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Abstract. We define a functional constructed from the scalar curvature of a
certain metric on a principal fiber bundle and obtain some equations which cor-
respond to the Einstein field equation, the Yang-Mills equation and the Brans-
Dicke type wave equation by variations of this functional.
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80. Introduction

The first model of the natural unification of gauge fields and gravitation
goes back to the five-dimensional model of Kaluza and Klein. Their model
extends in a reasonably straightforward way to the case of gauge potentials on
principal fiber bundles with arbitrary structure groups. Let P be a principal
bundle over a semi-Riemannian manifold (M, g) with a structure group G.
If w is a connection 1-form on P and kg is an ad-invariant metric on the Lie
algebra of G, then a metric h on P is constructed from ¢, w and kq. It is called
a bundle metric. In this case, the Einstein field equation and the Yang-Mills
equation arise from a single variational principle, see [1], for example.

In this paper, we assume that an ad-invariant metric depends on a point
of M. Let k be a map from M to the set of all ad-invariant metrics on the Lie
algebra of GG. In particular we consider the case where k is constructed from a
fixed ad-invariant metric and a positive function on M. Physically this scalar
field gives scales of the internal spaces. When G is compact and its Lie algebra
is simple, a positive definite ad-invariant metric is unique up to multiplication
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240 K. HASEGAWA

by a constant [3]. We give a metric h on P similar to a bundle metric using
such a map k. Because the projection 7 : (P, h) = (M, g) is a semi-Riemannian
submersion, geometrical quantities are described by the fundamental tensors
defined in [4].

We define a functional constructed from a scalar curvature of (P, h). By
demanding that the integral of this functional be stationary under variations of
the metric on M, we obtain the equation correspondence to the Einstein field
equation. Similarly, variations of the connection 1-form lead to the equation
correspondence to the Yang-Mills equation. Moreover we get the Brans-Dicke
type wave equation [2] for a scalar field on M by variations of the function on
M.

In Section 1, we will prepare the notation and terminology used in this
paper. Section 2 is devoted to compute the fundamental tensors. In Section 3,
using the lemmas in Section 2, the curvatures of (P, h) will be calculated. We
will define some functional on M from the scalar curvature of h and consider
variational problems with respect to the metric, connection and scalar field
in Section 4. Finally in Section 5, the results in Section 4 will be applied to
cosmology.

The author would like to express his sincere gratitude to Professor N.
Abe for his helpful advice and to Professor S. Yamaguchi for his constant
encouragement.

§1. Preliminaries

Throughout this paper, all objects are assumed to be smooth. Let G be
a Lie group and G its Lie algebra. Let P be a principal G-bundle over a
manifold M and 7 : P = M the projection. We define the vertical space of
TP by V(P) :=Kerm,, where TP is the tangent bundle of P and . is the
differential map of m. The set of connection 1- forms on P is denoted by C(P).
For w € C (P), we define the horizontal space of TP by H(P) :=Kerw. Then
we have TP = V(P) & H(P) (direct sum). Let V (resp. H) be the projection
of TP onto V(P) (resp. H(P)). For a vector field E on M, the horizontal lift
of F is denoted by Eor E. For Ac G, the fundamental vector field induced
from A is denoted by A*. For a vector space W, the set of W-valued k-forms
on P is denoted by A*(P,W). The set of all smooth functions on a manifold
M is denoted by C*°(M).

For ¢ € AY(P,G) and ¢ € AJ(P,G), we define [p,v] € A™(P,G) b

[QOMM(Xl, H—] | Z )7"‘7X0'(7;))’/¢)(X0'(Z'+1)7""XU(i+j))]7

Z'j
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where the sum is over the set of all permutations o of 1,...,7 4+ j and (—1)? =
+ 1 is the sign of 0. For w € C(P) and 7 € AY(P,G), we define 77 € AY(P,G)
by 77 (X1, ..., X;) = 7(HX1, ..., HX;) and the exterior covariant derivative of 7
by D¥7 := (d7)f. The curvature form Q € A%(P,G) is defined by € := D¥w.
The equation 2 = dw + (1/2)]w, w] is called the structure equation. From the
structure equation, we see that

(1.1) QX,Y)=—w([X,Y]) for horizontal vector fields X and Y
and
(1.2) dQ = [Q,w].

The set of all metrics on a manifold M is denoted by M(M). For a € G,
let Ad, : G — G be the adjoint isomorphism given by Ad,(b) = aba~' and
ad(a) : G — G the induced isomorphism of G, that is, ad(a) = (Adg)«e. The
set of all ad-invariant metrics on G is denoted by M4(G). For ko € Myq(G),
we see that

(1.3) ko([A, B, C) + ko(B,[A,C]) = 0 for A, B, C €G.

§2. Fundamental tensors

Let P be a principal G-bundle over a manifold M and w : P = M the
projection. We define a metric h on P as follows.

Definition. For k : M — Myq(G), g € M(M) and w € C(P), we define
h € M(P) by

WME,F) = g(m.E,mF) + (kom)(w(E),w(F))

for any tangent vector E and F' of P. When k is a constant map, it is called
a bundle metric.

If P is the semi-Riemannian manifold with the metric h as above, then  :
(P,h) = (M, g) is a semi-Riemannian submersion. The tensors 7" and A are
defined for arbitrary vector fields £ and F' by

TpF :=HVyr(VF) +VVyp(HF)

and
ApF :=VVyg(HF) + HVyp(VF),
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where V is the covariant derivative of (P, h). They are called the fundamental
tensors in [4] and [5]. For a fixed ad-invariant metric kg on G and a smooth
function K > 0 on M, we set k = eK?kqy (¢ = £1) in the definition of h and
consider only this case in the present paper. We write K := Ko7 for simplicity.
If the Lie algebra of a compact Lie group is simple, then the positive definite
ad-invariant metric is unique up to multiplication by a constant [3].

To compute the fundamental tensors and the curvature tensor, we define
some defferential operators in the usual way. For a function f on a manifold,
gradf is the gradient vector field of f, Hf is the Hessian of f and Af is the
Laplacian of f defined by Af = —div(gradf), where div is a divergence. We
have the following lemma.

Lemma 2.1. IfU,V are vertical and X, Y are horizontal, then

(2.1) TyV = —eKko(w(U),w(V))gradK,
XK h(gradK, X)

2.2 Ty X = — = _

(2.2) U U S

1

(2.3) AxY = §V[X, Y]

and

(2.4) AxU = _gfcmww (X),

where Q@) (X) is defined by h(Q«WU)(X), E) = ko(w(U),Q(E, X)) for any
vector field E on P.

Moreover, to compute the curvature of (P, h), we show the following lemma
by using Lemma 2.1.

Lemma 2.2. IfU, V, W are vertical and X, Y, Z are horizontal, then

(25)  H(TT)W) = S Kko(w(U), w(W))2 ) (grad ),

(2.6) H(VxT)yW) = —eKko(w(V),w(W))H(V xgradK)

+eko(w(V),w(W))h(X, gradK )grad K,
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(2.7) (Vv A)xY) = [0.](X, Y, V)~ L(Tv)(X,Y)

1
2
and
1h(Z, gradK)
2 K

where (VEQ) is defined by (VEQ)(Fl,Fz) = EQ(Fl,FQ) - Q(VEFl,FQ) -
Q(Fy,VEF).

28)  w((VzA)xY)= - OX,Y) - L (V/O)(X.Y),

83. The Curvature tensors

Let V¥ be the covariant derivative of 7~ 1(z) with respect to the induced
metric from h and V* the covariant derivative of (M,g). Let R (resp. R,
R*) be the curvature tensor of V (resp. V¥, V*). However we omit the
superscript  for simplicity. Let R.(X,Y)Z be the horizontal vector field such
that m.(R«(X,Y)Z) = R*(m. X, .Y )7 Z at each point of P. We can compute
the curvature of (P, h) by using Lemmas 2.1 and 2.2.

Proposition 3.1. For vertical vector fields U, V, W, F and horizontal vec-
tor fields X, Y, Z, H, we obtain

(3.1) h(R(U, V)W, F) = ZKZko([w(U)M(V)L [wW), w(F)])

—K2ko(w(U), w(W))ko(w(V),w(F))g(gradK, gradK) o
+K?ko(w(V),w(W))ko(w(U),w(F))g(gradK, grad K) o ,

(3.2)  h(R(U,V)W,X) = —%f(?’ko(w(U),w(W))ko(w(V),Q(gradf(, X))
45 K3 Holw(V), () ho(w(U), HaradK, X)),

(3.3) WR(X, V)Y, W) = —eKko(w(V),w(W))HE (X,Y)

+ = K2ho([92,0] (X, Y, V), 0(W)) = SKko((VvQ) (X, Y),w(W)
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L RZ(@TI(X), 020N,

(3.4) WR(X,Y)Z,V) = —gf{?ko((vzﬂ)(x, Y),w(V))

—i—%f_(kg(Q(Y, Z),w(V))h(X,gradK) + %I_(ko(Q(Z, X),w(V))h(Y, gradK)
—eKko(QUX,Y),w(V))h(Z, gradK)
and

(35)  AR(X,Y)Z H)=h(R.(X,Y)Z H) — %K’zko(Q(X, Y),Q(Z, H))

+§f(2k0(9(y, Z),Q(X, H)) + ZI_(2I<:0(Q(Z,X)7 O(Y, H)).

Note that for (3.1), we used (1.3) and

~

R(A", B)C" = (14, B],C7) = ][4, B).CT"

for fundamental vector fields A*, B* and C*.

By Proposition 3.1, we can compute the sectional curvature. Let Il be
the nondegenerate space spanned by tangent vectors a, b.

Corollary 3.2. Let K, K, and K be the sectional curvature of (P, h), (M, g)
and the fibers with the induced metrics from h. If x and y are horizontal
vectors at p € P, and v and w are vertical, then

1 gr(p)(grad K, grad K)

(36) K(va) = Ié(va) - 4 KQ(ﬂ_(p)) 5

_gﬂ(p) ((V;* gradK)’ x*)
K(ﬂ-(p))gﬂ(p) (.CC*, :C*)
+6K2(7r(p)) 9r(p) (W*QW(U) (x), @) (7))
4 gw(p)(x*ax*)kO(w(U)aw(v))

(3.7) K(T,) =

3 eK2(m(p))ko(Qx,y), Az,
(3.8)  K(llay) = Ku(Ia.y,) = 495(93*,(%5}));2(;5, y(*) g)gp(i*’yyi))z’

eko([w(v), w(w)}, [w(v), w(w)])
K2(m(p) (ko(w(v), w(v))ko(w(w), w(w)) = ko(w(v), w(w))?)

and x, = m.x and Yy, = TY.

>

(va) =
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Next we calculate the Ricci and scalar curvatures of (P, h) by using Propo-
sition 3.1. Especially we will form the functional from scalar curvature A in the
next section. Let n (resp. l) be the dimension of M (resp. G). Assume that
F1y, ..., By, is orthonormal base fields relative to g on a neighborhood U C M
and FE1, ..., E, their horizontal lifts. Let eq, ..., ¢; be an orthonormal base on G
relative to the fixed metric kg and we set Ep 1 = I_(_le*{, vy By = I_(_lef.
Then Ey, ..., By, Eny1, ..., Epyy is orthonormal base fields on 7=1(U) C P with
respect to h. The indices i, j,...(resp. a, (3,...) range from 1 to n (resp. from
n+1ton+1) and we set ¢; := h(FE;, E;) = g(Eix, Eix) and €4 := h(Ey, Ey) =
eko(ea,€q). Let Ric (resp. Ric*) be the Ricci tensor of h (resp. g) and (Ric).
the symmetric 2-form on P such that (Ric).(X,Y) =Ric*(m. X, m.Y) at each
point of P.

Proposition 3.3. IfV, W are vertical and X, Y are horizontal, then
(3.9) Ric(V,W) = eKko(w(V),w(W))((AK) o )

+%f{4 Zaih(Qw(V)(Ei), QvW)(E;)) + iZsako([w(V), eal, [WW), eq))
—e(l = Dko(w(V),w(W))g(grad K, gradK) o,
(3.10) Rie(V, X) = SK* 3 eiko((VE,Q) (X, B) (V)

[+2
2

eKko(w(V),Q(gradK, X))
and

(3.11)  Ric(X,Y) = (Ric).(X,Y) — gf(? 3 eiko(QUX, i), QY. E;))

te Zea{ik‘o([ﬂ,w] (X, Y, ), ea)f%ko((vea*m(x, Y), ea))}f%HK(X, v).

By Proposition 3.3, we have

Proposition 3.4. Let S (resp. S*) be the scalar curvature of (P, h) (resp.
(M,g)). Then

o AK
Z'7j
g(gradK,gradK)om 1 ¢
_l(l—l) RQ +Zﬁ Z€a€5k0([6a,6ﬁ],[ea,eﬂ]),

a7ﬁ
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84. Variational problems

In this section, we consider the variational problems for the integral of
a functional constructed from the scalar curvature of (P,h). Let AY(P,G)
be the space of G-valued i-forms ¢ on P such that Ru,.¢ = ad(a™')e and
©(X1, ..., X;) = 0 when one of X1, ..., X; is vertical. For 7 € A*(P,G), we have
DYt =dr + [w, 7]. The metric g, on the tangent space at € M induces the
metric g, on horizontal subspace H(P), C T,P (p € 7~ 1(z)) via the isomor-
phism 7|y (p), : H(P)p — Tp:M (ie., §p(X,Y) := go(m X, mY) for X, YV €
H(P)p). Let fi, be the volume element on H(P), relative to this induced
metric and we can define the star operator ¥, : AY(H(P),) — A" {(H(P),)
(n =dimM). Moreover we define ¥ : AY(P,G) — A""%(P,G) by setting (for
¢ € A((P,G)) (%p), equal to the unique extension of *p(@lr(py,) to a G-valued
(n — i)-form vanishing on vertical vectors. Let 04y, ..., 0, be coordinate vector
fields on & C M. The covariant codifferential §* : A*(P,G) — A""Y(P,Q)
is defined, for ¢ € A(P,G), by 6“(p) := —(=1)9(=1)"*+DxD¥(%p), where
(—1)9 is the sign of determinant of the matrix (g(9;, 9p,)). The self- action of
the connection w relative to the fixed ad-invariant metric kg is defined by

1 1 .. . - - - .
So(g,0) i= =5 (ko) (2, ©) = =9 g™ ko(Un, 1), D, D),

where gk is the metric on A*(P,G) induced from g and kg. Note that So(g,w)
is a smooth function on M. The ad-invariant metric kg induces the bi-invariant
metric kg on G as follows. For a € G and A, B € T,G, we set ko(A, B) :=
ko(L A, L 1B), where L, is the left action on G. Then (G, ko) has the
constant scalar curvature

Z eaggko([ea, ea], [eas eg))-
o

Hence the scalar curvature of (P, h) is described by

ec
S = Stom+ (eK%Sy(g,w)) o+ Fg
(AK)om g(gradK, gradK) o
+2ZT I(1-1) 72

We define a map £ : M(M) x C(P) x C®°(M)*T——C*> (M) by

AK
L(gw, K): = {S"+eKS)(g,w )+§§g+2z( )

grad K, grad K)

TR 5

b

= S.K!,
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where

S. = S,(g,w, K) == S*+eK2So (g, )+K2+2Z(AI§( ) 9 (gradféj?gradK )
and C°°(M)™ is the set of all positive functions on M. The notation U CC M
means that U is an open subset of M with compact closure. The volume
element relative to a metric g is denoted by p4. The variational problems
for the integral of the scalar curvature of h reduces to those for the integral
of L(g,w, K) since Sy, = SK!n*p, A pg, » where - is the volume element
induced from k.

At first, we consider variations of the metric. Let S?(M) be the set of
all symmetric tensors on M. For g € M(M), u € S*(M), and t € R, we
set ¢g(t) :=g + tu. For small t € R, ¢(t) is in M(M). Then we denote the
curvature tensor, gradient and Laplacian relative to g(t) by R*(t), grad(t)
and A(t), respectively. We set g;;(t) := g(t)(0;, 0;) and define *;kl (t) by the
components of the curvature tensor of g(t). We write g;; = ¢,;(0), R*;kl =

—1(1-1)

*; 11(0), etc. The indices are raised and lowered by the initial metric g. For
f e C>®(M), we have

(4.1) [ 19ROy = [ {(Fa) + (AN gcha™ sy

d (g 1 L
(12)  SAON o = (@(F)i — H()(F)* ~ Julaf
and
(1.3 < o(t) (rad (1), grad(1) ) li=o = u7(£:)(f),

where a prime denotes the derivative with respect to the parameter t.

Using equations above, we obtain the following theorem.

Theorem 4.1. (Einstein field equation).  For all U CC M and all u €
S%(M) with support in U, the equation

d
%/Uﬁ(g—l—tu,w,K),ug(t):O att =10
holds if and only if
. 1 ., 1 m 1
(4.4) R ij — 55 gij = §€K2/€0(th, Qmj)gh + §5K280(g,w)gij

1ec l rad K, grad K
fleco L 9(g g )

1 (
Ki;+AKg;) — ;i1 -1 ij

where R}; are the components of the Ricci curvature of (M, g).
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Proof. At first, about the first term, we have

d 1 ok
%/UKS (t)g(r) lt=0

* 1 * 17 1] D%
/UKI(—R i + 55 gij)ujung/UKlij 1k (0)pg.

From (KK ) K
l _ l 77: 7‘ 71’
(K1) i = KU = 1)>=5= + 1=,

AK g(gradK, grad K)
A(KY) = Kl{l? — (1) 2 }
and (4.1), we have
L,ii gk ! )( i) Ky AK
/K R /K{l 1= =2,
radK, rad K ii
~1(1-1)? (g aradk) ooy

K2
For the second and third term, by similar calculations in 9.3.3 Theorem in [1],
we get

d 1+2

g | ST S0lg(t), @) le=o

1 m 1 i
/. {K%;K%h o (@i Qng) + 52K 2S0(9,w)gi5) bt

d ecp Lecy
&/L[Klﬁﬂg(t) li=o :/UK( KQQZJ)U Mg

For the fourth term, from (4.2), it follows that
d .
G [ BB 0 -0
_ ; 1., 1
= / EH((W )(Kk));i = S (WK R)* = Suj JAK) g

+/Kl1 )/-'Lg

_ /Kz{_(l_l),z)fgf,j)Jr;(l_l)g(gradf;zgradK)

and

gij }u pg.

For last term, by (4.3), we have

d [ o) (grad(t) K, grad (1) )
7/ Kl K2 :u’g(t) |t:0

/Kl *L(K)(K]) 1 g(gradK, gradK)

2 K2 gijYu pg.
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Piecing these results together, we see that (4.4) holds if and only if g is sta-
tionary relative to £ for fixed w and K. Q.E.D.

Next, we consider variations of the connection. For w € C(P), 7 € A'(P,G),
and t € R, we set w(t) := w+t7. Then w(t) is in C(P) for all t € R. Let Q(t)
be the curvature form of w(t). Let U CC M, and suppose that o € AF(P, Gg),
while 8 € A¥*1(P,G). Assume that the projected support of « is contained in
U. Then

(4.5 | @) (D<0. By = [ (@ko)(@.0°0)p

For the curvature form of w(t) = w+ t7, from the structure equation, we have
d

(4.6) %Q(t) l,_o =dT + [w, 7] = D“T.

Theorem 4.2. (Yang-Mills equation). For all U cC M and all 7 €
A (P,G) with projected support in U, the equation
jt/UE(g,w—i-tT,K)ug =0 att=0
holds if and only if
(4.7) 5 (K2Q) =0,
or equivalently

[+2

4.7y Q= ?Q(gradf(, ).

Proof. From (4.5) and (4.6), it follows that

d _ d
G | Lawrtn Koyl = = [ K2 @k (G000 oy Qg
dt Ju U dt

=~ [ KM 2gho)(D*r, Wy = — [ (Gho) (7 6 (R
U U

Hence we see that the equation (4.7) holds if and only if w is stationary relative
to L for fixed g and K. Q.E.D.

Finally, we consider variations of the positive function. We start with the
following lemma.
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Lemma 4.3. For allU CC M and all L € C*°(M) with support in U, the
equation

d
(4.8) —/ K'S.(g,w, K +tL)u, =0 att=0
dt Ju
holds if and only if
K18y (g,w) — e K 3¢y — IKT2(AK) 4 1(1 — 1) K3 g(grad K, grad K) = 0.

Proof. For K € C*®°(M)* and L € C*®(M), from a straightforward calcula-
tion, it follows that

d
%g(K + tL)QSO(ng) ‘t:O = 2€KLSO(9,W),

d Co - 2COL
Py ArAC I e
iA(K—I—tL)‘ _g_(AK)L
dt K+tL *° K K?
and
d g(grad(K +tL),grad(K +tL)) ~ 2g(gradK,gradl) 2g(gradK,gradK)L
dt (K +tL)2 o = K2 B K3 ‘

Moreover by Green’s theorem, we obtain
/U K'Y (AL)py = /Ug(grad(Kl_l), gradL)puy = /U A(K"™) Ly
= /U{(z ~1)K'"72AK — (1 - 1)(l = 2)K'3g(grad K, grad K) } Ly,
and
/U Kl_zg(gradK, gradL)pgy = /Ug(Kl_QgradK, gradL )iy
=— /U div(Kl_ggradK)Lug = — /U{g(gradKl_z,gradK) + Kl_2div(gradK)}L,u,g
= /U{—(l — 2)K'3g(gradK, gradK) + K'"2(AK)}Lu,.

Hence, from these equations, we see that the equation (4.8) holds if and only
if

K18y (g,w) — e K 3¢y — IK'T2(AK) 4 1(1 — 1) K3 g(grad K, grad K) = 0.

Q.E.D.
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Theorem 4.4. (Brans-Dicke type wave equation). For allU CC M and all
L € C*(M) with support in U, the equation

Z/UE(g,w,K—i—tL),ug =0 att=0

holds if and only if

(4.9) IK28* 4+ e(1 +2)KSy(g,w) + e(l — 2)co + 2l(1 — 1) K (AK)
=l - 1)(I —2)g(gradK, gradK) = 0.

Proof. By Lemma 4.3, K is stationary relative to £ for fixed g and w if and
only if

0 = IK"YS* +eK2S)(g,w) + % + 25@[5) - 1)9(gradf{’2gradm}
+2e K8y (g, w) — 2e K 3¢ + {21(1 — 1) — 21 — 21(1 — 1)} K2 (AK)
+H{=20(l — 1)1 —2) +21(1 = 1)(I — 2) + 21(I — 1)} K3 g(grad K, grad K)

holds. Then we have

IK2S* +e(l+2)K*So(g,w) + el —2)co+20(1 — 1)K (AK)
— I(l-1)(1-2)g(gradK, gradK) = 0.

Q.ED.

By Theorems 4.1 and 4.4, we have the following corollary.

Corollary 4.5. If the equation (4.4) and (4.9) hold, then

(4.10) (n+1—2){eK*So(g,w) —eco—IKAK +1(1—1)g(grad K, grad K)} = 0.
If n+1 > 2, then the equation (4.10) reduces to

(4.11) eK*Sy(g,w) — eco — IKAK +1(1 — 1)g(grad K, grad K) = 0.

Proof. Contracting the equation (4.4) by g, we have

1 N n., .o 1 ecy
(1- in)S +e(2 2)K So(g,w) 5" %2
l 1 g(grad K, grad K)
—?(—AK +nAK) + inl(l —1) o2 =0.

From this equation and (4.9), it follows that
(n+1—2){eK*Sy(g,w) — eco — IKAK + 1(Il — 1)g(gradK, grad K)} = 0.
Q.ED.
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85. Cosmology

In this section, we assume that M is a warped product and satisfies the
equations in the previous section. By using these equations, we will consider
cosmology. Let Mg be an m- dimensional semi-Riemannian manifold. Let
f > 0 be a smooth function on an interval I in Ri. Assume that M is the
product manifold I x Mg. Let py (resp. ps) be the projection of M onto I (resp.
Msg). The metric on M is defined by g := pjor + (f op[)ngch, where o; and
og are the metric tensors on I and Mg, respectively. Especially, M is called a
Robertson-Walker spacetime, if Mg is a connected 3-dimensional Riemannian
manifold of constant curvature kK = —1, 0 or 1, see [5], for example.

Let (20, 2!,...,2™) be a coordinate system on U C M = I x Mg. We
assume that the function K depend only on xz°. We compute the curvatures
of (M,g). The indices A, B,...(resp. i, j,...) range from 1 to m (resp. from
0 to m). Then we have

O.AB
and
RSD = _m;7 RSA =0 and RZB = {ff—|— (m — 1>f2}UAB + RAB7

where Rp are the components of the Ricci curvature of (Mg, 05) and oap =

(05)ap. Putting S the scalar curvature of og, the scalar curvature S* is
described by

o P8
S*=2m=< +m(m—-1)5 + .
f ( ) 2 r?

Since the function K depends only on z¥, we get

g(gradK, gradK) = —K?, AK = K + m;K

K (i=j=0)
K;;= {0 '(?:O, j=A)
—ffKoap (i=A, j=B)
For the self-action, we have

and

11 11
= ——QQ — ——
2 f2 4 f4

where a := 04Bky(Qoa, Qp) and b := 0B0“Pky(Qac, QD).

1,
So(g,w) = —Zghjglmko(ﬁhm Qim) b,

From Theorem 4.1, we have
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Proposition 5.1. The following equations hold.

f2 S € K? e K? eco
(5.1) m(m )f2+f2_2f2a+4f4b 702
iK K?
—omiL = — (-1
miip e =10 =15,
(5.2) ko(QBo, Qca)oBC =0
and
.. m 1
(5.3) (I—=m)ffoap+(1— 5)( —1)f*0ap + Rap — *SUAB
1 K2 cD 9 1 K?
:—sz kO(QOAaQOB) 2 f2 (QCA,QDB)U +Z€K ao’AB—fs f2 boap
lec , K K K?
by Poap + 12 foap +Um = 1)f foan + S0~ 1) 35 Poap.

Contracting (5.3) by og and from (5.1), we obtain

Corollary 5.2. It follows that

K? K?

(5.4) (1—m)m;:(n; )sﬁa+isf4b
¢ 2

5+ z;§+ Z?Jrl(l—l)%.

From Theorems 4.2, 4.4 and Corollary 4.5, the following equations hold.

Proposition 5.3. We have

(5.5) 50 = — (1 + Q)Kfz”@(ao, ),
f 2.8 I +2) K2 [+ 2) K2
(5.6) 2ml?—|—lm(m )f2 +lﬁ g( ; )f2a_ g( - 2) = By

K fK K2
(l—z)K2 + 2001 = 1) 5 + 200~ 1)m?E+l(l— (I =2) 75 =0

6K2 e K? co fK K?
. —— —e— —l=—ml=—=—-1Il(—-1 =0.
(5:7) 2 f2 4 f4b K2 l mlz‘K i )K2 0
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The equations (5.4) and (5.7) imply the following corollary.

Corollary 5.4. It follows that

f e K B
(5.8) (m 1){mf+2a+lK}—O.
If m > 1, then we have
foe K
(5.9) mf+2a+lK—0.

We consider the case of K(2°) = F(f(2°)), where F is a function on the
set of all positive real numbers. Then we have the following equation from the
(5.9).

Corollary 5.5. We have

m F' . ¢ "
1 LR SR Ly
(5.10) i+ et =0,

where F' = dF/df.

We assume that og and kg are positive definite metrics and € = 1, that
is, M and P are Lorentz manifold. Usually, physicists consider this case in
standard models. Then we have a > 0. Moreover, we assume F’ < 0 and
F” > 0. The assumption F’ < 0 means that fibers are contracting when the
space Mg is expanding. From Corollary 5.5, we get the following corollary.

Corollary 5.6. Iff <0and{teI]| f(t)=0} has no interior points, then
we have =
! <

0.
Al

<

m
l

For example, when K = f¢ (o < 0) or K = exp(ff) (8 < 0), this
inequality reduces to —(m/l) < a <0, _z@ > f(> 0), respectively. When we

refer to f as the scale factor, Corollary 5.6 indicates the relation among F,
dimMg, dimG and the scale of the universe.
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