose the L is compact. Then the growth type of
L̃ agrees with the growth type of π1L.

Proof. See appendix. 2

Suppose universal covers of all leaves have the same growth type and that
F has a compact leaf L. From Proposition 3.3, the growth type of π1(L) agrees
with the growth type of L̃. For any other L′ ∈ F , the growth type of L′ is no
greater than that of L̃′, so Theorem 3.1 implies the following.
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Corollary 3.4. Assume that F satisfies the hypothesis (2.1) or is totally
geodesic. For any compact leaf L, the growth type of π1(L) bounds the growth
type of any other leaf L′ from above.

We remark that Corollary 3.4 holds when F is a Riemannian foliation, since
hypothesis (2.1) is satisfied.

Notation: Let D be an Ehresmann connection for F . Fix a base point p in a
leaf L. The vertical loop α(t) based at p and the horizontal path σ(s) starting
at p determine a rectangle δ. Denote by α · σ the terminal horizontal edge
δ(s, 1).

From [BH1], we have the following definition.

Definition:

KD(L, p) = {[α] ∈ π1(L, p) | α · σ = σ, ∀σ : horizontal path starting at p},

where [α] is the homotopy class of α, that is, KD(L, p) consists of homotopy
classes of loops based at p for which the rectangles always close up.

It is easily shown that KD(L, p) / π1(L, p) and for different base points
p, p′ ∈ L that KD(L, p) ∼= KD(L, p′). For convenience, the base point p will
sometimes be omitted from the notation.

We remark that a horizontal path σ from p ∈ L to q ∈ L′ determines an
isomorphism from KD(L, p) onto KD(L′, q) by the map

[α] 7→ [δ(1, t)],

where [α] ∈ KD(L, p) and δ is the rectangle determined by α and σ.
We prove the following result from [BH2].

Proposition 3.5. Let D be an Ehresmann connection for F. Then
L̃0/KD(L0) ∼= L̃1/KD(L1) for any L0, L1 ∈ F .

Proof. Let σ(s) be a horizontal path beginning at p ∈ L0 and ending at
q ∈ L1. Let p̃ ∈ L̃0/KD(L0, p) and q̃ ∈ L̃1/KD(L1, q) be the lifts of p and q,
respectively. Define a map

φ : L̃0/KD(L0, p) 7→ L̃1/KD(L1, q)



GROWTH OF LEAVES IN FOLIATIONS 83

as follows.

Let x̃ ∈ L̃0/KD(L0, p). Let τ be the projection to L0 of a path τ̃ in
L̃0/KD(L0, p) from p̃ to x̃, and let δ be the rectangle determined by τ and
σ. The path δ(1, t) in L1 is lifted to a unique path in L̃1/KD(L1, q) from q̃ to
some point ỹ. Define a map φ by φ(x̃) = ỹ. Observe that φ(p̃) = q̃. In [BH2],
it is shown that φ is a diffeomorphism. 2

Using methods similar to those in the proof of Theorem 3.1, we can show
the following result.

Theorem 3.6. Suppose that F satisfies the hypothesis (2.1). Then the map

φ : L̃0/KD(L0, p) 7→ L̃1/KD(L1, q)

in the proof of Proposition 3.5 is a quasi isometry, where D = (TF)⊥.

When F is totally geodesic, L̃0/KD(L0, p) and L̃1/KD(L1, q) are isometric,
from [BH2]. This result can be seen from the previous proof since C = 0
implies that φ is an isometry.

We give the following definition.
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Definition: HD(L, p) = π1(L, p)/KD(L, p).

For brevity, we will sometimes omit the base point p from the notation. We
remark that HD(L) is independent of the choice of an Ehresmann connection
D for the foliation (see [BH1]). We state our final corollary.

Corollary 3.7. Suppose that F satisfies the hypothesis (2.1) or that F is
totally geodesic. For any compact L ∈ F , the growth type of HD(L) bounds
the growth type of any other leaf L′ from above, where D = (TF)⊥.

Proof. From an argument similar to that in Proposition 3.3, we can say that
the growth type of L̃/KD(L, p) agrees with the growth type of the group of
covering transformations,

π1(L, p)/KD(L, p) = HD(L, p).

For any other L′ ∈ F , the growth type of L′ is no greater than that of
L̃′/KD(L′, p), so Theorem 3.6 implies that the growth type of L′ is no greater
than that of HD(L, p). 2

§4. Appendix

In this appendix, we will give the proofs of Proposition 3.3 and Lemma 3.2.

Proof of Proposition 3.3 : Identify π1L with the group of covering transfor-
mations of L̃ over L. Let δ be the diameter of L. The projection L̃ 7→ L maps
the δ-neighborhood N = Bδ(x0) of x0 in L̃ onto L, hence the set of all trans-
lates g(N) with g ∈ π1L forms a covering of L̃ which is locally finite. The set F
of all elements g ∈ π1L such that g(N) intersects N is finite. Let F = {f1, ...fp}
and let µ denote the maximum of the numbers dist(x0, fi(x0)) for i = 1, .., p.
Choose 0 < ε < 1 small such that the open ball Bε(x0) in L̃ is disjoint from
all translates g(Bε(x0)) for every g ∈ π1L with g 6= 1. Then for any positive
integer t, the neighborhood Bµt+ε(x0) contains at least γ(t) disjoint sets of
the form g(Bε(x0)), where γ is the growth function for the subgroup of π1L
generated by F . This shows that γ(t) · vol( Bε(x0) ) ≤ vol( Bµt+ε(x0) ) so

γ(t) · vol( Bε(x0) ) ≤ vol( B(µ+1)t(x0) )(4.1)

Let υ be the infimum of dist(g(N), N) over all g ∈ π1L \ F . For any
g ∈ π1L \ F , dist(x0, g(N)) < υt + δ for some positive integer t, so from the
following lemma, g can be expressed as a product fi1fi2 ....fit of elements of F .
Thus, π1L is generated by F . Also, it follows that the interior of Bυt(x0) is
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covered by translates fi1fi2 ....fit(N) with fi1 , fi2 , ..., fit ∈ F . Since the number
of these translates is γ(t), it follows that γ(t) · vol( Bδ(x0) ) ≥ vol( Bυt(x0) ).
Letting V (t) = vol( Bt(x0) ), it follows from (4.1) and this inequality that
V (t) and γ(t) have the same growth type, so L̃ and π1L also do. 2

The following lemma was proved in [M].

Lemma 4.1. [M] If dist(x0, g(N)) < υt+δ for some positive integer t, then
g can be expressed as a t-fold product, g = fi1fi2 ...fit , with fi1 , .., fit ∈ F ,
where F , N , δ, and υ are as above.

Proof of Lemma 3.2 : We show that k‖v‖ ≤ ‖f∗v‖ ≤ K‖v‖ for any
v ∈ TpX. Let c(t) be the unique geodesic in X with c(0) = p and dc(t)

dt |t=0
= v.

By the hypothesis, k · dist(p, c(t)) ≤ dist(f(p), f(c(t))), with equality when
t = 0, so

k · d

dt |t=0
dist(p, c(t)) ≤ d

dt |t=0
dist(f(p), f(c(t))),(4.2)

where d
dt |t=0

is the derivative from the right at t = 0. Near t = 0, c(t)

minimizes arclength, so dist(p, c(t)) =
∫ t
0 ‖c′(s)‖ds = t‖v‖ and

d

dt |t=0
dist(p, c(t)) = ‖v‖.(4.3)

Since f(c(t)) need not be a geodesic in Y , its arclength∫ t

0
‖f∗

d

ds
(c(s))‖ds ≥ dist(f(p), f(c(t)))

with equality when t = 0, therefore

d

dt |t=0
dist(f(p), f(c(t))) ≤ ‖f∗v‖.(4.4)

From (4.2), (4.3), and (4.4), k‖v‖ ≤ ‖f∗v‖.
Another inequality is obtained by similar reasoning, as follows. From the

hypothesis,

dist(f(f−1(q)), f(f−1(y))) ≤ K · dist(f−1(q), f−1(y))

for y ∈ Y , where q = f(p), therefore

1
K

dist(q, y) ≤ dist(f−1(q), f−1(y))
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for y ∈ Y . By working with a geodesic b(t) such that b(0) = q and db(t)
dt |t=0

=
f∗v, one shows

1
K

‖f∗v‖ ≤ ‖f−1
∗ f∗v‖ = ‖v‖,

therefore k‖v‖ ≤ ‖f∗v‖ ≤ K‖v‖. 2
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