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Abstract. In this paper we consider the local existence to the Cauchy prob-
lem for nonlinear Schrédinger equations with power nonlinearities

*) iatu+%Au:N(u,Vu,ﬂ,Vﬂ), (t,z) e R x R",
u(07$) = uO(x): z € R™,

where n > 2 and

N =N (u,w, 4,w) = Z Aapyu*ta™? H(wj)ﬁj I—[(u_)k)’”C

lo<|el+|Bl+]vI<h J=1 k=1

with w = (wj)1<j<n,Aagy € C,lo € N,l1,lp > 2. Classical energy method
is useful to show local existence in time of solutions to (*) when 9, N is pure
imaginary (see, [10, 14-16]), and in this case it is known that there exists a
unique solution if ug € HIZ1T30 (see [10]), where H™S = {f € L2;||f|lm.s =
(1 + |=[2)5/2(1 — A)™/2f|| ;2 < co}. However, if 9, is not pure imaginary,
there are only a few results [2,12,13] that require higher order Sobolev spaces
compared with [10, 14-16] because the classical energy method does not work
for the problem. Our purpose in this paper is to show local existence in time
of solutions to (*) in the weighted Sobolev space H2176:0 0 {51432 without
any size restriction on the data. Our function spaces are more natural than
those used in [2,12,13].
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§1. Introduction

In this paper we consider the local existence of solutions to the Cauchy
problem for nonlinear Schrodinger equations with power nonlinearities

1
10su + §Au = N(u, Vu,w,Vu), (t,z) € R xR",

u(0,x) = up(z), =€R",

(1.1)
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where n > 2 and

N =N (u,w, @, ®) = o dagpuat [J(wy) [ (@)
j=1 k=1

lo<|a|+|Bl+|vI<h
with w = (wj)lsjgn, Aaﬁ'y €C,l1,lpeN, I > 2.

Our main purpose in this paper is to consider (1.1) in lower order Sobolev
spaces compared with the previous works [2, 12, 13]. Our function spaces are
similar to ones used in [10, 13-16] in which the condition

every component of d,N is pure imaginary (1.2)

is assumed. Condition (1.2) is sufficient for application of the classical energy
method. When the nonlinear terms do not satisfy the condition (1.2) in order
to treat the derivatives of unknown function in nonlinear terms we need some
smoothing property of solutions to the linear Schrédinger equation [3, 4, 11,
17, 19] or some multiplication factor associated with nonlinear structure (see
[1, 8,9, 18] ). However, the smoothing properties obtained in [3, 11, 17, 19]
require some smallness condition on the data (see [12]). An application of the
gauge transformation method to the Cauchy problem (1.1) is useful only for
the one dimensional case [1, 8] and general space dimensions in the case of
some special nonlinearities (see [9, 18]). There are only a few results for the
Cauchy problem (1.1) with general nonlinearities in the case of large initial
data. In papers [2], [13] the existence of local solutions in higher order Sobolev
spaces was proved by using smoothing effects obtained in [4] and are based
on the theory on pseudo-differential operators of order 0. More precisely in
[2] it is assumed that the initial data ug € H™+L0 N H™t N ™12 where
m > [5]+6 and [ is a sufficiently large integer. Here and below we denote the
weighted Sobolev space by

H™* = {f € L% ||f lm.s = (L + |2*)**(L = A)™/2 |2 < o0}.

We use the notation [s] denoting the largest integer less than or equals to s.
To treat the Cauchy problem (1.1) in lower order Sobolev spaces we avoid in
this paper to use the well known results of pseudo-differential operators (L?
boundedness theorem, Sharp Garding inequality, see [2]) which need higher
order Sobolev spaces. We now state our main result in this paper.

Theorem 1.1. We assume that ug € H™°NH™~32 m > [2]46. Then there
exists a unique solution of (1.1) and a positive constant T > 0 such that

1
u € C([-T,T;; H™° N H™™32), T =T(p) =0 (W) as p— oo,
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where \/p = |[tollm,0 + ||wollm—3,2, and Iy is as in N'. Furthermore u satisfies
the following smoothing property

> / 2)=5/2(1 — g2 )/ Ay(8)||3, odt < oo,
1<j<n " —

where s > 1/2.

To prove Theorem 1.1 we use the following

Notation and function spaces. We introduce the pseudo-differential opera-
tor of order 0. We let for § > 0

Zj D...
K = A / —1-§ / Zj
& exp( /0 oy) <ij>>

where the constant A > 0 will be chosen below to be sufficiently large, D,, =
i0p, = i0;, (z;) = (1 + |z;/)? and (D,,) = (1 — 8;)1/2. We define the
operator

R

which was first used in [4]. It is easy to see that K is a bounded operator from
L? into itself and there exists a inverse operator K ~! which is also a bounded
operator from L? into itself. Moreover, we have

IKull, K~ ull < e@"Aull, Oy :/ ()" 0dwj, K7' =K,
0

where ||-|| = || ||z> is the norm of the usual L? space, L? is the Lebesgue space
with the norm || - ||, = || - ||z». The operator K is useful to obtain smoothing
properties of solutions to (1.1). To prove Theorem 1.1 we use the following
function space

XT,m,{k,S} = {f € C([OaT];L2)3 ||f||XT,m,{k,s} < oo}v

where

1 epn ony = 171y gy + 171
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and

170, gk,ey = sup (I1F(2)
t€[0,T7]

to + 1/ (1)l

ko)

CaCin A (T s o
118, =20 S (30 [ e F D) 2K D (o) P
j=1

lee|=m

+ s [KDTOIP),
t€[0,T]
where D* = []7_,(i9;)*,|a| = }_7_, o and A depends on the size of the

data. It is sufficient to choose A = p'*! for Theorem 1.1. We also define a
closed ball in X7 ,, (s} as follows

XT,m,{k,s},p = {f € XT,m,{k,s}; ||f| T,m—1,{k,s} < P,

||8tf||T,m—3,{k—2,s} < pl1+17 ||f||YT,m < :0l1+1’ ||8tf||YT,m—2 < p2(l1+1)}'

In this paper we only treat the case 17" > 0 because the case T < 0 can be
treated similarly.

§2. Preliminaries

In this section we formulate Lemma 2.1 which states the well-known Sobolev
embedding inequality. Then we prepare Lemma 2.2 which is needed to esti-
mate the nonlinear terms. In Lemma 2.3 we give some smoothing effects of
solutions to the linear Schrodinger equation.

Lemma 2.1(The Gagliardo- Nirenberg-Sobolev inequality).

Let 1 < q,r < oo. Let j,m € NU{0} satisfy 0 < j < m. Let p and a satisfy
I/p=j/n+al/r—m/n)+(1—a)/q; j/m<a<lifm—j—n/re NU{0},
a = j/m otherwise. Then

D 10%lly < Clnymydog,r) Y 107wl

lor|=3 |Bl=m

provided that the right hand side is finite.

For Lemma 2.1, see, e.g., A.Friedman [5].
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Lemma 2.2. We have

\(K(fajg),m) ‘ < O flligyaacligllial
O lspsnale) = (Da )2 Kglllz,)* (Da, )2 K|

provided that the right hand side is finite, where s € (1/2,1].

Proof. By a simple calculation we get

K(f0;9) = K(z;)"°0;((z;)° fg) — sK(z;)'w; fg — K(9; f)g
= (z;)°0;K((z;)° fg) + F(f,9), (2.1)

where
F(f,g) = [K,(;)7"0;)((z;)" fg) — sK(z;)"'w;fg — K(9;f)g.
In the same way as in the proof of [Lemma A.4, (a.31), 6] we have
K () 951 f1I < Ce“ 2| £

Hence by Lemma 2.1 we obtain

IF(f,9)ll < Ce“4 <HfH[%1+1,1 + “f“[%]+2,0> gll- (2.2)

By virtue of the Schwarz inequality we get

(0K (e 1) K1 )|

_ aj 1/2 7.:)8 1/2 2.8
(G 0o K () ) D)) k)|
< Dy ) 2K (25)° F o) ( D) /() K. (2.3)
We have via [Lemma A.1, (a.1), 6]
(D) ()~ K| < Ce“ bl + () (Do) PKR] - (24)
and by [Lemma A.2, 6]

(D2, ) 2K () Fg)ll < Ce“ A/ (25)* flloo gl + !|K<ij>1/2((wj>sfg)(!|2- .
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We represent the second term of the right hand side of (2.5) as follows
K(Dy;)'"((z;)" )
= [K(Dg, )%, ()% ;) g + (a3)* FK (Dy )% (25) g

By [Lemma 3.2, 7] we get

I (D, )2, (23)% fllag) =0 gl < Ce“ () flliga0ll{z) gl (2.6)

and

(o) FEAD )2 () =gl < () S (D, )2, ()Nl
) ) ™ L D Y20l + [ay) farg) = (D )2 Ko
< OO A Fllgpenellall + 1 ligpenall ()™ (D)) /Kol (2.7)

J

Therefore by virtue of estimates (2.1)-(2.7) we have the result of the lemma. O

We next consider the Cauchy problem for the linear Schrodinger equation

{ i+ Au=f, (t,z) € RxR", (2.8)

u(z,0) = ug(z), =€R™

Lemma 2.3. We have the following inequality for the solution u of the Cauchy
problem (2.8) with § > 0

A& ¢ 148
||Ku(t)||2+zz/0 ()72 (Da, ) Ku(r)|*dr
J=1

t
< eZClnA“uOHZ+C(1+A2)€CnA/ lu(r)[|?dr
0

/
0

provided that the right hand side is bounded.

dr

Im (Kf(T), Ku(7)>

Proof. We put

Tj
P = [ty any Do
0
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Then the operator K, defined in Introduction is written as

Kxj:an—um A>0.

m=0
We have
2 2
.02 2s Dl’]’
[Zajapxj]:2<$><D >+Z(a i (z5)” )m
Zj Zj
therefore by a simple calculation we get for m > 1
m—1
(@07, Pyl =) PR Tid) Py )P
mi1= =0
m—1 m—1
- Z pm e 1Q9”JP9:M Z pm e 1R$JP9:;L1’
mi= =0 mi= =0 (29)
RN .
= 2(x; — - =14(0,;{(x; .
x’ (D)t T T (Dy;)

Then using the identity Py =™~ leJ Pl = Qq, PPt + [P;;_ml_l,ij] and
(2.9) we find

107, K] = [i07, Ky, [] Ka
1<i<n
T#j
o] Am m—2 .
= AQ,,K + ( > SR LA O
m=2 m1=0
0o Am m—1 .
DI S|
m=1 " m1=0 1<i<n (210)
I#]
Applying the operator K to both sides of (2.8), we obtain
i0Ku+ AKu+ Y ifid},Klu=Kf. (2.11)
1<j<n
Via estimates (2.9) - (2.11) we obtain
i0Ku+AKu+i Y AQ, Ku
1<5<n
Am m—2
P (A S e e
1<5<n m=2 m1=0
Am m—1
—i—’LZ -y ppTm 1R%P;’“> Il Keu=Kf.
m’ m1=0 1<i<n (2.12)

T4

117
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We multiply both sides of (2.12) by Ku, integrate over R™ and take the
imaginary part to get

1d

s Eu®IP +4 Y Re(Qu, Ku(t), Ku(t))

1<j<n
+ Im(Wu(t), Ku(t)) = Im(K f(t), Ku(t)),
(2.13)

where

. s A m—1m1 — m
W= (Z Z ool [P ! laQacj]ijlu

Tj

. — A m—mi—1 m
w20 BT T R P ] K
m=1 m1=0 1<Ii<n
I#]
We consider the second term of the left hand side of (2.13). Using the repre-
sentation Dij/(Dl,].) = (D,,) — (Dy,)~" we have
(Ql‘j KU, KU’)
((25) =" (Do) Ku, (2;) =" Ku) — ({2;) " (Do)~ Ku, (2;) ™" Ku)

= (I) = (D2 Y2 D2 )2 K, ()~ K

(1) Ds, 2K, ({0 )2, () 1K) + [ )= (D, )2 K|
— (xj)_s(ij)_lKu, (xj)_sKu)

+
—~

_CeclnA

Y

2
()™ (D) 2Kl + | (23) = (D2 )2 K
1 2
2 =0eT Hull + 3 [(2) D2, 2 K 2.14)

By virtue of (2.13) and (2.14) we get

1d 2 A —s 1/2 H2
3o lK w2 + 5 || ()7 (D2,) 2 Ku

< |Im(Wu(t), Ku(t))] + [Tm(K f (t), Ku(t))| + Cllul|?e“"*.
(2.15)

We now consider the first and second terms of the right hand side of (2.15).
By the estimates

|Poyull < Cllull, and || Ra,ull < Cllu
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we have
o) A m—
> 122 Z P Ry P ] K
1<j<n""m=1 m1=0 1<I<n
I#5
o) A m—
d.> Z \Pn=m Ry, P [ Koul
1<j<n m=1 1=0 1<i<n
I#5
Am m—1
<Y YA emmyn,pn [T Kol
1<j<n m=1 m m1=0 1<i<n
T#5
0 Am m—1
< o= > ™ [T Kuull < CnAe .
1<G<nm=1 """ mi=o 1<I<n (2.16)

I#]

We now consider the term

2.

2 gm M=
ZW Z pm—mi— 17Q$J]Pa:r]“ H KMu(t)H
m=2 =

1<j<n my= 1<I<n
I#]
o) A m—
2D Z P QulPt [ Keu(®)
1<5<n m=2 1=0 1<I<n (2.17)
I#5

Since

-1
Pl Q1= Pt P,,Qq Pl

11=0

the right hand side of (2.17) is bounded from above by

00 Am m—2 m—mj;—2
Z ol Cm_ml_ll_2||[ijvij]Pwl;_‘_ml H szu(t)“
1<j<nm=2 " m;=0 ;=0 1<i<n
I#]
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We next consider the term [|[P;;, Q,,]f[|. We easily find that

B Zj I\ —2s y D:vj \—2s DiJ
[Pe) Qz,] = /0 W,y D, )

T D2 D
— / —2sd / g 2s Zj
A e v
r D
—2s Tj —2s g
_ /0 <(I,‘;> dxj,<D1:]>(Dac] <(I,'J> )<D1;]>
D? T D
—25’ Zj ! _2SdI ! Zj 2.19
[( J) <D$]> 0 < j) J <D$]> ( )
Hence by [Lemma A.1, 6] we get
I[P, Qa;1f Il < CIFI- (2.20)
From (2.18), (2.19) and (2.20) it follows that
o] Am m—2
H > = [P;g—ml—l,Q$j]P;;1u(t)H < CA%e“mAu).
m=2 me m1=0 (221)

We apply (2.16) and (2.21) to (2.15) to obtain the result of Lemma 2.3. O

§3. Proof of Theorem 1.1

We differentiate (1.1) with respect to z; to obtain

10pthy; + %Au,ﬁj = 0uN -y, + g N -y, + Z (aa,u/\f Oy, + 3a,—u/\f . 8,%].) )

=1
Let us consider the linearized version of the Cauchy problem (1.1)

iatu_’_%Au:N(Uavla"' s Uny U, 01, 7’611)7 (t7$) € R xR",

iatuj + %Auj = (91,./\/’ ‘v + &;N’ . T)j + Z?:l (GU,N . 6luj + (91-,1./\/’ . alﬂj>,
w(0,7) = uo(z), wu;(0,7)=0juo(z), =z€R",

(3.1)

where 1 < j < n, v,v; € Xpm_1,{m-42},p0» M > [5]+6, meN, /p=

lwollm,0 + lwollm—3,2 and T' = O(l/e”llH). We define the mapping (u,u;) =
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M (v,v;) and show that M is a mapping from (XT,m_l,{m_4,2},p)“+1 into itself

for some time T' if m > [§] 4 6. Without loss of generality we can assume
that p is sufficiently large because we are interested in the case of large initial
data. We first consider a priori estimates of solutions in the norms

“U| T,m—2,{m—4,2}5 “uj“T,m—2,{m—4,2}a ||atu“T,m—4,{m—6,2}7

and  ||0pu |l m—4,{m—s6,2}. By Holder’s inequality, Lemma 2.1 and the clas-
sical energy method we obtain

sup [|u;j()[lm-2,0 < [[wollm-1,0
t€[0,T)

T
L oph / (0 + 13 (D lmsio + €94 S KDY,
0
al=m-—1
|1|§j§n

here and in what follows C5 depends on n and C is defined in Notation and
function spaces . Hence we have

sup._ [l (0)ln-0 < 25+ Cp Te® sup 3 |[KDuy
t€[0,T] tE0.TT | Sy
1<j<n

for small time T' = O(1/p"*1).
Multiplying both sides of the second equation of (3.1) by 22, and applying
a classical energy method to the resulting equation we get

T
sup [|2°u; (t) lm—-a,0 < VP + C/ (le Vi (8)]lm—a,0 + l|w; () |lm—s,0
t€[0,T] 0

1 |22 (avj\/-vj + 0N - B + Z (Ou, N - Oyuy +3m/\f'3lﬂj)>

=1 Hm—4,0

T
< Vp+C / (22 (Dlmet.0 + 183 () lm.0)

+Cp"T(1+ i |7 m—2,{m—4,2})
<P+ OO T (L + [[t]|7m -2, (m—a,2))- (3.3)

From (3.2) and (3.3) it follows that

Tom—2(m-42} < Cy/p+Cp'Te®* sup Y~ |KDujll. (3.4)
tE[0,T] |a|=m—1
1<5<n

5]



122 N. HAYASHI AND E.I. KAIKINA

In the same way as in the proof of (3.4) we get

||atuj||T,m—4,{m—6,2}
<C(Vp+ o) +CpTe®* sup Y ||[KD0puy]|  (3.5)
te[0.T] | 4T3
1<j<n
for small time T = O(1/p>"1+1). We easily see that the following estimates

T,m—2,{m—4,2} < C\/ﬁ (37)

|

and

10wl

!
T,m—4,{m—6,2} < C (\/ﬁ + \/ﬁ l) (38)
hold.
We next consider a priori estimates of solutions to (1.1) in the norms
[ellyrm s Nujllyem s 10sullvr s 10sullve s

This is our main point in the proof of the result of Theorem 1.1. In order to
obtain the desired estimates we use smoothing properties of solutions to the
linear Schrodinger equation. We make use of the operator K to get a smooth-
ing effect. However we can not use K directly to the nonlinear Schrédinger
equations with nonlinear terms involving 0,4 because Koju # K0Oju. We now
remove such terms from the original equations by a diagonalization technique
(see [2]). We define the pseudo-differential operators

A:iav,/\/-a,, B:zn:&;l/\/'-al.

=1 =1

In order to eliminate the term > ), 95N - 9,4, from (3.1) we rewrite the
second equation of system (3.1) in the matrix form

. uj 1 A — 2A —2B Uj 8UN . Uj + 617./\/_ . Q_)j
’Lat _ + = 3 T _ = ~ .
Uy 2 2B —A+2A4 U5 —8UN "V — 6;,]\/’ " Vj
(3.9)
We define the 2 x 2 matrix operators A and A’ as follows
Ao 1 2B(D)~? A 1 —2B(D)~2
~ \2B(D)~? 1 ’ ~ \ —2B(D)~2 1 ’
where (D) = (1 — A)}/2. Applying the operator A to both sides of (3.9), we
obtain
. U 1 A —72./4 —-2B _ U
ZatA(aj>+2A< 2B —A+24) \ q

_A<—6UN-vj_aﬁN.Q—,j>+[M9t,A](ﬂ;>. (3.10)
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By a direct calculation we find

(e ) (e ")

_ (1 0\ _ (B(D)2B(D)™2 0
- \0 1 0 B(D)™2B(D)~2 |~
We substitute the identity into (3.10) to get
. U l A —72./4 —2B _ / U
ZatA(aj>+2A< 2B —A+od ) MA i
o 6UN’-vj+67;N-T)j U
_A<—3UN'@'—3@N'W> [Zat’A]<Uj>

2 (C” A (T sysmre) ()

(3.11)

It is easy to see that

A—2A —2B p
A ( 28 A+ 2A> A
_ 1 B(D)™? A—2A —2B 1 —B(D)™2
~ \ B(D)™? 1 2B —A+2A —B(D)~2 1
_( A—24+2B(D)?B —2B+B(D)7?(-A + M) —B(D)~?
T\ 2B+ B(D)72(A-24) —A+2A4A- 2B 1
(A -24 0
- 0 —A+2A4
N 0 —AB(D)~2 — B(D)"2A — 2B

AB(D)=2 + B(D)72A + 2B 0

All Al2

" <—~A12 —A11> ’
where

A1 =2B(D)?B + < — 2B+ B(D)"3(-A + M)) (=B(D)™?),  (3.12)

Aip = 2B(D) 2 A+ (2A — 2B(D)™?B)B(D) 2.
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we have

A(D-24 =28\, _ (A-24 0\, (Aun Bu
2B —-A+2A4 - 0 —A+2A4 —Bia —Ai1 /)’

where
Biy = 2B(D) 2 A+(2A—2B(D)"?B)B(D) >~ [A, B(D)"2—2B(D)~? (3.13)

and

[A,B(D)™? = Qi(V%N) VD)~ + i(AamN)al(DrQ.
=1

=1

Therefore we obtain
. Uj l A - 2./4 0 _ ’LLj
ZatA(aj>+2 ( o —a+24)M g

o 6UN’-vj+67;N-T)j . U,
_A<—6UN'1_)j_aﬁN'vj> + [0, A] (ﬂj> _

(2B (7 st ()

where

. B 0 2(i0,8) (D)2
(10, A] = (2(i8t8)(D>_2 0 ) '

Now differentiating (3.9) with respect to z we get analogously to (3.14)

. Do‘uj 1 A — 2A 0 Dan

ZatA(D“uj>+§< 0 —A+2A>A(Dauj>

o DU@N s+ 0N -0))

B D“(—&,/\/’ SV — 0N - Uj)

+A D* 2?21(811-/\/ : alUj + aﬂ 81’&3') — Z?:l(aﬂ 31D“uj + 8ﬂ 31Daﬂj)
—D* Z?:l(av./\[ . alﬂj + &;N’ . Bluj) + Z?:l(av./\[ . 6,Daaj + &;N’ . 8lD°‘uj)

(o “CROT) (D) -3 (G S (o)
Ly (A—_2A —2B ) (8(D>—2B(D>—2 0 ) (Dauj

2 2B —A+24 0 B(D)~2B(D)~2
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where |a| = m — 1. From the definitions of the operators A, B, A1, A12, B2,
we see that every term of the right hand side of (3.15) is harmless in our
problem. We will prove that the L? norm of every term of the right hand side
of (3.15) is estimated from above by the Sobolev spaces of order m — 1.
Using Lemma 2.1 and Hélder inequality we will prove the following inequal-

ity
! !
DT ;|| < ¢ TT A1 1D £,
j=1 j=1
where 3; € [0, 1] are such that 2521 B; = 1. First let us consider the case | =
2. By the Leibniz rule we get || D f1 f>]|<C 1% _ || D= #,-D?’ £,|| and then

la’|=0
by the Holder inequality we have |[D=% f1- D fo| <C|ID= f1[l,1D% f2lq,
with 1—1) + % = % Then applying Lemma 2.1 we obtain
D= fullp < Cf2 5P ID fa]lP

if % = M_TO‘W + 54 (% - %) and in the same way
1D fally < Ol follss 11D f2*

if 2 = 214 g, (4 — 12)  Now the condition B+, = 1 follows from 1 +1 =
1
5.

Therefore we get
2 2
DT fi| < CTT A1 1D £511%,
j=1 j=1

where g; € [0, 1] are such that 2521 B; = 1. Then using this particular result
and arguing by induction with respect to [ > 2 we have with g = H;Zl fi

[+1
1D I £ill = 1D fral
j=1
. 1—0o . Bo
< |\TT# DTL 4|l Woallss P+ (1D fraa |71
j=1 o j=1
l

1— 1—-3; i 1—
< CTTIENE 2 NN Do 1550 || fran 125 P 1D fra )P
j=1

125
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where By + Bi+1=1. By virtue of the equality 2521 BoBi +Bi+1=1 we get
the desired estimate. Using this estimate, we consider estimates of nonlinear
terms. We may assume that A is a polynomial of degree [; >2 since we consider
the large solutions. Therefore we get with 9,N'=v* ~152 []}_, v,f’“ [They U2F,
011+012+Z1§k§n 5k+21gkgn Ye=l1

Yoo DoNI<C Y 1D flol|g T8 DB |5 22
13| <m—1 13| <m—1

n n
— ) . _ — b S —
< T lowll3 =™ - D%wgl™ TT Nowll2 =100 ) **
k=1 k=1

n
< Clv| f‘nl__f,ollﬁl ;'lnz—l,o H ||”k||rﬂrf—1,o||vk| 7;5—1,0 < Cpll_l-
k=1

In the same way we obtain for |a| <m —1

1D 0N || + 1D, N'| + 1D 0, N | + 105N oo + 05N [l < Cp" 7.

Hence we have with 81 + s =1 and B3+ (s =1

HA( DY,N - vj + 05N - ;) )
D (=0, N -0 = 0N - v5) ] || 122

< O DY(OuN -vj — 0N - 5;)|| + C|B(D) 2 D*(—0,N - v; — OpN - v;)]|
< Ol 0,N|3s P DB N 1% o165 7 [ D12

+ Cl 0N IDY 10N (|72 o] a5 7 | D vy ||

< Cp M vjllm—1,0 + CP" " 0 llm-10

<C+p)p't for 0<t<T, (3.16)

Note that we do not have the derivatives of the highest order m in the form
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DY (0yN - Qyuj) — OpN - 9 D*uj when || = m — 1. Therefore we have

Zl 1 ( (8 N - 8lu] + 05 N - 81%) Oy N - 81D°‘u] — Op N - 81Daﬂj)
Zl 1 (8 N 81D°‘uj + 8 N 81Da’u, - D“(a N 8lu] + 8 N 8luj)) L2 x L2

<C Y 0NN PID 0N |0yus 155 7 1D B |7 + ClAN | D )

|a|=m—2
+ Cl|0uN ||so | D~ 0u N7 |0 N1 ~78 || Oy || 74| D By P
< CpHujllm-20 + Cp T e@A YT | KDy

|a|=m—1

+Cp* | Nlujllm—zo +e@% Y KD ]|

|a|=m—1

<O +p")p" e | fluj(®)lm-20+ Y KD u;(t)| (3.17)

|a|=m—1

for all 0 <t < T. Since by Lemma 2.1 ||0;05N||s0 < Cp't we have

|Gsiamor “07) (oot

< Cl0:05N ool D a5 < Cp" [l llm—2.0- (3.18)

In the same manner we get the following estimates

1 ( A B >A (D“Uj>
2 _812 _All Daﬂj L2x L2

scpll(l+p?’ll)eCzA(uuj(t)um_z,o+ T uKDauj(t)n)

|a=m—1 (3.19)
and
HEA (A—_2A —2B _) (B(D)—2B(D)—2 . 0 ) (Dauj>
2 26 —A+24 0 B(D)"2B(D)~% ) \ D%u; ) ||, .
< Cpl' (1 + p* )4 (Huj Ollm-z20+ D KD, (t)||> (3.20)

la|=m—1

for all 0 <t < T. Thus estimates (3.16)-(3.20) show that the right hand side
of (3.15) is not difficult to treat. We now prove a priori estimates of solutions
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to (3.15) by using (3.16)-(3.20). In order to get the desired a priori estimates
we rewrite (3.15) as a single equation

{ 10w + %Aw;‘ =Y ey O N - Qs + Fy,
= D%u; + 2B(D)~2D%;,
where |a] =m — 1. From (3.16)-(3.20) we see that

| Fl SCﬂll(l+P3(l1+1))€CZA(||Ug Mim—2,0 + Z |KDO‘uj ||>
la|=

(3.21)

+ O+ ph)phiFle®4 for 0<t<T. (3.22)
In the same way as in the derivation of (3.21) we have the equation connected
with D53tuj
{ 0] 4+ FAWS = Y1, Oy N - i) + Fa, (3.23)
= D%0yu; + 2B(D)~2D%d,u;,
where || = m — 3. Here F; has the estimate

17|l < Cp™ ((1 + %) A (0 (B)llm-a0 + Y 1K DOpu;(2)]]

|a|=m—3

+ Huj “m 2,0 + Z |KDauj ||> + C(l + p2l1)p2l1 eczA
lej=m=1 (3.24)

for all 0 < ¢ < T. We apply Lemma 2.3 to the equation (3.21) and use (3.22)
to obtain

_1s o
Kl ()2 + Z / V)™ 5 (D ) 2 K (7) |2

t
< Ay O + O+ 4264 [ g (r) s
0

t t n
+2/ | FL ()| | Kw§ (7)]|dT + 4 Im(KZ&”N-8ﬂu§“(7),Kw§“(7)> dr
=1
< 2C’1nA( 1/2+pl1/2)+602AT sup ||w ()||2
t€[0,T]
T
T+ Oph (1 + pPie)eCaA / s Dllmso+ S IKD us(t)])%dt
|a|=m—1
+ C(1 4 phr)phe24 / Z ||KDau] )||dt
lal=
T
+4/0 Im(KZaU,N-alw;*(T),Kw;“(T)> dr. (3.25)
=1
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Since |a| = m — 1 we have by (3.2)

IKD™u;(t)| < |Kw§ ()| +2 Y |KB(D)>D;(t)|
|a|=m—1
§|U(w?(ﬂﬂ'+Ck¥kAPhtsup ([ ()|l m—2,0

0,

< IKuS ()] + Ot (2074 O Te sup 57 KD 1))
€
Hlal=m-—1

1<5<n
Hence
sup Z |KD%u;(t)|] <2 sup Z ||Kw;?é(t)“_,_cecz,4pll\/ﬁ
t€[0,T] |a|=m—1 te[0,T] PN (3.26)

1<j<n 1<j<n

1142

for small time "= O(1/e”

sup > [[Kwi ()] <2 sup > [[KDu(t)]| + Ce4p" /.
tE0T] | oSt t€00.T] 0 Sy (3.27)
1<j<n 1<j<n

), if we take A = p"**1. Similarly, we get

From estimates (3.25) - (3.27) it follows that

(1= Ce®" D) sup 3T Kuf ()
t€[0,T] |a|=m—1
1<j<n

A _L @
Ph XS [ e D R o)

|a|=m—1k=1
1<5<n

dr.

Im(KEZ@WN Ows (r), Kwl (r 0

le|=

1<g <n
We apply Lemma 2.2 to the second term of the right hand side of the above
inequality to get

(1 _ C601nAp4(ll+1)T) Sup Z ||ija (t)||2
t€[0,T la|=m—1
1<5<n

(é_cph> ) Z/ (o) ™5 (Do )2 K0 (7) P

|a|=m—1k=1
1<j<n

S CeZClnApll .

129
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If we take A = ph+t and T = O(1/e*" ™) we obtain

sup > [|[Kw§ (8]
tE0.T] | oS —1
1<j<n

n T
L2 Y [ e ) s 0P

< CeRCimA gl < 20imA it (3.28)

By (3.26) and (3.28) we find that

wp S KD (1)
te[0,T] |a|=m—1
1<j<n

n. T
Y / ||<xk>—lT“<Dm>1/2KD“uj<t>||2dt)

< 6201nApl1+1. (329)
In the same way as in the proof of (3.29) we have

sup D [|KD*0puy(t)]

tE0.T] |4 Sm—3
1<j<n
A ~ [T 119 1/2 2 201nA 2(11+1
PRS0 D b )Pt < 25420,
la|=m—3k=1"0 (3.30)
1<j<n
Thus we see that there exists a time T' = O(l/e”ll+2) such that
{U, Uy, 7un} € (XT,m—l,{m—4,2},p)n+1- (331)
We now let a sequence {u(k),ugk),--- ,u%k)} satisfy the equation (3.1) with
u = uk), u; = ugk), v = u(k_l),vj = ugk_l) and with the same initial data,
where {u(0>,u§°), - ,u%o)} is a solution of the linear Schriodinger equation.
We prove that the sequence
{u(k),ugk),--- ,uf{“)} is a Cauchy sequence in (XT,m_l,{m_4,2})”+1. From

(3.31) we already know that

{u(k),ugk), e ,u%k)} € (XT,m_l,{m_él,g},p)"H for any k € N.
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In the same way as in the proof of (3.4)-(3.8) we see that

(k)“Tm 2,{m—4,2}

+||8tU( )“Tm 4,{m— 62}+||8t ||Tm 4,{m—6,2}

S Cp2l1TeCZA (H

10T * DN 1 s ms,2) + 10UVl m—a,fm—s,2)
ey - arr(k—1
+ §: (IED*U*=V|| + |KDU V|

m—
m—

|
1B
1 ggn

I/\

FIKDPU D 4 K D% ) ),
(3.32)

where UF) = ¢(F) — ¢ (k=1), U}k) = ug-k) — ug-k_l). As in the proof of (3.21) we
get

oW + aw®
=2)" (av,/\/(u%—l), gt — 9, N (=2, )a,wy“—”)
=0
+ F(u* Y ) — kD) = N (3.33)

where Wj(k) = wg-k) — wg-k_l), wj(-k) = Dﬁugk) + 2B(uF—1) ... )(D>_2D5ﬂ§.k).
We apply Lemma 2.3 to (3.33) to obtain

KW S 0)]12 + / Ny~ (Do) 2 KW P (7) |2dr
1<i<n
t t
< CA%e2A / WP (r)|12dr + Im(K/\N/(T),KWj(k)(T)> dr.
0 0 (3.34)

By Holder’s inequality and Lemma 2.1 we get

T
_ _ k
/0 1F (=0 ) — P (=2 KW (2)|dt

S CplleZCgAT(HU -

_ k— k
+ Y (IKDPU*Y| + |KDPU] ”n)) sup KW (1)]].
|8]=m—1 te[0,7] (3.35)
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We also have by Lemma 2.2 , the Schwarz inequality and (3.31)

r

n

+ 3 (0N (@Y o) = 9 N (w2, )oY (8), KWJ.(k)(t)> ‘dt

Tm (K S0, N (Y W (2)
=1

=1

146
< CZpll/ ()~ 5 (D, V2 EW ) (1) 2de

# 0o U lnaa+ o 10 O
te[0,T7] te[0,T

n T
_ 149 k _ 149 k—
> / (z0) = (D) PEWE ()| 1() ™ 5 (Do) 2Kl ™V (8) |t
=1

We again apply Lemma 2.2 , the Schwarz inequality and (3.31) to see that the
right hand side of the above inequality is estimated by the value

T
_ 146
oy ot / gy~ (D, 2R W) (1) 2dt

+ 01 (sup U0V Olosat s [0 Onms2)
t€(0,T7] t€[0,T]

n T
_ 1496 k
xZ / )= (D)2 KW D (1) |t

T
<O Y (14O eCAT) / )™= (D)2 KW (1)t
1<i<n 0

2
+ ( sup [|[UF D () |lm_so + sup ||U;’“—1>(t)y|m_4,2> . (3.36)
t€[0,T] t€(0,T7]

o =

From (3.34), (3.35) and (3.36) it follows that there exists a time T:O(l/e”l1+2)
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such that

k
sup Y KW @)
tel0.T] 5501

A r 146
= / V)= (D )2 KW P (1) |2dr
0

8
|8|=m—1
1<i<n

1 _
< 1 (100 i, sy + 105

2
+ > (y|KDBU<k—1>y|+||KDﬁU§’“—”||)>. (3.37)
|B|=m—

By the definition of Wj(k) we have

(k) _ pB, (k) k—1) ... —2p18-(k) B, (k—1)
W™ = DPul 4+ 2B(u*Y), - (D)2 DPus) — DPu;
—2Bu*=?, ... )(D>—2Dﬁﬂ§_k—1)
_ nBrrk) E—1 —2 187 (k)
= DU;Y + 2B, ... (D) DPU;

2 B0, = Bt ) (D) 2D

Hence by (3.31) and Lemma 2.1 we obtain

_L
>0 IEWP @) + Z / (o)) E (D, )R W L (1) |2

[B]=m—1 Iﬁl
1<l<n
k
< Y IKDPUM (@)
|B]=m—1
A ’ -1 1/2 g Bk () (12
t5 2 [ ey TE D) PRDAU @) Pdr

|Bl=m—1
1<i<n

+ CeCZA,ol1 (||Uj B

) (3.38)
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and

k
S IKDUP @1))?

|B]l=m—1

A T _ 145 k
4y / )~ 5 (D, ) V2K DAUP (1) |2

|Bl=m—1"°

1<i<n

k _ 1446 k
< Z KW P @) + Z / (1)~ (D, Y 2RW ) ()| 2dr
|8]= Iﬁl
1<l<n

2
+ CeC2A ll(uU““ s, m-t2y + 102z mo g 42}) :
(3.39)

In the same way as in the proofs of (3.37), (3.38) and (3.39) we have

sup Y KW ()2
t€l0.T] 5123

T

vg X[ e ) KW PP

|8l=m—3"°

1<i<n

1

<4 (It

2

+ (||KD5U<'€—1>||+||KDﬂU§’“—”||)> , (3.40)
18]=m—1

> IKaw P2+ Z / (02) = (Do) 2RO W (7)] P

|B|=m—3 IBI
1<l<n
< 3 KD, UM (1))
|8]=m—3
A ’ — 14 1/2 ] (k) 2
+5 X[ M) FE D) KD 0 ()
Iﬁllglfgn

+ CeP2Aph (|| T ) (3.41)
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and
k __i_ k

S KD UP )2 + Z / (1)~ F (D) 2K DPUM (1) | 2dr
|Bl=m—1 i

1<l<n
< Z ||KW"“> HI? + Z / (@) (D, )2 KW P (7) |2dr
161= 8 812

1<l<n

T eCeA gt (r|U;’“‘”r|T,m_2,{m_4,2} - ) (3.42)

From the estimates (3.32), (3.37) - (3.42) it follows that there exists a time
T= O(l/epll+2) such that

k (k)
“U( )||XT,m—1,{m—4,2} + HUj “XT,m—l,{m—4,2}

1 _ k—1
< g Z (HU(k l)“XT,m—1,{m—4,2} + “Ug( )“XT,m—l,{m—4,2}>'

1<I<3 (3.43)

We define
_ k+1—1
Le= 3 (0% sy + 108l )
1<I<3
Then we have by (3.43)
1
Ly < ELk—B

which implies that {u(*), ugk), e ,u%k)} is a Cauchy sequence in
(XT,m_l,{m_élyz})"H. Hence there exists a unique solution {u,uy, -, u,}

satisfying
10pu + %Au =N (U, U1, ,Up, U, U1, "+ ,Up), (£, ) € R XR™,
iatuj + %Auj:(?uj\/’ S uj + &;N . ﬂj + Zlnzl (81”./\[ . (9[Uj + 8alN . alﬂj>,

u(0,z) = uo(z), ’LLj(O,II?) :aqu(IE), reR", 1<j<n.
(3.45)
By the uniqueness of solutions we see that u;=d;u. Therefore
u € C([0,T]; H™®) N C([0,T]; H™=3?) since K~! is a bounded operator in
L2. Finally we prove a smoothing effect for the solutions. We already know

sup [u(t)|12, 0+ Z/ () (D, )P KD™u(t)||?dt < co.  (3.46)
t€[0,T] la|=
1<J<n
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By a direct calculation we get

Y 1D~ (D, ) Pult)|

|a]=m

sc(||u(t>||m,0+ ) ||<xj>—s<ij>1/2D“u(t)||)

|a]=m

< 0602A<“u(t)“m,0+ > ||K<wj>‘s<ij>”2D“U(t)|I> for —s>1/2.
laj=m (3.47)

We also have

1K () = (D)2 I < K L) ™ (D) 2+ K (D )2, () =)
+ 11€2) 7S (D ) PIF I+ ) (D, ) 2K AL (3.48)

We apply [Lemma A.1, 6], [Lemma 3.2, 6] and [Lemma A.2, 6] to the first
three terms of the right hand side of (3.48), respectively. Then we get

1K () =D ) V2] < GO <||f|| n ||<xj>-s<Dzj>1/2Kf||). -

By inequalities (3.46), (3.47) and (3.49) we get the last estimate of Theorem
1.1. This completes the proof of Theorem 1.1. [
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