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1. Introduction

Impulse differential equations constitute a useful mathematical apparatus for
the investigation of evolutionary processes in physics, chemistry, control theory
and robotics which are subject to the action of short-time forces in the form
of impulses. The work of Mil’'man and Myshkis [1] marked the beginning of
the mathematical theory of these equations.

In the present paper an £,-equivalence between two arbitrary impulse dif-
ferential equations is proved. That means that for every solution of the first
equation there exists a solution of the second equation such that the difference
of these solutions lies in the space £,, and vice versa. Similar problems under
other conditions are considered in [2], [3].

2. Statement of the problem

Let X = R"” be the n -dimensional Eucledean space with identity operator I
and norm | - ||. By T = {t,} we denote a sequence of points 0 =ty < t; <
ty < ... satisfying the condition lim ¢, = oco.

n—oo
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Consider the impulse equation

dz
i F(t,x) for t #t, (1)
r(t)) = Qna(ty) for t =t, (2)
and J
vy _
o =Gy for t#t, (3)
y(tz) =D, y(tn) for t =t,, (4)

where F(t,z),G(t,y) : R4 x X — X (Ry = [0,00)) are continuous functions
and Qn, Dy, : X — X (n=1,2,...). Moreover, we assume that all considered
functions are continuous from the left.

Definition 1. We shall say that the function ¥ (t) (¢t > 0) is a solution of the
equation (1) — (2) ((3) — (4)) if for t # t,, it satisfies equation (1) ((3)) and
for t = t,, the condition of “jump” (2) ((4)).

Let 1 < p < co. By B, we denote the closed ball in the space X with a
center at zero and radius 7.
Let Q C Ry. By £, (92, X) we denote the space of all functions z : Q@ — X
for which [ ||z(t)||Pdt < co. When X = R we shall write £, (£2).
Q

Definition 2. The equation (3) — (4) is called £,-equivalent to the equation
(1) — (2) in the ball B, if there exists p > 0 such that for any solution x(t) of
(1) — (2) lying in B, there exists a solution y(t) of (3) — (4) lying in the ball
B, , and satisfying the relation y(t) — z(t) € £, (R4, X). If equation (3) — (4)
is £y-equivalent to equation (1) — (2) in the ball B, and vice versa, we shall
say that equations (1) — (2) and (3) — (4) are £y-equivalent in the ball B,.

3. Main results

3.1. Equivalent equations

Let
n(s)+1
wits) = [[ @ (0<s<t) (5)
j=n(t)
and
n(s)+1
w(t,s) = H D, 0<s<t), (6)

i=n(t)

where n(7) = max{n : t, < 7}.
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Lemma 1. FEach solution x(t) of equation (1) — (2) which lies in the ball B,
is a solution of the nonlinear integral equation

n(t)—1 tit1
z(t) =w(t,0)z(0) + > w(t,t]) /Fs z(s))ds + / F(s,x( (7)
1=0

n(t)

and each solution y(t) of equation (3) — (4) which lies in the ball B,, is a
solution of the nonlinear integral equation

n(t)—1 tit1
y(t) =w +Z tt+/Gsy ds+/Gsy (8)
=0 n(t)
Lemma 1 is proved by straightforward verification.
Set
z(t) = y(t) — x(t). (9)
Then the function z(t) is a solution of the nonlinear integral equation
2(t) = w(t,0)y(0) — w(t,0)z(0)+
+ }tzil (@(t,t7) ZflG(s, 2(s) + 2(s))ds — w(t, £F) :le(s, £(s))ds}+
+t f {G(s,z(s) + z(s)) — F(s,z(s))}ds.
n(t) (10)
Let
H(z,2)(t) = w(t,0)y(0) — w(t,0)z(0)+
n(t)—1 tig1 tit1
+ zgo {w(t, t]) f G(s,z(s) + z(s))ds — w(t, t;) f F(s,z(s))ds}+
b [ {Glsa(s) +2(5)) — Flsa(s)) s
" (11)
Then
z(t) = H(zx, z)(t). (12)

From Definition 2 it follows that to establish the £, - equivalence of equation
(3) — (4) to equation (1) — (2) it suffices to show that for each solution x(t)
of equation (1) — (2) lying in the ball B, the operator equation (12) has a
fixed point z(t) such that x(t) + z(t) € By, for some p > 0 and which lies in
£,(Ry, X).



294 A. GEORGIEVA AND S. KOSTADINOV

Let S(Ry,X) be the space of all functions which are continuous for
t # t, (n =1,2,..), have at the points ¢, limits on the left and right and
are left continuous. The space S(Ry, X) is linear and localy convex. A metric
can be introduced by

ma x(t) —y(t

" y)—i el |z(t) —y(@)]|
T Lagng t) —y@®)|"
S e o)~ y(0)]

The convergence with respect to this metric coincides with the uniform con-
vergence on each bounded interval. For this space an analog of Arzella-Ascoli’s
theorem is valid.

Lemma 2. [2] The set M C S(Ry, X) is relatively compact if and only if
M is equicontinuous on each interval (t,—1,t,] (n =1,2,...).

Proof. We apply the theorem of Arzella-Ascoli on each interval (¢,—1,%,]
(n = 1,2,...) and constitute diagonal line sequence, which is converging on
each from them.O

In the proof of the existence of a fixed point of the operator H from the
equation (12) we use a modification of Schauder’s classical principle.
Lemma 3. [2] Let the operator H transform the set

Cr)={ze SR+, X):xz(t) € By, t >0}

into inself and be continuous and compact.
Then H has a fixed point in C(r).

3.2. Conditions for £,-equivalence

Theorem 1. Let the following conditions are fulfilled.
1.The operator-valued functions w(t, s) and w(t, s) satisfy the condition
H’J)(tv 0)5 - ’U)(t, 0)77H S Xr,p(t) (0 S < OO) ) (13)
where { € Byy,, 1 € By, Xrp(t) € £,(R4) and r,p > 0.

2.The functions F(t,x) ,G(t,y) and w(t,s) ,w(t,s) satisfy the condition

n(t)—1 tit1 Lit1
sup S [t ) / G(s,v)ds—w(t,tj)/F(s,u)ds|]§¢r7p(t),
< S5

o] <r+p b b

(14)
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where ¢, ,(t) € £,(Ry) and

t
sup [ G (s.v) = F(s.u)ds < oy, (0) (15)
ful<r
[vl|<r+p ")

where ¢, ,(t) € £,(R4).
3.The function G(t,y) satisfies the condition

sup |G (¢, 0)]| < Dy, p(t) , (16)
[vl|<r+p
where ®, ,(t) is integrable on each interval (t,—1,t,] (n =1,2,...).
4.The inequality
Xrp(t) + 0 7p(t) + 0rp(t) < p (17)
holds for each t > 0.
Then the equation (3) — (4) is £,-equivalent to the equation (1) — (2) in
the ball B,.

Proof. We shall show that for any function xz(¢) € B, (t > 0) the operator
H(x,z) defined by (11) maps the set

Cp)={2€ SR+, X): 2(t) e B,, t >0}

into itself.
Let z(t) € B, (t > 0) and let z € C(p). Then from (11) we obtain the
estimate:

[H (2, 2)@)]| < [[w(t,0)y(0) — w(t, 0)x(0)]+

n(t)—l tit1 tir1
+ > ot [ Gs,x(s) + 2(s))ds —w(t,tf) [ F(s,z(s))ds|+
=0 ti ti
t
+ S IG(s,2(s) + 2(s)) — F(s, 2(s))||ds < [[w(t,0)y(0) — w(t, 0)x(0)|+
n(t)
n(t)—1 tig1 tit1
+ sup St [ G(s,v)ds —w(t,tl) [ F(s,u)ds||+
||'u,||§'r 1=0 t; t;
lv][<r+p \
+ ”81”15 t J IG(s,v) = F(s,u)l[ds < xrp(t) + 0 5(t) + 00 p(t) < p
UST n(t)
loll<r+p

for each t > 0.
We obtain || H (z, 2)(t)|| < p, i.e., H(z,z) € C(p). Hence, for any = € C(p),
the set C'(p) is invariant with respect to H(x, z).
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Let be L = {u(t) = H(x,2)(t) : ||z]] < p}.

First we shall establish that the set L is compact in S(Ry, X).

We shall show the equicontinuity of the functions of the set L. In fact, for
t' t" € (tn—1,tn] following equalities hold:

w(t',s) =wt",s) = w(ty, s)
w(t',s) =w(t", s) = w(ty, s)

nt)=nt")=n-1

For ¢/, t" € (t—1,t,] we obtain

[u(t) = u(t")]] =

b0 () [ Gloals) +2(s)ds — wlt 1) [ F(s,a(s))ds)ds—
n(t’)—1 tit1 tii
-z {w(t",t]) J G(s,z(s) + 2(s))ds — w(t", t]) [ F(s,(s)ds)+

The equicontinuity of the functions of the set L follows from the last esti-
mate.

From Lemma 2 the compactness of the set L follows.

We shall show that the operator H(z, z) is continuous in S(R, X).

Let the sequence {z,(t)} C C(p) be convergent in the metric of the space
S(R4,X) (i.e., uniformly converges on each bounded interval) to the function
z(t) € C(p). Then, for t € Ry the sequence G(t,x(t) + z,(t)) converges to
G(t,z(t)+2(t)). From conditions 3 of Theorem 1 it follows that the convergent
sequence of functions G(t, z(t)+ z,(t)) is majorized by the intergrable function
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®,. ,(t). That’s why within the integral in formula

H(x, z,)(t) = w(t,0)y(0) — w(t,0)z(0)+

n(t)—1 tit1 tit1

+ Zo {w(t,t}) f G(s,2(8) + 2n(s))ds — w(t, t]) f F(s,x(s))ds}+

+ ) {G(s,2(s) + zn(s)) — F(s,2(s)) }ds

tn(t)

we may pass to the limit. Hence H(x, z,)(t) tends to H(x,z)(t) for t € R4.
Since H(z,z) maps C(p) into a compact set, H(z,z,) tends to H(z,z) in
S(R4, X) as well.
From Lemma 3 it follows that for any x € C(p) the operator H(z, z) has a
fixed point z in C(p), i.e. z = H(z, 2).
We shall show that this fixed point z(t) lies in £,(Ry, X).
21 < [lw(t, 0)y(0) — w(t, 0)z(0)]|+
n(t)—1 tit1 tit1
+ sup > |t ) f G(s,v)ds —w(t, tF) [ F(s,u)ds|+
lull<r =0 o
[vll<r+p

t
+ sup [ [IG(s,0) = F(s,u)llds < xrp(t) + 9 rp(t) + @r(1)
Jull<r tae)
lell<r+p

1211, = ( fH BPdt)” f|xr,p 1)+ rp(t) + orp(t)Pdt)” <

< HXT,p”p + |l np”p + ||90w) ‘p
Hence this fixed point belongs to the space £,(R4,X) , i.e., the equations
(3) — (4) are £y-equivalent to the equations (1) — (2) in ball B,.
Theorem 1 is proved. O

=
[

Remark 1. Condition (13) means that the “impulse difference” of the two
equations belongs in the space £,(Ry).

Condition (14) means that the sum of the “integral differences” of G and F
with weights w and w on the balls B, and B, respectively on any interval
[ti, ti+1] lies in the space £,(Ry).

Condition (15) means that the “integral difference” of the ordinary parts on
any interval [t;, t;11] lies in the space £,(Ry.).

Remark 2. It may be noted that the condition (18) in [2] is not fulfilled if
one of the equations is an ordinary. Let the equation (3) — (4) be ordinary i.e.
D,, = I. Then for any solution of the impulse equation there exists a solution



298 A. GEORGIEVA AND S. KOSTADINOV

of the ordinary equation. If we have evidently or numerical representation of
the solution of the ordinary equation, then the solution of the impulse equation
will be £,-near to this solution.

Corollary 1. Let the operators Q, ,D, (n = 1,2,...) are linear and the
following conditions are fulfilled.
1.The operator-valued function w(t, s) and w(t, s) satisfy the conditions

ot s)| <M (0<s<t<oo), (18)
where M is a positive number and
[@(t,0)& —w(t, 0)nl| < xrp(t) (0<1t < 00), (19)

where £ € By4,,n € By, xr,p(t) € £,(R4) and 7,p > 0.

2.The functions F(t,x) and G(s,y) satisfy the condition

t
sup /Hw(t, s)G(s,v) —w(t,s)F(s,u)|lds <, p(t), (20)
flull<r

o]l <r+p ©

where 1, ,(t) € £,(R4).
3.The function G(t,y) satisfies the condition

sup  [[G(t,0)[| < ¢rp(t) € £1(Ry) (21)
[vll<r+p

4.The inequality
Xr,p(t) +1 r,p(t) <p (22)

holds for each t > 0.
Then the equation (3) — (4) is £y-equivalent to the equation (1) — (2) in
the ball B,.

Proof. The corollary follows immediately from the relations

un:mmmmm+/wm@F@x@M&
0

y(t) = w(t,0)y(0) + /w(t, s)G(s,y(s))ds. O
0
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Example. Consider the impulse equations

dzx

e F(t,x) for t #n (23)
r(n™) =57"(2 —sinz(n)) for n=1,2,... (24)
and J
diz =G(t,y) for t#n (25)
y(nt) =5"siny(n) for n=1,2,..., (26)

where F(t,x),G(t,y) : R+ X R — R are continuous functions. Let for some
0 < r < A the functions G(t,y) andF (¢, x) satisfy the conditions

t

su<p / |G(s,v) — F(s,u)lds < ¢(t) € £,(Ry) (27)
MEA T
sup |G(t,v)| < ®(t) (28)
lv|<A

The function () satisfies the condition
4570 44570 4oty <A -7 (29)

The function ®(t) is integrable on each interval (n — 1,n] (n =1,2,...).
We note that the conditions (27) — (29) are fulfilled for example by

ln755*t r

Flte) = =5y s

Indeed in this case we have

t
Inb U 1 U

su — "5 %|vsin®v — ds==(5"M-5"% sup |vsin®v — <
|u§p7«/ 4 ’ 1—|—u2’ 4( ) ‘u‘§p7,| 1+u2|_
<Al [v]<A

1 |ul 1

< =5 M (sup |vsin®v| + sup ) < =5 (A +7)
2 lv|<A [u|<r 1+ u? 2

Set )
plt) = 357 U(A + 1) € 5y(Ry)
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The function () satisfies (29)

for each t > 0.

Otherwise
In5 In5
sup |G(t,v)| = sup |——5 tusin2v| < —— A5 € £,(R,)
jul<A wl<a 4 4

We shall show that the conditions of Theorem 1 are fulfilled.
We have
Qnr=5"(2—sinz),D,y =5 "siny.

Then for any £ € Ba, n € B, (0 <7 < A), t € (ty,tn+1] we obtain

1 1
1=\t 1=|t
= |Dn&n-1 — Quin—1| = 15" W sin &y — 57 1(2 = sinn,_y)| < 4.571
where
én-1=Dp_1Dp_2..D1§, -1 = Qn-1Qn—2...Q11

Set x(t) = 4.5~ 1.
We shall show that x(t) € £,(R4)

[ Ixrp®)Pdt = [ 4570 dt == 47 [ 50-0rgt = 20° [ 57Pdt < oo
0 0 0 0

Hence x(t) € £,(Ry).
We shall show that the condition 2 of Theorem 1 is fulfilled. Let ¢t €
(tn,tn+1]. Then

[t]-1 i+l i+1

sup 3 (1) | Gls,v)ds —w(t,i*) | F(s,u)ds| =
|lu|<r =0 i i
lv|<A

[t]-1
= sup Y. |5_[t] sin&p—1,i+1 — 5t (2 —sinnp_1,i+1)] <

lu|<r =0
[v]<A
[t]-1
< Y 45 W <5
i=0
where
i+1
€n—1,i+1 = Dp—1 Dn—2..Diy1 [ G(s,v)ds
K3
i+1

Mn—1,i+1 = Qn-1 Qn—2..Qit1 [ F(s,u)ds
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Set 9 (t) = 4.t.5" 1.
We shall show that ¢(t) € £,(R4).

[ @) Pdt = [ 4.5~ HPdt = 4P [ 2.5-PMds <
0 0 0

< 4p [2.50=Dpdt = 20P [ 2.5 Ptdt < oco.
0 0

Hence 9(t) € £,(R4).
For the condition 4 of Theorem 1 we obtain

X@) + () + o) =457 444570 4oty <A -7

for each ¢ > 0. Hence the equation (25) — (26) is £,-equivalent to the equation
(23) — (24) in the ball B, (0 <7 < A).
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