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Abstract. Identities and inequalities are obtained involving n-time differen-
tiable functions in terms of evaluations at an interior and at the end points.
It is shown how previous work is recaptured as particular instances of the cur-
rent development. Generalised Taylor type series expansions are obtained and
applications to numerical quadrature are demonstrated.
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8§1. Introduction

Recently, Cerone and Dragomir [2] obtained the following three point identity
for f:[a,b] - R and « : [a,b] = [a,b], B : [a,b] = [a,b], a(z) <z, B(x) > =z,
then

b
(1.1) / f(@)dt —[(B () — a(x)) f (2) + ((z) —a) f(a) + (b= B (x)) f (b)]

b
- —/ K (2,)df (1),

where
t—a(zr), te€la,z]
(1.2) K (z,t) =
t—ﬂ(I), te (:E,b]
They obtained a variety of inequalities for f satisfying different conditions

such as bounded variation, Lipschitzian or monotonic. For f absolutely con-
tinuous then the above Riemann-Stieltjes integral would be equivalent to a

351



352 P. CERONE AND S. S. DRAGOMIR

Riemann integral and again a variety of bounds were obtained for f € Ly, [a, b],
p>1.

Inequalities of Griiss type and a number of premature variants were ex-
amined fully in the comprehensive article covering the situation in which f
exhibits at most a first derivative. Applications to numerical quadrature were
investigated covering rules of Newton-Cotes type containing the evaluation of
the function at three possible points: the interior and extremities. The devel-
opment included the midpoint, trapezoidal and Simpson type rules. However,
unlike the classical rules, the results were not as restrictive in that the bounds
are derived in terms of the behaviour of at most the first derivative and the
Peano kernel (1.2).

It is the aim of the current article to obtain inequalities for (™ ¢ Lya,b],
p > 1 where f( are again evaluated at most at an interior point z and
the end points. Results that involve the evaluation only at an interior point
are termed Ostrowski type and those that involve only the boundary points
will be referred to as trapezoidal type. In the numerical analysis literature
these are also termed as Open and Closed Newton-Cotes rules (Atkinson [1])
respectively.

In 1938, Ostrowski (see for example [32, p. 468]) proved the following
integral inequality:

Let f: I C R — R be a differentiable mapping on I (I is the interior of
I), and let a,b €l with @ < b. If f' : (a,b) — R is bounded on (a,b), i.e.,

1l = szlpb) |/’ (t)| < 0o, then we have the inequality:
te(a,

1 (]7 2 ’ /
1 +w] (b—a) || f

e RLLE

for all = € [a, b].

The constant i is sharp in the sense that it cannot be replaced by a smaller
one.

For applications of Ostrowski’s inequality to some special means and some
numerical quadrature rules, we refer the reader to the recent paper [24] by S.S.
Dragomir and S. Wang who used integration by parts from f;p (z,t) f'(t)dt
to prove Ostrowski’s inequality (1.3) where p (z,t) is a peano kernel given by

t—a, tE€]Ja,x]
(1.4) p(z,t) =
t—b, te(z,bl.

Fink [27] used the integral remainder from a Taylor series expansion to
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show that for f(»=1) absolutely continuous on [a, b], then the identity

(1.5) ft dt—— (b—a)f(z)+ Y Fi( ) Kp (z,t) f™ () dt
[ i S ne) = [ K

is shown to hold where

=" bt
(n—1)!

(1.6) Kp(z,t)= with p (z,t) being given by (1.4)

and

Fi (2) = " | =) 147 (@) + ()P -2t s )]

k!

Fink then proceeds to obtain a variety of bounds from (1.5), (1.6) for f()
L,[a,b]. Milovanovié and Pecari¢ [31] earlier obtained a result for f(® ¢
L [a,b] although they did not use the integral form of the remainder. It may
be noticed that (1.5) is again an identity that involves function evaluations at
three points to approximate the integral from the resulting inequalities. See
Mitrinovié¢, Pecari¢ and Fink [33, Chapter XV] for further related results and
papers [19], [20] and [21].

A number of other authors have obtained results in the literature that may
be recaptured under the general formulation of the current paper. These will
be highlighted throughout the article.

The paper is structured as follows.

A variety of identities are obtained in Section 2 for f(»~1) absolutely con-
tinuous for a generalisation of the kernel (1.2). Specific forms are highlighted
and a generalised Taylor-like expansion is obtained. Inequalities are developed
in Section 3 and perturbed results through Griiss inequalities and premature
variants are discussed in Section 4. Section 5 demonstrates the applicability
of the inequalities to numerical integration. Concluding remarks are given in
Section 6.

§2. Some Integral Identities

In this section identities are obtained involving n-time differentiable functions
with evaluation at an interior point and at the end points.

Theorem 1. Let f : [a,b] — R be a mapping such that f("=Y is absolutely
continuous on [a,b]. Further, let « : [a,b] — [a,b], B : [a,b] = [a,b], a(z) < z,
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B (x) > x. Then, for all z € [a,b] the following identity holds,

where the kernel Ky, : [a,b]> — R is given by

{ U—e@@)” " ¢ ¢ [a, 2]

U=BE)” e (2,0,

(2.2) K, (z,t) :=

(2.3)

Ry (2) = (B(2) —2)" + (-1)" " (z —a (2))"
and Sy (z) = a

Proof. Let

b
24) I, (x):(_nn/ Ky (2.8) £™ (8) dt = (—1)™ T, (a, 2, b)

then from (2.3)

n!

Iy (a,2,2) = /m Mf(n) (t) dt

giving, upon using integration by parts

(2.5) T, (a,,7) = ("”_2‘7,("”))” £ ()
(1) (a(z) —a)" f"V(a) oo (a,.5).

n!
Similarly,
Jp (z,2,) = (=1)"* (ﬁ(x)nil_x)nf(n—l) ()

L= BE)N w1 () g (b

n!

and so upon adding to (2.5) gives from (2.4) the recurrence relation

(2.6) I, () — I () = —wy (2),
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where
(2.7) nlwn (z) = [Rn (z) ™ () + 8, (x)]

with R, (z) and S, () being given by (2.3).
It may easily be shown that

(2.8) In(z) = =) wi () + I (z)
k=1

is a solution of (2.6) and so the theorem is proven since (2.8) is equivalent to
(2.1) and I, (z) is as given by (2.4). 1

Remark 1. If we take n = 1 then an identity obtained by Cerone and
Dragomir [2] results. In the same paper Riemann-Stieltjes integrals were also
considered.

Remark 2. Ifa(z) = a and f(z) = b then Sk (x) = 0 and the Ostrowski type
results for n-time differentiable functions of Cerone et al. [9] are recaptured.
Merkle [30] also obtains Ostrowski type results. For a(x) = [ (z) = x then
R (z) = 0 and the generalized trapezoidal type rules for n-time differentiable
functions of Cerone et al. [10] are obtained. Qi [36] used a Taylor series whose
remainder was not expressed in integral form so that only the supremum norm
was possible. If the integral form of the remainder were used, then similar to
Fink [27], the other Ly (a,b) norms for p > 1 would be possible. However,
this will not be pursued further here. For «(z) and ((x) at their respective
midpoints, then the identity

(29) (=" /bKn (a,t) F) (t) dt
b =\ 27k k k—1 k] f(k=1)
a k=1

+ @ =@ FEV (@) + (D) o - 2)F 5D )]}
results, where

(t—22)"
n! ’

t € a,x]
(2.10) Ky (z,t) =

_ztb)n
M, t € (z,b].

n!

As demonstrated in the above remarks, different choices of a/(x) and (3 ()
give a variety of identities. The following corollary allows for a (z) and 3 (x)
to be in the same relative position within their respective intervals.
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Corollary 1. Let f satisfy the conditions as stated in Theorem 1. Then the
following identity holds for any v € [0,1] and x € [a,b]. Namely,

(2.11) /O (z,t) £ () dt
/ CLEDY k'{(l_ D [(b- )" + (-1 (@ - )] £ (@)

7" (2 — a)* f(’“ D(a)+ (D) -2t 50 )]}

where
[t*(7$+(1'*7)a)}"’ t € [a, ]
(2.12) Ch (z,1) = '
[t*(wt(;*v)b)]”, t € (z,b].
Proof. Let
(2.13) a(z)=yz+(1—2)a and B(z)=yz+ (1 —7)b,
then
(2.14) { z—ax)=(1-9)(r-a), a(r)—a=y(z—a)
' and f(z)—z=(1-7)(b—2), b—B(z) =7 (b—2)

so that from (2.3)
Ry (2) = (1 =7 [0 -2 + ()" (- )]
and
Sk (8) =7 [(z = @) FED (@) + (-1)F (- 2)F FED (v)].

In addition, C), (z,t) is the same as K, (z,t) in (2.2) with a (z) and 3 (x) as
given by (2.13) and hence the corollary is proven. I

The following Taylor-like formula with integral remainder also holds.

Corollary 2. Let g : [a,y] — R be a mapping such that g™ is absolutely
continuous on [a,y]. Then for all x € [a,y] we have the identity

(2.15) g(y)
= 9@+ Y @ o+ - a@)] o @)
k=1
+ [ (@) =) ¢® (@) + (D (g - B@)* o )] }

+(-1)" /y Tn (z,1) gD (t)dt
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where

(=S, 1€ [a,a]

(2.16) o (2,1) =
(t=B)" € (z,y].

n! )

Proof. The proof is straight forward from Theorem 1 on taking f = ¢’ and
b=y so that §(z) € (z,y] and 7, (z,t) = K, (z,t) for t € [a,y]. I

Remark 3. If a(z) = [ (x) = = then we recapture the results of Cerone et al.
[10], a trapezoidal type series expansion. That is, an expansion involving the
end points. For a(z) = a, f(z) = b then a Taylor-like expansion of Cerone
et al. [9] is reproduced as are the results of Merkle [30].

83. Integral Inequalities

In this section we develop some inequalities from using the identities obtained
in Section 2.

Theorem 2. Let [ : [a,b] — R be a mapping such that f("=Y is absolutely
continuous on [a,b] and, let « : [a,b] — [a,b], B : [a,b] — [a,b], a(z) < z,
B (x) > x. Then the following inequalities hold for all x € [a,b]

b n
BU [P@] = [ FOd=3 g [ £ (x>+sk<x>}‘
@ k=1 "
(e (e) i £ € Lo o],
(n) 1
< 3 ko, ot i 1 en, o
with p > 1, 1—174—%:1,
171y 3 rm e e(n)
\ n! M (Jj)a 'Lf f ELI [aab]a
where
B2 Qulas) = g [(@le) =0+ (o —a(e)
F(B@) "+ (b )]
33 M@ = 3{ 5 e -5 4| -5
N _a—2|—b+ a(x)_a—i-x +‘ﬁ(x)_$—2|—bH}

2
= max{a(z) —a,z —a(z),B8(z) —2,b—B(z)},
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Ry (z), Sk (z) are given by (2.3), and

Hf(n) = ess sup ‘f(n) (t)‘ < o0
o0 te(a,b]
and
Hf(m = (/b ‘f(m (t)"’y, p>1.
p a

Proof. Taking the modulus of (2.1) then
(3.4) 1P ()] = [In ()],
where P, () is as defined by the left hand side of (3.1) and

(3.5) [ In ()| =

)

/ " Ko (1) £ (8) dt

with K, (z,t) given by (2.2).
Now, observe that

(3.6) @) < || 1K @l
b
o T N A
where, from (2.2),
b 1 a(r) z
(3.7)/ |Kp, (z,t)|dt = o / |t—oz(:1c)|ndt+/ |t —a(z)|" dt
a : a a(z)

B(x) b
+/x |t — B ()] dt+/,6(:z;) |t — B ()] dt}

= oyl e+ @)

+ (B@) =) (b= B )]

Thus, on combining (3.4), (3.6) and (3.7), the first inequality in (3.1) is ob-
tained.
Further, using Holder’s integral inequality we have the result

(3.8) |In(z)] < Hfm)

1 1
|Kn (z,-)||, where —+— =1, withp>1
P p g

([ et

= Hf(n)
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Now,

b a(z) z
(3.9) / (Ko ()] dt = — {/ It — o ()™ dt+/ It — o (2)[™ dt
a n. a a(z)

B(x) b
+/ It—ﬁ(x)lnthJr/ﬂ()It—ﬁ(w)lnth}

1
= HQTL (Q7$) )

where @, (¢, ) is as given by (3.2).
Combing (3.9) with (3.8) gives the second inequality in (3.1).
Finally, let us observe that from (3.4)

(3.10)  [In (2)]

< K o)l [ = £, s 18 vt
(n)
= ani!HlmaXﬂa—04(93)|",|=’E—04(93)|n,|b—5($)|na|$—5($)|n}
[EAA Py

= @),
where
(3.11) M (z) = max {M; (z), M2 (z)}
with

M (z) = max {«a (z) — a,x — a ()}

and

M; (z) = max {f (z) —2,b— ( (2)}.

The well known identity

X+Y X-Y
(3.12) max {X,Y} = ; +‘ - ‘

may be used to give

M (z) = 5% + |a (2) — “F2],
(3.13)
and Ms (z) = b*T“"+‘ﬁ(x)—xT+b‘.
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Using the identity (3.12) again gives, from (3.11),

M (z) + M5 (z) L | M (z) — M (2)

M (@) = 2 2

which on substituting (3.13) gives (3.3) and so from (3.10) and (3.4) readily
results in the third inequality in (3.1) and the theorem is completely proved. I

Remark 4. Various choices of a () and B(:) allow us to reproduce many
of the earlier inequalities involving function and derivative evaluations at an
interior point and/or boundary points. For other related results see Chapter
XV of [32].

If « (z) = a and B (x) = b then S, (x) = 0 and Ostrowski type results for n-
time differentiable functions of Cerone et al. [9] are reproduced (see also [35]).
Further, taking n = 1 recaptures the results of Dragomir and Wang [22]-[25]
and n = 2 gives the results of Cerone, Dragomir and Roumeliotis [5]-[8]. The
n = 2 case is of importance since with = = “T“’ the classic midpoint rule is
obtained. However, here the bound is obtained for f” € L,[a,b] for p > 1
rather than the traditional f” € Ly [a, ], see for example [16] and [17].

If a(z) = B(z) = z then R(z) = 0 and inequalities are obtained for a
generalised trapezoidal type rule in which functions are assumed to be n-time
differentiable, recapturing the results in Cerone et al. [10]. Taking n = 2
the classic trapezoidal rule in which the bound involves the behaviour of the
second derivative is recaptured as presented in Dragomir et al. [18].

Taking « (-) and S (-) to be other than at the extremities results in three
point inequalities for n—time differentiable functions. Cerone and Dragomir
[2] presented results for functions that at most admit a first derivative.

Remark 5. It should be noted that the bounds in (3.1) may themselves be
bounded since a (-), B (-) and x have not been explicitly specified.

To demonstrate, consider the mappings, for ¢ € [A, B],

mt)y=1t—A)+B-1)"0>1
(3.14)
andhz(t):B%A—i—‘t—A“'TB‘.

Now, both these functions attain their maximum values at the ends of the
interval and their minimums at the midpoints. That is, they are symmetric
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and convex. Thus,

sup hy (t) = hy (4) = hy (B) = (B — A)°,
te[A,B]

sup hs (t) = ho (A) = he (B) = B — A,
te[A,B]
(3.15) !

. _ A0
tel[rA},fB} P (8) = I (AJQF—B) =7 (B—A) ’

d inf hy(t) = he (448) = 54,
M 2 () = h2 (557)

\

Using (3.14) and (3.15) then from (3.2) and (3.3), on taking « () and 5 (+)
at either of their extremities gives

1
ng+1

(b—a)"*!
ng+1

Qn (4,2) < QY (g,2) = (2= )" * 4 (b= )™

IN

and
1
M(x)SMU(x)za[b—a+|x—a|]§b—a,

where the coarsest bounds are obtained from taking z at its extremities.
The following corollary holds.

Corollary 3. Let the conditions of Theorem 2 hold. Then the following result
is valid for any = € [a,b]. Namely,

(3.16) Bdi -3 —{ (b= o)+ (-)* ! (@ - )] 15D ()
kw—aﬁfw1w>+w—n“*w—wﬁf“1”“}ﬂ
H-f Hoo2 -n |:(£E _ a)n-i-l + (b_x)n+1:| f(”) €L [a b]
- y oo |4, U],
< QW e g gyt g o] ) € o
(ng+1)1
withp>1, 1+1 -1,

\||f:!)“127n 258 4 | — «52|]" f™ € Ly [a,b].

Proof. Taking v (-) and 3 (+) at their respective midpoints, namely o (1) = %%
and 3 (x) = ‘”—‘H’ n (3.1)-(3.3) and using (2.3) readily gives (3.16)
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Remark 6. Corollary 3 could have equivalently been proven using (2.9) and
(2.10) following essentially the same proof of Theorem 2 from using identity
(2.9). The more general setting however, allows greater flexibility and, it is
arqued, is no more difficult to prove.

Corollary 4. Let the conditions on f of Theorem 2 hold. Then the following
result for any = € [a,b], is valid. Namely, for any v € [0, 1]

b n_ 1)k B
g | [ roa-Y S [0k @) 14 @)+ o)
@ k=1 ’
( ||f(")||OOH ( )G (:L‘) f(n) cL [a b]
(n+1)! 1\ 1 ) oo [Yy Y]
< Hf(n)“p % % (n)
<9 ﬁHq (v)G¢ (z), f"™ € Lyla,b|
nl(ng q
p>1, zlv + % =1,
(n)
\ an' Hlyn ((L‘), f(n) ELl [a,b],
where

((Hy(y) =" 4+ (1 =)
Gy (z) = (z —a)"t 4 (b—z)"9t!
(3.18) { v(z)=[3+|v— 3] [+ |z — 2],

ri (@) = (b—2)" + (=) (z —a)*,

| and sp (2) = (z —a)* [ (a) + (=1)* 7 (b — )" f7D ().
Proof. Take «a(-) and ((-) to be a convex combination of their respective
boundary points as given by (2.13) then from (3.1)-(3.3) and using (2.14) and
(2.3) readily produces the stated result. We omit any further details. I

Remark 7. It is instructive to note that the relative location of a(-) and
B (+) is the same in Corollary 4 and is determined through the parameter v as
defined in (2.13). Theorem 2 is much more general. From (2.13) it may be
seen that a (z) = [ (z) = x is equivalent to y = 1, giving trapezoidal type rules
while a(z) = a, B(x) = b corresponds to v = 0 which produces interior point
rules. Taking v =0 and v = 1 reproduces the results of Cerone et al. [9] and
[10] respectively.
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Taking v = 3 in (3.17) produces the optimal rule while keeping z general
and thus reproducing the result of Corollary 3. Following the discussion in
Remark 5 and as may be ascertained from (3.18) the optimal rules, in the
sense of providing the tightest bounds, are obtained by taking v and z at
their respective midpoints.

The following two corollaries may thus be stated.

Corollary 5. Let the conditions on f of Theorem 2 be valid. Then for any
v € [0, 1] the following inequalities hold

(3.19)
a+b _ a+b a+b
S ) )]
4 f(n) a n
e (6 (242). ) € Lo lanbl,
17|l L ath
<{ M yi )6y (5), £ € Lyla,b)
n'(nq+1)
p>1, -+ =1
(n)
DY 7 € Ly [a8],
where

[ H, () is as given by (3.18),

320 v =0 G+]r—30,

| omd e (552) = (559" [£40 (@) + (1) 1D )]

Proof. The proof is trivial. Taking z = “T‘"b in (3.17)-(3.18) readily produces
the result.

Remark 8. [t is of interest to note from (3.20) that

(3.21)

_a\k
(a—i—b) 2(%) y k odd
Tk 2 =

0, k even
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so that only the evaluation of even order derivatives are involved in (3.19).

Further, for f* =1 (a) = f&=D (b) then

(3.22) s (“"2”’) = 5 (a) (“‘2“ b) D () (a—;b)

so that only evaluation of even order derivatives at the end points are present.

Corollary 6. Let the conditions on f of Theorem 2 hold. Then the following
inequalities are valid

(3.23)
’ ! (—l)k k a+b a+b a+b
_ - vy (k—1)
£ (422) 0 (122) 1 (2
(|| (™ Cn— _a\n+1 "
7”(n+1“ﬁ°-2( D (59", f™ € Loo[a,b],

() l
T AL -y IO IR AN

— n!(nq—l—l)% ng+1 2
with p > 1, ;}—i—%:l,
IO e
\H n! “1 (%)n’ f(n) €Ly [aab]a

where 1y, (“Tb) and sg (“Tb) are as given by (3.20).

Proof. Taking v = % in Corollary 5 will produce inequalities with the tight-

est bounds as given in (3.23). Alternatively, taking v = 3 and z = “T‘"b in

Corollary 4 will produce the results (3.23).

The results (3.21) and (3.22) together with the discussion in Remark 8 are
also valid for Corollary 6.

The following are Taylor-like inequalities which are of interest (see [12] and
[14] for related results).

Corollary 7. Let g : [a,y] — R be a mapping such that g™ is absolutely
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continuous on [a,y]. Then for all x € [a,y]

(3.24)

( ||g(n+1)||oo ~

TQR (1,(1)), g(n+1) ELOO [aab]a

(n+1) ~ 1
< 4B 6, 0], g € Ly
with p > 1, ;}—i—%zl,
||g(n+l)||1 Vil (n+1)
(| =7 M" (2), g € Ly [a,b],
where
~ 1
Gn(gr) = oy (@) 0"+ @ - o)

+(B (@) =)+ (y = B @)

M (z) = %{%ju‘a(x)—“;x +‘ﬁ(x)—‘”‘£y‘
R e M If

Proof. The proof follows from Theorem 2 on taking f (-) = ¢’ (-) and b=y so
that 3 (z) € (z,y]. Alternatively, starting from (2.15) and (2.16) and, following
the proof of Theorem 2 with b replaced by y and f (-) replaced by ¢’ (+) readily
produces the results shown and the corollary is thus proven. I

Remark 9. Similar corollaries to 3, 4, 7 and 8 could be determined from the
Taylor-like inequalities given in Corollary 6. This would simply be done by
taking specific forms of a(-), B (-) or values of x as appropriate.

Remark 10. If in particular we take o (x) = a and B (x) =y in (3.24) then
for any x € [a,y]

S

(3.25) 9(y) —g(a)—
k=1

(=) + (1) 1 @ = )] g ()

==

< ey (:E, y)
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¢ g(n+1)
“ (n+1)|!|oo [($ — a)n+1 + (y — x)nJrl} ) 9(n+1) € L [a,y],
(n+1) L
-y M [ o a)nq+1 +(y— $)nq+1} ‘. g(n+1) € Ly a,y]
n!(ng+1)4
with p>1, 2+1=1,
(n+1)
| s . I, [L52 4 o — 252]]", gt € Ly [a,y].

Merkle [30] effectively obtains the first bound in (3.25).

It is well known (see for example, Dragomir [14]) that the classical Taylor
expansion around a point satisfies the inequality

n k
y—a
(3.26) ﬂw—E:LijﬁmW)
k=1
1Y n
< 5 [ = m.
where
; —a n+1 n n
oo g, g0 € g fayy
n+l
(3.27) E, (y) <3 %Hg(nﬂ)“p, g™t € L, [a,y]
nl(ng
with p>1, L+1=1,
[ &0 gD, gD € Ly [a,y],

fory>aandyel CR

Now, it may readily be noticed that if x = a in (3.25), then the classical
result as given by (3.26) is regained. As discussed in Remark 5 the bounds
are convex so that a coarse bound is obtained at the end points and the best
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at the midpoint. Thus, taking = = %y gives

n [1 + (—1)k—1]

_ a+y
(3.28) 9 —g(@) =) ——F——2 " (y—a) g (T)
k=1 )
a+
S €n (Tyay>
( ||gntD) B
“ (n+1)|!|oo 27" (y - a)n—l—l ) g(n+1) € Loo [a’a y] )
(n+1)
= L I gy gy g Ly[a,y]
nl(ng+1)4¢
with p>1, 2+ 1 =1,
||g(n+l)||1 2= (4 — q)™ (n+l) ¢ 7,
L (y—a)", g € Lia,y].

The above inequalities (3.28) show that for g € C*° [a, b] the series

- k-1
gla)+ H—;} (y—a)* g*) <a—;y>

k=1

converges more rapidly to ¢ (y) than the usual one

= -’
> 9" ),

k=0

which comes from Taylor’s expansion (3.26). It should further be noted that
(3.27) only involves the odd derivatives of g () evaluated at the midpoint of
the interval under consideration.

Remark 11. If a(z) = B (z) = = in (3.24), then for any x € [a,y]

(329) |g)—g(@) ~ 3 [@— ) o @) + () (g — ) o (0)] ‘

k=1
< ep (]77 y) )

where ey, (z,y) is as defined by (3.25). See Cerone et al. [10] for related results.

§4. Perturbed Rules Through Griiss Type Inequalities

In 1935, G. Griiss (see for example [32]), proved the following integral inequal-
ity which gives an approximation for the integral of a product in terms of the
product of integrals.
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Theorem 3. Let h,g : [a,b] — R be two integrable mappings so that ¢ <
h(z) < ®(x) and v < g(z) < T for all z € [a,b], where ¢, ®,v,I' are real
numbers. Then we have

(1) 17 ()| < 7 (@~ ) (T —7),

where

42 b b b
T(h,g):bia/h(x)g(x)dx—ﬁ h(x)dx-ﬁ g (x)dx

and the inequality is sharp, in the sense that the constant i cannot be replaced
by a smaller one.

For a simple proof of this fact as well as for extensions, generalisations,
discrete variants and other associated material, see [32], and the papers [6],
[11], [13], [15] and [22] where further references are given.

A premature Griiss inequality is embodied in the following theorem which
was proved in the paper [29]. It provides a sharper bound than the above
Griiss inequality. The term premature is used to denote the fact that the
result is obtained from not completing the proof of the Griiss inequality if one
of the functions is known explicitly. See also [2] for further details.

Theorem 4. Let h,g be integrable functions defined on [a,b] and let d <
g(t) < D. Then

—d
2

M

(4.3) T (hg) < 2

[T (h, h)]2,

where T (h,g) is as defined in (4.2).

The above Theorem 4 will now be used to provide a perturbed generalised
three point rule.

4.1. Perturbed Rules From Premature Inequalities

We start with the following result.

Theorem 5. Let f : [a,b] — R be such that the derivative f™=1 n > 1 is
absolutely continuous on [a,b]. Assume that there exist constants v,I' € R
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such that v < ") (t) < T a.e. on [a,b]. Then the following inequality holds

b n_q
@D @l = | [ FOd-3 5 [Re@) 50 @) + 5 0)
a k=1
n O (@) fO7D (b)) = 7Y (a)
- (=1 n+1 ' b—a
F—v 1
< @)
< '—y n ‘(b—ot)nJrl
- V2 (n+1) V2n+1
where
(4.5) I@n) = L {n2 (b—a) O, (2,2)
' ’ (n+1)v2n+1 e
4
+(2n+1) Zziz]- [2] — (—z]-)n]2 }
=1
j>i

Z = Ha(z)—a,z—a(z),B(z) —z,b—pF(x)}, z € Z, i=1,...,4,
Qn(z) = 2n+1)Qn (-, x) with Qy (-, z) being as defined in (3.2),
On(z) = ()" 21" +207 + (—1)" 257 4 207,

and Ry, (z), Sk (z) are as given by (2.3).

Proof. Applying the premature Griiss result (4.3) by associating f(™ (¢) with
g (t) and h (t) with K, (x,t), from (2.2) gives

b
(4.6) ‘(_1)” / Ky (1) £ (1) dt
b (n—1) _ r£(n-1) a
- ((_1)"/a K, (x,t)dt) L
< -a) T (K K]

where from (4.2)

—a b—a

T(Kn,Kn):bl /jKﬁ@,t)dt—( ! /:Kn(ac,t)dt>2.
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Now, from (2.2),

(4.7) _a/ Ky (z,t)d
t—oa(x)” bt — B (x)"
1 n+1 n n+1
_ m[(w—a(x» (-1)" (a () — a)
(b= B+ (1 (3 ) — 2|
1

“Gamrn®
and
(4.8) bia/bKi (z, 1) dt

_ m [/:(t—oz(:z:))Q”dtnL/Eb(t—B(x))Z”dt]

= ! z—a(@)” ™ + (a(z) —a)!
- T [ e @) ) —a)

(b ()™ + (B (z) - x)Z"“]
1

= gl emrn Y

on using (3.2).
Hence, substitution of (4.7) and (4.8) into (4.6) gives

(09) / K, (2.0) f (8)dt — (—1)" (ani))! foD (b()) - g(nl) (a)
< T —J (z,n),
where
(4.10) (2n + 1) (n + 1)? J? (z,n)
= n+1)%0b-0a)Q,2,z)—(2n+1)6? (z).
Now, let

(411) A=a(z)—a, X=z—a(z), Y =0(z)—zand B=b—((z),
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then (4.7) and (4.8) imply that
O (2,1) = AZH1 4 X201 |y 20l | gonl
and
O (x) = (=1)" A"+ X" 4 ()" Y 4 B
Hence, from (4.10) and using the fact that b—a=A+ X +Y + B,

(4.12) (n+1)% (b —a)Qn (2,2) — (2n+ 1) 62 (z)
= n°Qn(2,2)+(2n+1) [(A+ X +Y + B) Q, (2,2) — 0}, ()]
4

= n%Q,(2,2)+ (2n+1 Zzzz] — (—2z)")?
i=1

[

S,

after some straight forward algebra, where Z = {A, XY, B}, 2z, € Z, i =
1,...,4.

Substitution of (4.12) into (4.10) gives I (z,n) = #@n—ﬂ as presented

by (4.5). Utilising identity (2.1) in (4.6) gives (4.4) and the first part of the
theorem is proved.

The upper bound is obtained by taking « (), 3(:),  at their end points
since I (z,n) is convex and symmetric. The second term for I (z,n) is then
zero and Qp (2,2) < 2(b—a)®™" and hence after some simplification, the
theorem is completely proven.

Corollary 8. Let the conditions of Theorem 3 hold. Then the following result
18 valid,

(4.13)

—27"[1+ (-1)"] (A" + B") -

_ —2(n+1)
< | . 2
- 2 n!

{ [4712 i (1 n (_l)n—1> (2n + 1)} [A2(n+1) + BZ(n-H)}
+ [4n? +2(2n +1)] AB (A*™ + B™) +4(2n+ 1) (-1)" " (A - B)" ™! }

where Ty, (z) and sy, (x) are as given by (3.18) and A=z —a, B=b—=.
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Proof. Let a(z) = “52 and B (z) = ZE in (4.4), readily giving the left hand
side of (4.13). Now, for the right hand side. Taking A =z —a, B=b— 1z, we
have

Qn (2,$) — 27271 [A2n+1 + B2TL+1]

and

M-

S =

vz [0 — (—z)" = 2 2D [AZ(nJrl) +B2(n+1)} (1 n (_1)71,71)

oL
(VA

2
+2AB (A” + ()" ! B”)
so that from (4.5) and using the fact that b —a = A + B,

(4.14) (n+1)vV2n + 11 (z,n)
— 22(n+1){4n2 (A + B) [A2n+1 + BZn+1]

+(2n +1) [(A2(n+l) +B2(n+1)) (1 " (_1)n_1)
124B (A” + (=) Bn)Z] }
= 2*2(”“){[4712 + (1 4 (_1)7171) (2n + 1)] [Az(nﬂ) _’_Bz(n+1)}

+[4n2 +2(2n+ 1)] AB (A™ + B?) + 4 (2n + 1) (—1)"" (AB)”“} :
A simple substitution in (4.4) of (4.14) completes the proof. i

Corollary 9. Let the conditions of Theorem 3 and Corollary 8 hold. Then
the following inequality results,

[ o= [ (550 0 (57) + (5]
24 (L4 (<)) [£0D () = £ (a)] ‘

. I (b—“>2(n+l) [877,2 +3(2n+1) (1 + (_1)%1)] ’

(4.15)

n! 4

where 1y, (%2) and sp, (%52) are as given in (3.20).
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Proof. The proof follows directly from (4.13) with z = “TH’ so that A =B =
bfT’L, giving for the braces on the right hand side

2 (b < “)MH) [8712 +3@2n+1) (1 + (—1)"*1)} .

Some straight forward simplification produces the result (4.15).

Remark 12. [t may be noticed (See also Remark 8) that only even order
degrees are involved, in (4.15), at the midpoint while this is only the case
at the endpoints if the further restriction f=V (a) = f¢=D (b) is imposed.
Further, if n is odd, then there is no perturbation arising from the Griss type
result (4.15).

Theorem 6. Let the conditions of Theorem 3 be satisfied. Further, suppose
that £ is absolutely continuous and is such that

Hf(n‘H)H = ess sup ‘f(n'i'l) (t)‘ < 0.
Sy t€(a,b]

Then
(4.16) on @) < 20| ).

where p,, (x) is the perturbed interior point rule given by the left hand side of
(4.4) and I (z,n) is as given by (4.5).

Proof. Let h,g : [a,b] — R be absolutely continuous and 4’, ¢' be bounded.
Then Chebychev’s inequality holds (see [34, p. 207])

(b_a)2 ! i
T (h,g)| < sup |h'(t)|- sup |g'(t)|.
T (gl V12 te[a,b]‘ ®) te[a,b]‘ ®)

Matié, Pecari¢ and Ujevié [29] using a premature Griiss type argument proved
that

(4.17) T (h,g)| < (b\/_l—;) tEpr] |9 &) VT (h,h).

Thus, associating f™ (-) with ¢ (-) and K (z,-) , from (2.2), with & (-) in (4.17)
produces (4.16) where I (z,n) is as given by (4.5). &

Theorem 7. Let the conditions of Theorem 3 be satisfied. Further, suppose
that £ is locally absolutely continuous on (a,b) and let f"+tY) € Ly (a,b).
Then

(1.18) o @) < 2[00 - r ),
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where p,, (z) is the perturbed generalised interior point rule given by the left

hand side of (4.4) and I (z,n) is as given in (4.5).

Proof. The following result was obtained by Lupas (see [34, p. 210]). For
h,g : (a,b) — R locally absolutely continuous on (a,b) and h',¢g" € Ly (a,b),
then

b— 2
T (o)l < =2 1w, ],

2

where

1

I 2
1Kl := (ﬂ/ |k(t)|2> for k € Ly (a,b).
a

Matié, Pecari¢ and Ujevié¢ [29] further show that

(4.19) 17 (o)l < "2 ||, VTR,

Now, associating f (-) with ¢ (-) and K (z,-), from (2.2) with A (-) in (4.19)
gives (4.18) where I (z,n) is as found in (4.5). I

Remark 13. Results (4.16) and (4.18) are not readily comparable to that
obtained in Theorem 3 since the bound now involves the behaviour of f"t1) (+)
rather than £ (-).

Remark 14. Premature results presented in this section may also be obtained,
producing bounds for generalized Taylor-like series expansion by taking f = ¢'
and b=y. See also Mati¢ et al. [29] for related results.

§5. Applications in Numerical Integration

Any of the inequalities in Sections 3 and 4 may be utilised for numerical
implementation. Here we illustrate the procedure by giving details for the
implementation of Corollary 4.

Consider the partition I, : a = 9 < 71 < ... < Tppo1 < Ty = b of
the interval [a,b] and let the intermediate points & = (&g, ...,&,,_;) where
§; € [xj,mj41] for j =0,1,...,m — 1. Define the formula for vy € [0, 1],

(51 i (f I &) = 3 {(1—v>’“rk(5j)f<k—” ()

#9b [ABFED (o) 4 (0P B (a0 .
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where

e (&) = BF + (—1)’HA§
(5.2) Aj=¢; — x5, Bj=wzj1—¢,

and h; = Aj +Bj=xj41 —xj for j=0,1,....m — 1.
The following theorem holds involving (5.1).

Theorem 8. Let f : [a,b] — R be a mapping such that f*~1 is absolutely
continuous on [a,b] and I, be a partition of [a,b] as described above. Then
the following quadrature rule holds. Namely,

b
(5.3) / J (@) de = Apn (fs Iy €) + Ronn (s s £),

where A, is as defined by (5.1)-(5.2) and the remainder Ry, (f, Im, &) sat-

isfies the estimation

(54) R (f, I, €)|

( ||f(n)||oo el n+1 n+1 (n)
e () 2 (Aj + B] ) for f™ € Ly [a,b],
J:

1

(n) m—1 q
| Hp Hq(v) [E (A?qﬂ +B;_zq+1>] . for f(n) € Lyla,b],
7=0

< 4 nt (nq—l—l)%
p>1, %4—%: 1,
[ 1\
(3 —3))" x .
(h) x;+a;
\ ["T +j:(}}1n§>7;71‘£y L 2”1] . for feL[ab],

where Hy () is given by (3.18), v (h) = max{hj|j =0,....,m — 1}, and the

rest of the terms are as given in (5.2).
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Proof. Apply Corollary 4 on the interval [z}, ;1] to give

(5.5)

A =D N pk—1) (¢
[ rwa= Y S -t g) 140 )

J k=1

[ A0 )+ (-1 B w00)] |

(£ sw (i o] (a3 + B,

telm;,@j41]

IN

1
1 ng+1 ng+1 o
Hlo) [ e | o) () du}”(—%qﬂ ,

(%HZJ%D [ CL‘]+1 ‘f )‘ du] (% + ‘fj _ l‘j+12Ej+1

\

)"

where the parameters are as defined in (5.2) and H, (vy) is as given in (3.18).

Summing over j from 0 to m — 1 and using the generalised triangle inequality
gives

(5.6) R (f,Im, )|

;

m—1
B sw [fO@) (a5 By,

J=0 t€[z;,xj41]

m—1 1 ng+1_ png+l
P A’ +B
7) ZO( s ‘f )‘ du)p( — > ,
]:

(3 +|7 )" é ( l‘]+1‘f )‘du) (%_i_kj_xj-l-;jﬂ

Qe

IN

x

\

Now, since  sup ‘f(”) (t)‘ < Hf(")HOO, the first inequality in (5.4) readily
t€lwj,3j41]
follows.



THREE POINT IDENTITIES AND INEQUALITIES 377

Further, using the discrete Holder inequality, we have

1 1

m—1 > ng+1 ng+1\ o

(/ e <u>\pd“>p (Aj = )
ng+1

Jj=0

IN
N
S
&)
+ —
—_
N———
Q|
1
. 3
N
7N
a\e
x

_JZO J
m—1 179 %
<| S [ men)]
=0
_ Hf H i mzl (Anq+1 +Bnq+1>
(nq+1)5 j=0

and thus the second inequality in (5.4) is proven.
Finally, let us observe from (5.5) that

(u)‘ du) (h—; +

le o Tj+ Tj41
’ 2
Jj=

I

y

h. . . nm—1 Tj41
< g (Felo - ) e wla
< . ) )T
- ( 2 +j:0,...,m71 &= Hf

Hence, the theorem is completely proved. I

Remark 15. Following the discussion in Remark 5, coarser upper bounds to

those in (5.4) are obtained by taking §; at either extremity of ils interval,
giving

H-f H - lh +1 Hf H Hq (7) mz_lhmﬂrl !
) 1 )

(n+1) J:O ! (ng+1)e \ j=o !

fn

H n'Hll/n(h)

for £ belonging to the obvious Lyla,b], 1 < p < oo. These are uniform
bounds relative to the intermediate points &.
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Corollary 10. Let the conditions of Theorem 8 hold. Then we have

b
/ F (@) de = A (F, Im) + Ronn (F In)

where
m—1 n k
v (f I S a6 0 )
j=0 k=1 )
#H (170 )+ (0 10 )]
with
k
_TitTin N ke
6 = 5 and 1 (65) = 5 (1+( 1) )
and the remainder Ry, (f,Im) satisfies the inequality
R (f; Im)|
( f(n) m—1 hs k n
IS ()" for f™ € Log[a,b],
j=0
1
< WM, me [RE (e ()
> . - , Jor € Lyla,b
w2 () for £ € Ly[a.b
1,1 _
o, ) p>Lp+g=1
S Gl =) () fer e Lufay).
Proof. The proof is trivial from Theorem 8. Taking {; = M gives A; =

Bj = %] and the results stated follow. I

86. Concluding Remarks

Taking v = 0 in Corollary 1 gives a generalised Ostrowski type identity which
has bounds given by Corollary 4 with v = 0, reproducing the results of Cerone
and Dragomir [4]. This gives a coarse upper bound as discussed in Remark 5
since the bound is convex and symmetric in both v and z. Let the identity be

denoted by M, () which is produced from taking a Peano kernel of

% tefa,a]

n!

(6.1) kM (:E,t) =
=0 " 4 e (z,0].

n!
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Further, taking v = 1 in Corollary 1 gives a generalised Trapezoidal type
identity with bounds given by Corollary 4 with v = 1 reproducing the results
of Cerone and Dragomir [3]. This choice of v again gives the coarsest bound
as discussed in Remark 5. Let the resulting identity be denoted by Tj, (),
which results from taking a Peano kernel of

(z —8)"
n!

(6.2) kT ((I,‘,t) =

It was shown in Cerone and Dragomir [4] that ||k (z,t)||, = ||kr (2,?)]],. Let
It (z) = AM,, () + (1 = X\) T3, (2)
which is obtained from the kernel
kE(z,t) = Mear (z,t) + (1 = N) kr (2, 1)

where kjs (z,t) and kr (z,t) are given by (6.1) and (6.2) respectively. The
best one can do for ¢ > 1, g # 2 with such a kernel when determining bounds
is to use the triangle inequality and so

(6.3) 1 (2, D)l < Mikar (2, )l + (L= X) [[kr (2, 1),

= |lkn (2,0l = [z (2, 8)]l, -

The results thus obtained would be given by, for f(") e Lyla,b], p>1,

n

b n
/ F@ At =2 (=) rp () fFD () = (1= X)) D (=1)F s (2)
a k=1

k=1

r (n)
||(fn+1||)TO 1 (z), for f(" € Lo [a,b],

(n)
< {6, 0, for [0 € Lyla.],

nl(ng+1)4@
D> 1, I% + % = 13

(n)

5 b fo 232 or 7)€ L[],

where 7, (2), s (z), G4 (z) are given by (3.18) and it should be noted that the
bound is independent of A. This result would be no more difficult to implement
than (3.17) in Corollary 4, with the best bounds resulting from v = 1. For
q =1, 2 or infinity, ||k (z,?)||, may be evaluated explicitly without using the
triangle inequality at which stage comparison with the results of Corollary 4
would be less conclusive. This will not be discussed further here.

In the application of the current work to quadrature, if we wished to ap-
proximate the integral fabf () dx using a rule Q (f, I,) with bound E (m),
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where I, is a uniform partition for example, with an accuracy of ¢ > 0, then
we require m. € N where

m. > [E7' ()] + 1,

with [w] denoting the integer part of w € R.

The approach thus described enables the user to predetermine the partition
required to assure the result to be within a certain error tolerance. This
approach is somewhat different from that commonly used of systematic mesh
refinement followed by a comparison of successive approximations which forms
the basis of a stopping rule. See [1], [26] and [28] for a comprehensive treatment
of traditional methods.
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