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Abstract. Let M be a Kéahlerian manifold and V the Levi-Civita connection
of M. In this paper, we consider a linear connection VO having a certain
relation to V and a Ké&hlerian torse-forming vector field on M. The properties
of the curvature tensor R? of V9 and the Bochner curvature tensors are studied.
Also we apply these properties to a Kéahlerian submersion.
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§1. Introduction

Let M be a real 2m-dimensional Kéhlerian manifold with the complex struc-
ture J. We denote by V the Levi-Civita connection of M and by X(M) the set
of all smooth vector fields on M. In [5], S. Yamaguchi introduced the notion
of a Kahlerian torse-forming vector field on a Ké&hlerian manifold. If, for any
E € X(M), a vector field & satisfies

(1.1) Ve =aE +bJE+ o(E)¢ + B(E)JE,

where a and b are functions on M and « and (8 are 1-forms on M, then we call
such a vector field & a Kahlerian torse-forming vector field. Moreover, if the
associated functions a and b satisfy a? 4+ b% > 0 in M, then we call £ a proper
Kahlerian torse-forming vector field.

In this paper, we consider the following linear connection V°:

(1.2) VYF :=VgF — p(E)F — p(F)E + p(JE)JF + p(JF)JE

— f(E,F)+ f(JE,F)J¢
for any E, F € X(M), where ¢ is a Kéhlerian torse-forming vector field, p a
1-form on M and f a (0,2)-tensor field of M respectively. In [9], S. Yam-

aguchi and W.N. Yu assumed that there exists a local coordinate system {x"}
satisfying
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for 1 <i,7 < 2m about each point of M, where d; = 9/0x". They obtained
some results on the Bochner curvature tensor, the Ricci tensor, etc. The
purpose of this paper is to generalize these results. In §2, we have a relation
between the curvature tensor R° of V° and the curvature tensor R of V.
Moreover, a relation between the Bochner curvature tensor B of V and the
Bochner curvature B° with respect to V° is given. In §3, we apply these
relations in §2 to a Kéhlerian submersion.

The authors would like to express their hearty thanks to Professor N.Abe
for his helpful suggestions.

§2. A Kahlerian torse-forming vector field on K&hlerian manifold

Let (M, g, J) be areal 2m-dimensional Kéhlerian manifold with the complex
structure J and Kahlerian metric g. For simplicity, we denote the metric ¢
by (, ). We put |X| := /(X,X) for X € TM, where TM is the tangent
bundle of M. Hereafter, we assume that £ is a Kahlerian torse-forming vector
field satisfying (1.1). Let p be a 1-form on M and f a (0, 2)-tensor field on M
satisfying

f(E,F)=f(F,E) and f(E,JF)= f(F,JE)

for any E, F € TM. We define a linear connection V° by (1.2). Then we can
easily obtain

Lemma 2.1. VY is a torsion free connection and V°J = 0.

The curvature tensor field R® and R are defined by

RY(E,F)G := Vi V3G — Ve VEG — Vi G,
R(E, F)G = VEVFG — VFVEG — V[E7F}G

for any E, F,G € X(M) respectively. Using (1.1) and (1.2), by a straightfor-
ward but rather complicated computations, we have

(2.1) RYE,F)G - R(E,F)G
= —{u(E, F) — u(F, E)}G — W(E,G)F
+ w(F,G)E + w(E, JG)JF — u(F,JG)JE
+ {W(E,JF) — w(F,JE)}YJG — v(E, F,G)¢
+v(E, F,JG)JE,
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where

(2.2) w(E, F)
= (Vep)(F) + p(E)p(F) — p(JE)p(JF)
+{p(&) —a} f(E,F) = {p(JE) + b} f(E, JF),
(2.3) v(E,F,G)
= f(F,G){a(E) — f(E,&} — f(E,G){a(F) — f(F.E)}
+ f(JF,G){B(E) + [(JE, &)} + (VE[)(F,G)
— f(JE,G{B(F) + f(JF, )} — (VEf)(E, G).

From (2.3), we see that

(2.4) v(E,F,G)+v(F,G,E)+v(G,E,F) =0,
(2.5) v(B,F,JG) + v(F,G, JE) + v(G, E, JF) = 0.

Hereafter, we assume the following equation:
(2.6) (R°(E,F)G,H) + (R*(E,F)H,G) =0
for every E, F,G,H € TM. Then, from (2.1), it is equivalent to

(2.7) = 2{u(E, F) — u(F, E)}(G, H)
— (B, G)(F, H) + u(F,G)(E, H) — u(E, H)(F, G)
+ w(F, H)(B,G) + w(E, JG)(JF, H) — w(F, JG)(JE, H)
+ (B, JH)(JF,G) — u(F, JH)(JE,G)
—v(E,F,G)(¢ H) + v(E,F,JG)(J¢ H)
—v(E,F,H)(¢,G) +v(E,F,JH)(JE,G) = 0.

It can be proved from (2.7) that
(2.8) (m+1D{uE, F) — u(F,E)} + v(E, F,§) =0

for any FE, F € TM. Now we prove
Lemma 2.2. If¢ is everywhere non-zero and dimM = 2m > 6, then we get
(2.9) u(E, F) = u(F, E),

(2.10) v(E,F,§) =0,
(2.11) (€, B, F) = v(¢, F,E)
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for every E, F € TM.

Proof. For p € M, Span{¢,, J§,} denotes the 2-dimensional subspace spanned
by &, and J&,. We take two vectors Y, Z € (Span{¢,, J¢,})* such that

(Y,Y)=(2,2) =1, (Y,2)=(JY,2)=0,

where (Span{¢,, J¢,})1 means the orthogonal complement. Then, it is easily
seen from (2.7) that

(2.12) WE,2) =Y, BE)u(Y,Z) + (Z, E)u(Y,Y)

+ (JY, E)u(Y, JZ) + (JZ, E)u(Y, JY),
(2.13) WE,JZ) = (Y, E)u(JY,Z) + (Z, E)u(JY,Y)

+ (JY, E)u(JY, JZ) + (JZ, E)u(JY, JY),
(2.14) wW(B,Y) = (Y,E\u(Z,Z) + (Z,E)u(Z,Y)

+ (JY,E)u(Z,JZ) + (JZ, E)u(Z, JY),
(2.15) W(E,JY) = (Y, E)u(JZ,Z) + (Z, E)u(J Z,Y)

+ (JY,E\u(JZ,JZ) + (JZ,E)u(J Z,JY),

(2.16) W(E, F) - p(F, E)

— —u(B,Y)(F.Y)+ u(F,Y)(E,Y)

+ u(E, JY)(JF,Y) — u(F,JY)(JE,Y),
(2.17) W(E, F) - p(F, E)

— —u(E. 2)(F,Z) + p(F. 2)(E, 2)

+ u(E, JZ)(JF,Z) — w(F, JZ)(JE, Z)

hold for any E, F € TM. By virtue of (2.14), (2.15) and (2.16), we get

(2.18) (E,F) - u(F, E)

+{(Z,E)Y,F) ~ (Z.F)(Y, E)}u(Z.Y)
JY, (JY, F)(Y, E)}u(Z, J Z)
JY, JY,F)Y,E)})u(JZ, Z)
Z,

E
{
+H{(JY, E)(Y, F) -

—{(JY, E)(Y, F) = (

+{(JZ, E)Y, F) = (JZ, F)(Y, E)}u(Z, JY)
+H{(Z, E)JY, F) = (Z, F)(JY, E)}u(J Z,Y)
{((JZ,E)(JY,F) — (JZ,F)(JY, E)}u(JZ,JY) = 0

+
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for any E, F € TM. Also, from (2.12), (2.13) and (2.17), we find

(219)  u(E.F) - u(F,E)
+{(Z.F)(Y. B) - (Z,E)(Y.F)}u(Y. 2)

+{(UY, E)Z, F) = (JY, F)(Z, E)}pu(Y, J Z)
+{(JZ, E)Z, F) = (JZ,F)(Z, E)}p(Y, JY)
—{(JZ,E) (2, F) - (JZ,F)(Z, E)}u(JY,Y)

+{V,E)JZ,F) = (Y, F)(JZ, E)}u(JY, Z)
+{(JY,E)(JZ,F) — (JY,F)(JZ,E)}u(JY,JZ) =0

for any E,F € TM. It follows from (2.18) and (2.19) that

(2.20) W(Z,JY) + (Y, Z) =0, u(JZY)+ (Y, JZ) =0,
W(IZ,JY) + p(IY,JZ) =0, p(Y,JY) = p(JY,Y) = 0.

From (2.18), (2.19) and (2.20), we have

W(Z,Y) = uY, 2) = p(2,J2) = w(JZ, Z) = 0
(2.21) WZ.JY) = p(JY, Z) = n(JZ,Y) = p(Y, J Z) =
W(JZ,JY) = u(JY,JZ) = u(Y,JY) = p(JY,Y) =0.

Hence, by means of (2.18) and (2.21), we get (2.9). Moreover, it follows from
(2.3), (2.8) and (2.9) that (2.10) and (2.11) hold. O

Since the first Bianchi equation of R holds, from Lemma 2.1, we conclude
that

(2.22) RYE,F)J =JRY(E,F) and R°(JE,JF)= R(E,F)
for any E, F € TM. Moreover, making use of (2.22), we find
(2.23) Ric®(JE,JF) = Ric°(E, F) = Ric"(F, E) and

1
Ric°(E,F) = 5 (Trace of JRY(E,JF))

2m

where Ric®(E, F) := Y (R°(e;, E)F,e;) and (Trace of JRO(E, JF))
i=1

2

:= S (JRY(E, JF)e;,e;) for an orthonormal frame {eq,- - - , eam } of TM.

%

3

Il
=

261
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Hereafter, in this section, we assume that & is everywhere non-zero and
m > 3. Next we calculate the difference between the Ricci tensors. It is clear
from (2.1) and (2.9) that

(2.24) Ric°(E, F) — Ric(E, F)
=Y (R%(e;, E)F,e;) = > (R(es, E)F,e;)
i=1 i=1
= Z(RO(E e;)ei, I) — Z(R(Ea ei)ei, F)

2m
= " les, ) (B, F) + (B, F) + (T, TF)

2m 2m
=Y " plei Je)(JE, F) = > v(E,e;,e:) (&, F)
=1 =1
2m
+) (B, e, Je;)(JE F)
=1

for any F, F € TM. Since (2.23) holds, subtracting (2.24) from the equation
obtained by changing E(resp. F)) into JE(resp. JF') in (2.24), it follows that

2m

(2.25) D (B e e F)

i=1

2m 2m
=Y (B, e, Je))(JEF) + Y v(JE e5,e;)(¢, JF)
=1 i=1

2m

— Y v(JE, e, Jei)(JE, JF).

i=1

If we put F' = ¢ in (2.25), then

2m 2m
(226) ZV(E,ei,ei) = —Zu(JE,ei,Jei)
i=1 i=1

holds for any E € TM. If we subtract (2.24) from the equation obtained by
interchanging E and F' in (2.24), then we obtain

2m

(2.27) 2> " ples, Jei)(JE, F)
=1
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N
3

2m
v(E,e;,e;) (& F) — ZV(F, ei,e )& F)
=1
2m
V(E, e, Je)(JE, F) = > v(F,e;, Je;)(JE, E).

i=1

+
™My il

Il
_

(2
Putting F' = £ in (2.27), we get

2m

(2.28) 22#(61'7 Jei)(JE,¢€)

+Z E €, € ‘£|2 Zy(§7eivei)(£7E)

=1

= —Zy(f,ei,Jei)(JgaE)'

i=1

If we replace e; by Je; in (2.28) and use (2.11), then we have

2m
(2.29) —2) " ples, Je)(JE,€)
i=1
2m 2m
+ ZV(E Jei, Jei)|¢[* — ZV(f, Jei, Jei) (&, E)
=1 i=1
Z (& ei, Jei)(JE, E).
=1
Since
2m 2m
> u(B e e)lEf? =Y v(E, Jej, Jey)|E]
i=1 i=1
and
2m 2m
Y vl ene) & E) =Y v(&, Jei, Jei)(§, E)
=1 i=1
hold, from (2.28) and (2.29), we find
2m 2m
(2.30) 2> (e, Jei) = v(& e, Jes),
i=1 i=1
2m
(231) ZV(E’ eiaei) = )‘(gaE)

i=1
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2m

for any E € TM, where we put |£]2X = > v(€, ei,¢;). It follows from (2.26),

i=1
(2.30) and (2.31) that

2m
(2.32) Zu(ei, Je;) =0

i=1
and

2m

(2.33) > u(EB, e, Jei) = —A(JE, E)

i=1
hold for any £ € TM. Using (2.1), (2.9) and (2.23), we get
(2.34) Ric®(E,F) — Ric(E, F)

2m

1
- _ Z 5(RO(E, JF)e;, Je;)
=1

+ 2 %(R(E, JF)e;, Je;)
= (m+ 1) (wW(E,F) + u(JE,JF)) — v(E, JF, JE).
Also making use of (2.1) and (2.9), we obtain
(2.35) Ric°(E, F) — Ric(E, F)
(R%(es, E)F,e;) = > (R(e;, E)F,¢;)
;;:LM(E, F)+2u(JE, J_J;) — (&, B, F)
+v(JE E,JF).

If we subtract (2.34) from (2.35) and use (2.3) and (2.10), then we have
(m = V{u(B, F) = p(JE, JF)} = v(&, B, F) = v(JF, J&, E) = 0,
which yields that
(2:36) u(E,€) = u(JE, J¢)
for any E € TM. Hence, from (2.7), we get for E, F,G,H € TM
(2.37) 2(m — 1)u(E, F)
= {2(m — Va+ (A + P HE, F)
~ A+ {(BOFE + (B, IE(F,I6) },
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(2.38) 2(m —1)|¢|*v(E, F,G)
=~ + l*{ (B, IG)(F. ) - (FIG)(E, J¢)
+2(J,G)(JF.E) + (G, B)(F.€) - (G.F)(E,©) |
= 2022+ (m + 1)eh(7E, O{ (I, F)(E B)
- (J&E)E F)

where

2m

a:= ‘QQM@ &), A= |€’2 Z v(€, e €;), €1=— ‘5‘4 v(&, JE, JE).

Therefore we get the following theorem.

Theorem 2.3. Suppose that M is a Kéahlerian manifold with the complex
structure J, dimM > 6 and there exists an everywhere non-zero Kahlerian
torse-forming vector field £. If the curvature tensor RO satisfies (2.6), then we
have

(2.39) (R°(E,F)G,H) — (R(E,F)G,H)
~~{a+ sk e - (royE. )
(B, JG)(JF,H) + (F,JG)(JE, H) + 2(JE, F)(JG, H)}

A€
2(m —1)

+2(B, JF)(JE,G) — (F.G)(§. B) + (E,G)(& F) } (&, H)
~{(BIOVEF) ~ (FIG)(E, B) + 2B, TF)(,G)

+ {(E, JG)(JE, F) — (F, JG)(JE, E)

—

+ (F.G)(JE, E) — (B.G)(JE F) J(J&. H) + (&, O){ (€. B
~ (& P)(E.H) ~ (J& E)(JF, H) + (J&, F)(JE, H)}

+ (76, {(J&, E)(F, H) — (J&, F)(E, H) + (¢ E)(JF, H)

— (& F)JE,H)} —2(JG, H){(JE B)(§, F) - (J& F)(&. B) |

2X+ (m+1)e
S D LEPER) — (€ F)UE B H{ (76 6 )

~ (J& H)(&,G)}

_l’_
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for E,F,G,H € TM.

From Theorem 2.3, we get

(2.40) Ric°(E,F) — Ric(E,F)
=2(m +1)a(E,F) + —(A+ )|E2(E, F)
mA\—+e

T & B)E ) + (J€ E)(JE )}
(2.41) r0 —r = 4m(m +1)a + {2mA + 2(m + 1)e}[€]?

where 7° Z Ric®(e;, e;).

For the LeV1—Clv1ta connection V, the Bochner curvature tensor B [2] is
defined by

(B(E.F)G,H) := (R(E.F)G. H) + 5= 4{(E, G)Ric(F, H)

— (F,G)Ric(E, H) + (F, H)Ric(E,G) — (E, H)Ric(F,G)
+ (JE,G)Ric(JF,H) — (JF,G)Ric(JE,H) + (JF, H)Ric(JE, G)

) —
— (JE, H)RZC(JF G) + 2(JE, F)Ric(JG, H) + 2(JG, H)Ric(JE, F)}

- (F,G)(E,H)+ (JE,G)(JF,H)

- (2m+ 4 (2m +2)
—(JE,G)(JE,H) +2(JE, F)(JG, H)}

for any E,F,G,H € TM. Similarly, we define the following tensor B® by

(B"(E, F)G, H) := (R(E, F)G, H) + {(E, G)Ric®(F, H)

2m +4
— (F,G)Ric®(E,H) + (F, H)Ric®(E,G) — (E, H)Ric’(F, G)
+ (JE,G)Ric®(JF,H) — (JF,G)Ric°(JE,H) + (JF, H)Ric’(JE, G)
— (JE,H)Ri®(JF,G) + 2(JE, F)Ric®(JG, H) + 2(JG, H)Ric*(JE, F)}
0
.

C (2m+4)(2m+2
— (JF,G)(JE,H) +2(JE,F)(JG, H)}

){(E, G)(F,H) - (F,G)(E, H) + (JE,G)(JF, H)

for any E,F,G,H € TM. We call B® the Bochner curvature tensor with
respect to the linear connection V°. Then, by virtue of (2.39), (2.40) and
(2.41), we get the following Theorem.
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Theorem 2.4. Suppose that M is a Kahlerian manifold with the complex
structure J, dimM > 6 and there exists an everywhere non-zero Kahlerian
torse-forming vector field £. If the curvature tensor R" satisfies (2.6), then,
for E,F,G,H € TM,

(2.42) (B°(E,F)G,H) — (B(E,F)G,H) = {2\ + (m + 1)e}C(E, F,G, H),
moreover, we have
B = B ifand only if 2X\+ (m+ 1)e =0,
where
C(E,F,G,H) :=
1

~ s Ty ) P OV H) = (1.6) (8B, 1) — (B, ), H)

+ (F,JG)(JE, H) + 2(JE, F)(JG, H)}

1
2(m — 1)(m + 2)

~ (F,G)(& E) + (B,G)(&, F) }(&, H) = { (B, JG)(¢. F) = (F. JG)(&, E)
+ 2B, JF)(£,G) + (F.G)(JE, E) - (E,G)(J¢, F) } (J¢, H)

_l’_

{(E, JG)(JE, F) — (F,JG)(JE, E)+ 2(E, JF)(JE,G)

+ (6 O{ (& B)FH) = (& F)(E, H) — (J&, E)JF, H) + (JE, F)(JE, H) |

+ (J6,G){ (J& B)(F. H) = (J&, F)(B, H) + (¢, B)(JF, H) — (&, F) (JE, H)}

26, H){(J&, E)(& F) - (J&. F)(&. B) |

1
oD L& PVEF) = (€ F)UE B) H{ (U6, G) 6, ) - (J6 1) (6.6 |

§3. Kahlerian submersions and the Bochner curvature tensor

Let (M, g,J) be asin §2 and (M, g, J) a real 2n-dimensional almost complex
manifold with the almost complex structure J and metric g. For simplicity, we
denote the metric g by (, ). A smooth surjective mapping 7 : M — M is called
a Riemannian submersion [1] if 7 has maximal rank and 7.|(ker )+ is linear
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isometry, where 7, is the derivative mapping of w. Vectors on M which are in
the kernel of 7, are tangent to the fibers M\p(: 7~ (p),p € M,). We call these
vertical vectors. Vectors which are orthogonal to vertical distribution are said
to be horizontal. We denote the vertical and horizontal distributions in the
tangent bundle of the total space M by V(M) and H(M), respectively. Then
T M has the orthogonal decomposition: TM = V(M )@®H(M). The projection
mappings are denoted by V : TM — V(M) and H : TM — H(M). Let E
and F' be arbitrary vector fields on M. The O’Neill configuration tensors [1]
of the Riemannian submersion 7 : M — M are given by

TgF = HVygVF +VVygHE, AgF =VVygHF + HVyeVF.

The properties of T and A are well-known, contained in O’Neill’s original
paper, and included here only for completeness.

Lemma 3.1 ([1]). Let 7 : M — M be a Riemannian submersion. Then

(a) at any point p € M, the linear operators Ty and A are skew-
symmetric,

b) Te{H(M)} C V(M) and Tg{V(M)} C H(M),

¢)  Ap{H(M)} C V(M) and Ap{V(M)} C H(M),

d) T is vertical and A is horizontal, i.e., Ty = Tyg and Ap = Axg,

e) TyW =TwV forall V,W € V(M),

f) AxY =AyX forall XY € H(M).

A~~~ N N /N A/

A Riemangian submersion 7 : M — M is said to be a Kdhlerian submersion
if 7, 0J = Jom. B. Watson [4] proved that the vertical and horizontal
distributions are J-invariant. Moreover he showed the following theorem.

Theorem 3.2 ([4]). Let @ : M — M be a Kéhlerian submersion. Then
the base space and each fiber are Kahlerian manifolds, and the horizontal
distribution is integrable.

Let 7 : M — M be a Kahlerian submersion. Then, from Theorem 3.2, we
find A = 0. Geometrical features of the fibers will be distinguished by a caret
("). We obtain

Lemma 3.3 ([1], [4]). Let X,Y be horizontal vector fields and U,V vertical
vector fields. Then

VoV =TyV +VyV,
VuX =HVyX + 1Ty X,
VxU =VVxU,

VxY =HVxY,
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where V is the family of Levi-Civita connections on fibres.

For vertical vectors V1, Vo, V3, Vi at p € M, let (E(Vl, V2)V3, Vy) be the cur-
vature tensor of the fiber ]\/Zﬁ(p) at p. The horizontal lift of the curvature tensor
R of M will also denoted by R, that is, m.(R(X,Y)Z) = R(m. X, m.Y)n.Z at
each p € M. Then we have the following lemma.

Lemma 3.4 ([1], [4]). LetU,V, W, W’ be vertical vector fields and X,Y, Z, Z'
horizontal vector fields. Then

(3.1) (RU, VYW, W') = (R(U, V)W, W") + (TyW, Ty W")
(T W, Ty W),

(32) (RO, V)W, X) = ((VuT)y W, X) = (VvT)uW, X),

(3.3) (R(X,U0)Y, V) = ((VxT)uY, V) + (Tu X, TvY),

(3.4) (R(U,V)X,Y) = (Tu X, TvY) — (Ty X, Ty'Y),

(3.5) (R(X,Y)Z,U) =0,

(3.6) (R(X,Y)Z,2") = (R(X,Y)Z,Z").

Let £ be an everywhere non-zero Kéahlerian torse-forming vector field of M
satisfying (1.1). We put

e i=He, €= ve

Then, by virtue of Lemma 3.3, the following identities hold:

(3.7) HVx&H = aX +0JX + a(X)E7 + B(X)JEH,
(3.8) VWi = a(X)eY + 8(X)Jg",

(3.9) HVue + Tye” = a(U)e" + p(U)JEN,

(3.10) VotV + Tye? = aU + bJU + a(U)EY + B(U)JEY,

where X € H(M), U € V(M) and J is the induced almost complex structure
of each fiber. For U,V,W, W' € V(M) and X,Y,Z,Z" € H(M), from (2.39),
(3.1), (3.5) and (3.6), we get

(3.11) (R(U V)W, W') + (TuW, Ty W') — (Ty W, Ty W")
— (RY(U, V)W, W)

o+ o= o www - v

—mﬁm@wm+mﬁmmmm+%mW@WWﬂ
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A+e
" 2(m—1)

+2(U, JV)(TEV, W) — (V,W)(£",
{UJW €V, V) = (V, TW)(£",

{W.Iw)Je" v) = (v.Jw)(Te" ,u)

+ (U W)Y V)W)
20, JV)(, W)

/

U)
U) +
HV,W)(TEY,U) = (U W) TV V) (T, W
€ M{(E" D)V W) = (€ V)W,
+( §V V)TUW)} + (€Y, W){(va,w(v,vv)
~(J¢

VYU W)+ (€, 0) TV, W) — (€7, V)(TU, W) |

+ W) = (J€¥, U)(TV, W)

—~2(JW, W’){(fsv, U, V) = (T V). 0)

22+ (m+Dey .y ~ v v ~ v
T DlEp L€ UIE V)~ (€ e 0

(T, W)V, W) = (J&¥, W) (e”, W)},

(3.12) 2(m — 1)|¢*(RY(X,Y)Z,U)

= (A +e)g

{(X,72)(0¢", ) = (Y, 2)(J€", X)

+2(X, JY)(JE", Z) - (Y. 2)(€", X) + (X, Z)(éHvY)}(é“V,U)

—{(X.I2)(".Y) = (V. I2)(", X) + 2(X, IV ) (", 2)

+ (V. 2)(JE", X) = (X, 2)(J¢", Y) }(T€", U)

+{ax+2(m+ D7, X)TED V) - (€7, 7) (7€, X)
He 2)" vy - (Je", )", 2)},

(3.13) (R(X,Y)Z,Z') — (RO(X Y)Z,2')
_ >\+€ / /

(X, JZ)(JY,Z") + (Y, Z)(JX,Z') + 2(JX,Y) (] Z, Z’)}
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S 2(m —1)
+2AX, JY)(JE, 2) — (v, 2)(€", X) + (X, 2) (7, v) e, 7))
2X, JY) (", 2)

{(X,72)(76",¥) = (v, I 2)(J€", X)

~{(X,92)(",v) - (v, 2)(6", X) +
+H(Y, Z)(JE", X) = (X, Z)(JEY) pIeh, 2)
+e", D{ (€ X)(v, 2) - (€7, ¥)(X
+(IE,)(IX, 2} + (76", 2){ (e X)(v, 2)
~(JEM V)X, Z) + (€7, X) (Y, 2') — (€, V)(IX, 2')}

(J€
2" — (JEN, X)(IY, 2')

~2(J2,2){ (JE" X)€", Y) - (JE, Y)(€", X)}]

2+ (m+1e(, g H v\ (eH H
D LU Y) — (€ e x) Y

(€M, 2)(¢", 2') - (76", 2)(¢", 2) ],
Let {X1, -, Xan} be an orthonormal frame of H(M) and {Vi,---, Vas}
an orthonormal frame of V(M) respectively. In [3], it is known that

2n

(3.14) > (VX T)uV, X)) =0

=1
for every U,V € V(M). By virtue of (2.39), (3.3) and (3.14), we get the

following lemma.

Lemma 3.5. For U,V € V(M) and X,Y € H(M), we have

(3.15) |T)?
2n  2s
_ A+e 9
—lz;azl (Ve X0) X0, Vo) + dns{a + 50 == €17
At 202X + (m + 1)e} e |21V |2
{onle¥ P 4 2y 4 2L D,
2n  2s
where ’T‘Z = Z Z (TVaXlaTVaXl)-

=1 a=1

We deal with the case where the Bochner curvature tensor BY with respect
to the linear connection V° vanishes, namely

(3.16) (RY(E,F)G, H)

271
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_|_

T {(E, G)Ric®(F, H) — (F,G)Ric®(E, H)

+ (F,H)Ric®(E,G) — (E,H)Ric°(F,G)

+ (JE,G)Ric®(JF,H) — (JF,G)Ric’(JE, H)

+ (JF,H)Ric*(JE,G) — (JE, H)Ric"(JF, G)

+2(JE, F)Ric*(JG, H) + 2(JG, H)Ric*(JE, F)}
- G 4)(()2m 5 {(B.G)(F, 1)~ (F.G)(E, H)
+ (JE,G)(JF,H) - (JF,G)(JE, H)

+2(JE, F)(JG,H)} =0

for any E, F,G,H € TM. Then we obtain the following lemma.
Lemma 3.6. Let dimM = 2n > 4. If BY vanishes, then, for every p € M,

2A(p) + (m+ De(p) =0, &' =0 or & =0.
Proof. If we substitute (3.16) into (3.12), then we get

(3.17) —W{(X, Z)Ric®(Y,U) — (Y, Z)Ric®(X,U)

+ (JX, Z)Ric®(JY,U) — (JY, Z)Ric®(JX,U)

{

(X, JZ)(JER,Y) — (Y, JZ)(JET, X) + 2(X, JY)(JEH , 7)
~ (Y, 2)(€",X) + (X, 2) (" V) } (€7, 0)
—{(XI2)(E"Y) = (V.IZ)(E", X) + 2K, JY)(E7, 2)

+2(JX,Y)Ric*(JZ,U) = (A + €)|¢|?

+ (Y, 2)(JE, X) = (X, Z)(JfH,n}(fsV, 0)

+{4)\+2m+1e J§H

e
Y)(JEM, X }{J (J&V ><5H,Z>}.

We put Y = Z = X in (3.17) and take the summation over [ = 1,--- ,2n,
then we have

2(m — 1)(n +1)[¢]?

——— Ric’(X,U)
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=2{=(A+ )(n+ DIER + {20+ (m+ D)e}e™ P }{
(X,€M)(U,€") + (X, JM) (U, TEV) }.

In the above equation, putting X = ¢¥ and U = ¢V, we obtain

(318) 2m= 2(2; DI Ric®(

¢,ev)
=2{=(+ )+ DI+ {20+ (m + De} g2 HleH eV 2
Also, if we put U = ¢V and X = ¢ in (3.17), then we obtain

W{@H» Z)Ric(Y,€") — (Y, Z)Ric® (€7, €¥) + (JE™, Z)Ric*(JY,£")

— (JY. Z)Ri*(JE" ") + 2(J€" V) Ric" (J 2,6") }

=€V ?

A+ leP{ (€7, 2)(€™,Y) — (v, 2)[¢™ 2|

+ {2022+ (m+ e} 2 = 301 + Q)l¢f e, V)(IEH, 2)

Substituting Y = Z = J¢ into the above equation, we have

. 2
a9y AL pioer gvyenp

= 1€V PIe™ 1 { {22 + (m + De} € 2 - 2(A + ¢ .
It follows from (3.18) and (3.19) that

{22+ (m + 1)e}[e"[°|€V* = 0.

We put

Up:={pe Mg #0}n{pe Mg #0},
Uy :={p € M|¢}! =0},
Us := {p € M|¢; =0}

Let Us (resp. Us) be the set of all interior points of Us(resp. Us). We prove
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Lemma 3.7. If ¢ is everywhere non-zero proper, then Us = U3 = ().

Proof. Suppose that US # (). From (3.7), we have aX + bJX = 0 for every
X € H(Us). Hence we get a = b = 0 on Us. This contradicts the fact that £
is proper. Therefore, we see that Us = ().

Next suppose that US # (. From (3.10), we obtain TyéH = aU + bJU
for U € V(U3). Moreover we find (¢7,TyU) = —(TyéH,U) = —a(U,U) for
every U € V(U3). Since each fiber is minimal, we see that a = 0 on Us. Also
since JTyU = Ty JU, we have (¢7, JTyU) = (€8, Ty JU) = —(Ty€H, JU) =
—b(U,U). Hence we conclude that b = 0 on Us. This contradicts the fact that
¢ is proper. Therefore, we see that Ug = (0. O

From Theorem 2.4, Lemma 3.6 and Lemma 3.7, we have the following
theorem.

Theorem 3.8. Suppose that 7 : M — M is a Kahlerian submersion, dimM >
6, dimM > 4 and there exists an everywhere non-zero proper Kéhlerian torse-
forming vector field . If the Bochner curvature tensor BY with respect to V°
vanishes, then the Bochner curvature tensor B of M vanishes.

By virtue of Theorem 3.8 and (3.13), we obtain

Corollary 3.9. Let 7, &, p, f be as in Theorem 3.8. If the Bochner curvature
tensor B° with respect to V° vanishes, then the Bochner curvature tensor of
M vanishes.

Next we deal with the case where the curvature tensor R of VO satisfies

(3.20) (R(E,F)G, H)

T‘O

= —m{(E, G)(F,H) - (F,G)(E,H)
—(E,JG)(JF,H) + (F,JG)(JE,H)

+2(JE,F)(JG,H)}

for any E,F,G,H € TM. We can easily see that B vanishes, because R°
satisfies (3.20). By the quite same method as the proof of Lemma 3.6, we get
the following lemma.

Lemma 3.10. Let dimM = 2n > 4. If RY is a tensor satisfies (3.20), then,
for every p € M,

Ap) =e(p) =0, =0 or & =0.

If the curvature tensor R of the Levi-Civita connection V satisfies (3.20),
then M is said to be a space of constant holomorphic sectional curvature. From
Lemma 3.5, Lemma 3.7 and Lemma 3.10, we have the following theorem.
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Theorem 3.11. Suppose that @ : M — M is a Kéhlerian submersion,
dimM > 6, dimM > 4 and there exists an everywhere non-zero proper
Kiéhlerian torse-forming vector field £. If the curvature tensor R° satisfies
(3.20), then M is of non-positive constant holomorphic sectional curvature.

By virtue of Theorem 3.11, (3.11) and (3.13), we obtain

Corollary 3.12. Let m,&, p, f be as in Theorem 3.11, If the curvature tensor
RY satisfies (3.20), then M is of non-positive constant holomorphic sectional
curvature and each fiber is an Einstein manifold.

(1]
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