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Abstract. This paper considers local convergence of secant methods for a non-
linear system of equations. The well-known local convergence theory has been
developed by Broyden, Dennis and Moré (1973). They used a norm inequality
such that the difference between two vectors transformed by some matrix is
bounded above by an order of one of the two. Instead, in the present paper, we
use an inequality that bounds the angle between the vectors. This inequality
has a merit of scale invariance whereas the norm inequality does not.
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§1. Introduction

We consider iterative methods for solving the system of nonlinear equations
(1.1) F(x) =0, x € R,

where F(z) = (Fi(%),...,F,(z))", and each F; : R* — R is continuously
differentiable for ¢ = 1,...,n. The best known iterative method for solving
this problem is Newton’s method. The method generates a sequence {zy}, for
a given xg € R"™, by the iteration

T = g — F'(z) T F(xy), k=0,1,...,

where F'(zj) denotes the n x n Jacobian matrix of F' at xj whose (i,7)th
element is OF;(xy)/0x;. Newton’s method is locally convergent and very fast;
its rate of convergence is usually quadratic. However, one of the major draw-
backs of this method is that the Jacobian matrix is required at every iterate.
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Since F'(zy) is often expensive to compute, it is approximated by a matrix
By, and a sequence {z}} is defined, for a given zp € R"” and By € R"*", by

xk+1:xk—Bk_1F($k), k=0,1,...,

where a new approximation By is commonly obtained from By by using a
low-rank (usually rank-one or two) updating formula. Because By is intended
to be an approximation to the Jacobian F’(zy), the next approximation By
is often required to satisfy the secant equation

Bi+15k = Yk,

where s = 11—z, and yp = F(zgr1) — F(xg). A method with such an
update is called a secant (or quasi-Newton) method. The choices of different
updates give different methods. These methods are closely related to the ones
for solving nonlinear minimization problems. Indeed, nonlinear equations can
easily be found in differentiable unconstrained minimization. In this case,
nonlinear equations to be solved are derived from the first-order necessary
conditions, namely, F' is the gradient of some function to be minimized. For
more details, see a standard textbook, for example, Dennis and Schnabel [4].

Various secant methods for solving problem (1.1) and the minimization
problem have been proposed, and their convergence properties have been stud-
ied by many researchers. Among those, one of the well-known and remarkable
results is the one developed by Broyden, Dennis and Moré [1]. The theory
includes so-called bounded deterioration properties, originally investigated by
Dennis. This property plays a key role in a local convergence analysis for se-
cant methods. They used a norm inequality such that the difference between
two vectors suitably scaled by some matrix is bounded above by an order of
one of the two.

In the present paper, we give a bounded deterioration property based on
an inequality different from the norm inequality that Broyden, Dennis and
Moré [1] used. The underlying inequality has a very simple geometric meaning
that it bounds the angle between the suitably scaled vectors. Moreover, the
inequality has a merit that it is invariant to the size, while the norm inequality
does not. There is a case that the scale invariance enables us to simplify the
proof of a local convergence property of a structured secant method.

In Section 2, we describe our notation, basic properties and some assump-
tions employed. In Section 3, we deal with rank-one secant updates. We show
local superlinear convergence of the rank-one secant methods. Symmetry re-
quirement for updates arises naturally in the case for smooth unconstrained
minimization. However, rank-one updates are in general not symmetric. For
this reason, in Section 4, we consider symmetric rank-two secant updates. We
show local superlinear convergence of the rank-two secant methods.
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8§2. Notation, Basic Properties and Assumptions

Throughout this paper, symbol I denotes the identity matrix of order n. Su-
perscripts T and — T denote, respectively, the transpose of a vector or a matrix
and the transpose of an inverse matrix. The latter equals the inverse of a trans-
posed matrix. Norm || - || denotes the ly-vector norm or its induced operator
norm. Norms | - ||r and || - ||ar,n denote the Frobenius norm and a weighted
Frobenius norm defined as

|Al[r = \/tr(ATA) and |A|pun = ||[NAMT||p for A in R™*",

where M and N are nonsingular matrices in R”*™. In particular, we denote
| Al|ar,ar by ||Allar simply. We will use the following basic properties: for any
matrices A and B in R™*",

IATI = [14]) < | Alle = |AT Ir,
lAJ < 1M N Al
|AB(p < min{ | Al Ble, 1Al B]} < [Alle]B]e.

For any nonsingular matrices M and N in R™*", we can take unique symmetric
positive definite matrices |M| and |N| in R"*" such that

ANl e, vy = 1 Allazv Il Alljar) = | Allaz,

where |M| denotes the absolute of M, i.e., [M| = (MTM)Y2. However, we
will not assume in this paper that M and N are symmetric positive definite.
For vectors a and ¢ in R” with ¢’ a # 0, we define projection operators by

T acT

ac
2.1 P =1—- — d = —

(2.1) (@) =1~ and Qla,e)= "%,

and we abbreviate P(a,a) and Q(a,a) as P(a) and Q(a). Thus, by P(a) and
Q(a) for nonzero vector a in R", we mean

aaT T
(2.2) Pla)=1— Tal and Qa) =

Operators P(a) and Q(a) are both orthogonal projectors. Obviously, P(a,c)+
Q(a,c) = P(a) + Q(a) = I. For vectors a, r and ¢ in R" with c¢'a # 0, we
define two functions given by

T
re
q)l(avnc) = ma
T T T
c c
®y(a,r,c) = re ter o ar ce .
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It is easily seen that each function ®;(a,-,c) is linear in r, i.e., for any real
numbers t1, t3 and for any vectors r1, r9 in R", it holds that

(2.3) D, (a,tyr + targ, c) = t1P®;(a,r1, ¢) + t2®;i(a, ra, ).

For r = Ya, where Y is any matrix in R™*", the function ®; is written as
(2.4) ®y(a,Ya,c) =YQ(a,c).

Similarly, we can verify by a direct calculation that, for r = Ya, where Y is
any symmetric matrix in R™*", the function ®4 is written as

CGT acT
(25) q)g((l,YCL,C) =Y - (I— m)Y(I— m)

=Y — P(a,¢) ' YP(a,c).

Furthermore, for vectors a, b and ¢ in R” with ¢'a # 0 and X in R™", we
define rank-one and rank-two update functions by

_ (b— Xa)c"
(26) Al(a/, b, C,X) = T,
(b—Xa)e" +c(b—Xa)' a'(b—Xa) -+
2. A X) = — .
( 7) 2((1, ba ) ) cla (CTCL)2 cc
Then clearly,
(2.8) Ai(a,b,¢, X) = ®;(a,b— Xa,c), i=1,2.

Also note that Ag is symmetric. Letting X;1 = X + A;(a,b,¢,X), i = 1,2,
we can readily verify that both of X; satisfy the ‘secant’ equation X a = b.
Therefore, X1 and Xo, give, respectively, the rank-one and the symmetric
rank-two secant updates. The vector ¢ in (2.6) or (2.7) is called the scale. We
note that A; (i = 1,2) are invariant to the size of the scale c.

An e-neighborhood of a € R™, denoted by N (a;¢), is an open ball centered
at a with radius ¢, i.e., N(a;¢) = {z € R" : ||z — a|| < £}. Analogously, a
d-neighborhood of A € R™*" induced by || - ||a,nv is an open ellipsoid centered
at A with radius ¢ measured by || - ||a,n and is denoted by Ny n(4;9), ie.,
Nun(4;0) ={X e R : | X — A||mn < d}. A d-neighborhood Ny (A;0d)
refers to Nasar(A;9).

We make the following standard assumptions regarding F'.

(A1) The function F': Q C R™ — R" is differentiable in an open convex subset
Q.
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(A2) There exists a point x, in Q such that F(z,) = 0.
(A3) The Jacobian matrix F’(x,) € R™*™ is nonsingular.

(A4) The derivative F” is locally Holder continuous at x,, i.e., there exist
constants £ > 0, p € (0,1] and £, > 0 such that for all z € N (x,;e.) C Q,

(2.9) |F/ () = F' ()| < El|la — 7.

It follows from (A1) and (A4) that for all u and v in N (x4;e.),

§
p+1
(2.11) [1F(u) = F(v) = F'(z:)(u = )| < &o(u,v)P|lu— v,

(2.10)  [|F(u) = F(2.) = F'(z.)(u = z.)|| <

lu — @] P*,

where o(u,v) = max{|[ju — x|, ||[v — x«||}. See Lemma 4.1.12 in Dennis and
Schnabel [4] and Lemma 3.1 of Broyden, Dennis and Moré [1]. We write
o(xk, Tk+1) as o for short.

§3. Superlinear Convergence of Rank-one Secant Methods

In this section, we prove local superlinear convergence of rank-one secant meth-
ods. We begin with a form convenient to estimate the difference between an
updated matrix and a target matrix by the weighted Frobenius norm.

Lemma 1. Let X € R™", and let a, b and ¢ be vectors in R™ with ¢'a # 0.
Let X be defined by the rank-one secant update

(3.1) X =X+ Aq(a,b, ¢, X).

Then, for any A, N € R™™" and any nonsingular M € R™*", there hold

— a ¢ 1" N(@O-Aa)(Mc)"
E = EP(a FEa - —

(a) @)+ B oy — = Lo
_ R ¢ a ]t N(Ob-—Aa)(Me)T

b FE =FEP Fl— — —

(b) @+ B~ 573 Ta

where E:=N(X—-AM'", E:=N(X—-AM'", a:=M "a and ¢:= Mec.
Proof. From (3.1), we have

X -A=X—-A+A(a,b,c,X)
=X—-A+®i(a,b— Xa,c) (by (2.8))
=X-A+®(a,—(X —A)a+b— Aa,c)
=X—-A—-di(a,(X — A)a,c) + Pi(a,b— Aa,c) (by (2.3))
=X-A—(X—-A4)Q(a,c) + Ay(a,b,c, A) (by (2.4),
— (X = A)P(a, )+ Ay, (by (2.1))
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where we have written Aj(a,b,c, A) as A; for short. Note that since ¢'a =

(Mc)"(M~Ta) = c"a # 0, the vectors @ and ¢ are both nonzero. Substituting
the above expression and noting that M~ P(a,c)M'" = P(M~"a, Mc) =
P(a,¢), we obtain

= NX - A)M

= N[(X - A)P (a c) + MM

= N(X - AM M_TP(CL,C)MT + NAMT

= EP(a,8) + NA{M "

= EP@@) + E[P(a,¢) — P(@)] + NAM "

= EP(a)+ E fﬁi + =5 i +NAMT. (by (2.1) and (2.2))
cla |l

This proves part (a). Adding and subtracting EP(¢) in place of EP(a) on the
right-hand side of the second last equation gives part (b). a

The next lemma gives basic estimates for later use, and corresponds to
Lemma 4.2 of Broyden, Dennis and Moré [1].

Lemma 2. Let M € R™ "™ be a nonsingular matriz. Let a and ¢ be vectors in
R, and put @:= M~ "a and ¢:= Mec. If the inequality

¢la \?
(3.2) 1—(A A> <3
llell llall
holds for some (3 € [0,1), then
~ ST
[ a c B
_ < =7
@ R e
T B

c a
b S
" |l - =3l

< —.
FV1I-p3
Moreover, for any A € R™™™ and any b € R,

||(b—x4a)(MC)T 1M [|b— Aaf

~V1I=-p2

Proof. We first note that since (3.2) holds for 3 € [0,1), ¢'a = c'a is

(c) cla

nonzero. By using ||zy"||r = ||z||||y] and (3.2), we have
A[ a ¢ T2 ¢ 2
al— — = —
lal|?> ¢Ta c¢la




~
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a Jale

Bl ’ lall  e'a

_ (||5|||5||>2 .
cla
1

ST
52
-

2

This proves part (a). Part (b) follows in the same way. For part (c), note
again that it holds from (3.2)

lellal _ |MeliMTal _ 1
eTal cTal S Viog

Using this and ||a|| < [|M T||||M~Tal|| = |M]|||M~Tal|, we obtain

(3.3)

(b— Aa)(Mc)" [ Mc]|
H cla = [Ib— Aal}- lcTal
F
1
< ||b— Aall -
V1= 2|M~Ta
[b — Aal| || M]|
T V1I=82 al”
which is the desired result. O

Remark 1. We note that parts (a) and (b) are, in fact, equivalent because one
becomes the other by interchanging @ and ¢ provided inequality (3.2) holds.

Remark 2. It is clear that inequality (3.2) is equivalent to the following (see

also (3.3)):
/\T/\
| cosb] = |||AC|||aA||| = VI
C a

where 6 is the angle between ¢ and a. Hence, (3.2) states simply |sin 8| < (.

Remark 3. In Broyden, Dennis and Moré [1], the following was assumed
instead of (3.2): for nonsingular symmetric matrix M, vectors a, ¢ with a # 0
and 3 € [0, ], it holds

(3.4) le—al < gllall, ie., [Mc—Ma|<gM " al.
It should be noted that inequality (3.4) implies (3.2). Indeed, we see

le—all < glall < llel* - 2c"a+ |fa]® < 5%al®
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zWW (- ) al?
L 2Taz2/1- @alal
|m%—vl‘w’

where the third implication follows from the arithmetic-geometric mean in-
equality. It is clear from the above that (3.4) is not implied by (3.2).

Note also that in (3.2) the roles of ¢ and a are equal, whereas in (3.4)
they are not. Moreover, (3.2) has a favorable property that it is invariant
under the sizing of a, ¢ and M, i.e., a multiple of those, while (3.4) is not. In
proving some local convergence properties, if (3.2) is used in place of (3.4),
then the proof may be somewhat simplified. We point out here one such case.
Huschens [5, Theorem 3.1] proved that his structured quasi-Newton method
for nonlinear least squares problems converges quadratically to a solution in
the zero-residual case. In the proof, he used a sized weighting matrix M, (see
(3.7) of [5, p. 114]) and gave an estimate of the form

)
l\.’)
Q)

?>

=

)

|Me - My 'a]l < Ko(w,a4)||M; al,

where K is a positive constant (see (3.19) of [5, p. 116]). However, by using
an estimate such as (3.2), we will be able to remove the sizing of the weight-
ing matrix, and consequently, able to simplify the proof. Details are now in
preparation.

The following lemma states a so-called “bounded deterioration” property
of a rank-one secant update.

Lemma 3. Let M € R™™™ be a nonsingular matriz, and let a and ¢ be vectors
in R™ such that inequality (3.2) holds for some B € [0,1). Let X € R™™" and
b € R". Then, the rank-one secant update X given by (3.1) is well-defined,
and for any A € R™™ and any nonsingular N € R™*", it holds that

B [N — Aal|
V1-052 VI=62  all
Moreover, if | X — Allpn < p for some p > 0, then the following hold:

s [ MI[[|N []b — Aall

JT—W) 1 = Al + 2= g

B 1 (II(X - A)@H)2
2p||MHPIN =] lall ’

[IM[INT [[b — Aal

V=52 el

(a) HY—AWW§@+ MX—AWW+

0) X - Al <1+

8
Ny

(©) HY—AWW§@+ MX—AWW+
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(HN(X A)MTMcH)
2 | Mc]

Proof. As noted at the beginning of the proof of Lemma 2, ¢' a is nonzero,
and so X is well-defined and the expressions given in Lemma 1 can be used.
We prove part (b) only. Part (c) follows similarly from Lemma 1(b) and
Lemma 2(b)—(c). Part (a) follows more easily. Since, for any nonzero matrix
W in R™"™ and any nonzero vector u in R",

T2 T2
W[I— — |l = IW|3 - 2tr<WT ) -
H [[ul|* g [Ju]|? [Jul|*
_ W — W
S ul?

[Wul? N2
< (Wl - ,
( 2([Wle]lull®

and since the quantity in the last parentheses is positive by [|[Wul|| < [[W]|g||ul,
we have that for W with 0 < ||W/|r < p,

A

Wl
2p|ul?”

(3.5) WP (w)llr = HW{I_ %]

< [Wle -
F

which also holds for W = 0.

Note that || X — Al ypn = ||[E|lr and || X — Al = || E|lr < p with notations of
Lemma 1. Thus, all we need is to estimate the right-hand side of Lemma 1(a).
By using (3.5) for W = E and u = @ and the estimates of Lemma 2(a) and
Lemma 2(c), we have

-~

C
lal?  eTa

‘ N(b— Aa)(Mc)"
cla

IBlle < 1EP@)e + | £a]

F
| Eal|? B | M| |[b— Aall
<|NElr — 5= + | Ellp—F—= +H |
2p||a||? V11— V1i=32 |
B ||ECL||2 [ M|||[N]|||b— Aal|
36) = (1 + 7>HE||F _ el
i 2l VI—F
But since ||(X A) H
— a
IN(X — A)al| > ———7—
[N~
and [|[M~Tal| < IM~T||la| = [|M7Y|]|all, we get
[Eal| _ [IN(X — A)af S (X — A)al| 1
llall |M=Tal = INZY  [[MY|[]al
1 X—-—A
o i I~ Aal

AN el
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and therefore, by substitution into (3.6), part (b) follows. a

The estimate (b) will be used later when showing superlinear convergence
of iterates. In the proof, the limit like lim ||[(X — A)a||/||a|]| = 0 follows, and
this property implies superlinearity of convergence. (See the last paragraph
in the proof of Theorem 2, and in particular, (3.19).) We could alternatively
use the estimate (c). To see this, first note that inequality (3.2) yields

2

’ =21 ey

22
52“‘V1‘52>:1+¢%—52

< 262,

¢ @
— —Sgn(c CL)T
el [all

where sgn(¢'a) denotes the sign of ¢' @, so that

~

c

Ilell

Therefore, from this and || E|| < ||E||r < p, we have

e . .

- el

el IICH ] el

< | =]+ e =
]

< ”neuH + V208,

< V26.

sgn(cTa)

S

= n(e"@)
el

Thus, we know that if

IN(X — A)MTMc| | Ee|
[Mecll ]

and if 3 — 0 (8 will be taken to be such a quantity; see the proof of Theorem 1
below), then it holds that

IN(X — A)a| _ | Eal
|M~Tall @]

— 0,

and hence, by (3.7),
[(X — A

lall
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However, we prefer the estimate (b) because it is applicable more directly to
the proof of superlinear convergence, while (c) is rather complicated due to
the presence of the scale vector ¢ unspecified.

The next proposition is essentially the same as Lemma 3.3 of Dennis and
Moré [2]. However, we give here a proof different from theirs; somewhat direct
and simpler one.

Proposition 1. Let {a;} and {by} be two sequences of nonnegative numbers
such that
(3.8) ap+1 < (1 + quk)ak + anby, Vk > 0,

where ay and ag are nonnegative constants that are not both zero. Then, the
sequence {(1 4+ ay)/cr} converges to some limit p > 0, where ¢y := H?;&(l +
abj) (k>1), ¢g:=1 and a := max{aq,as}. If Y 72,b, < oo, then p > 0
and {ay} converges. If Y 72 br =00 and > 0, then {ay} diverges to co. If

Yreobr =00 and p =0, then {ar} may converge or diverge.

Proof.  From (3.8), it follows that arp+1 < (1 4+ abg)ag + ab,. Adding
1 to both sides yields 1 + axy; < (1 + abg)(1 + ag), and dividing by cxy1
gives (1 +agy1)/cr+1 < (14 ag)/ck. Namely, {(1+ ag)/ck} is a nonincreasing
sequence of positive numbers. Since it is of course bounded below by zero,
it converges to p > 0, say. For notational simplicity, we let d := Z?;& b;
(k > 1) and dp := 0. Note first that 1 + ady < ¢, < exp(ady). Indeed, the
left inequality follows from (14 abg)(14+aby) -+ (1+abk_1) =1+ a(by + b1 +
st b))+ (042 bob1 +- - -), and the right inequality follows from the inequality
1+ <e” for x > 0. Since a > 0 and since the sequences {ci} and {dj} are
both nondecreasing, it follows that they either both converge or both diverge
to oo.

Assume now that > ;2 br < co. Then {di} converges, and so does {c}.
Let limg oo cp = ¢ > 1. Since (1 + ag)/ck > 1/ck, by letting k& — oo, this
yields u > 1/¢ > 0. Therefore, by the ratio test, {1 4+ ax} converges, and so
does {ax}.

Assume next that > 72 by = 00, i.e., limg_,o di = 00. Then, limy_,o ¢ =
oo. If p > 0, then again by the ratio test, limy_..(1 + a;) = oo, and so
limg_,o ap = 0co. If p = 0, then we cannot conclude whether {a;} converges
or not. O

Remark 4. If a; = ay = 01in (3.8), then it is obvious that {ay} is convergent.

Remark 5. As stated at the end of the proposition, no conclusion on the
convergence or divergence of {ax} can be drawn from the fact that Y72, b =
oo and g = 0. The following example shows that either case can actually
occur.
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Example. Let a1 =g =1and by =1 (k> 0). Let a1, = 1/k and agy = k
for k > 1, and let a1 o and as o be any nonnegative numbers. Then, it is easy to
check that both {a;} satisfy (3.8). Since ¢, = 2%, that (1 +a;x)/ck — 0=
is obvious, and of course Y32 by = 0o. The sequence {a; j} converges to zero,
while the sequence {ag )} diverges to oco.

Suppose that F': Q C R" — R" satisfies assumption (Al). Let z. € Q (not
necessarily F'(z,) = 0), and let Dy and D, be (open) neighborhoods of z,.. We
say that v satisfies the scale condition (SC) in a on Dy if:

(SC) there exist constants Ky > 0, ¢ € (0,1] and a nonsingular matrix M €
R™ ™ such that, for all distinct x, x4 € Dy, it holds that

vla 2
. 1-(——— | < Kyo(z,z)0.
(3:9) (nMvwwrfmo < Kao(@,24)

We say that y satisfies the approximation condition (AC) on D, if:

(AC) there exist constants K, > 0 and r € (0,1] such that, for all distinct
z, 2+ € D, and s = x4 — x, it holds that

(3.10) ly - F'(a.)s]| < Kao(a,a4)" 5]

Typically, v is a function of s, y and B, e.g., v = s, and y is a function of x
and x4, e.g., y = F(xy) — F(x). It should be noted that if v = a, then (3.9)
holds for M = I. Also note that if y = F(x4) — F(x) as usual, then (3.10)
holds on N (x4;ec) from (2.11).

We show a bounded deterioration inequality for a rank-one secant update,
which plays an important role in proving Q-linear convergence of iterates in
Theorem 2.

Theorem 1. Suppose that F : Q C R" — R™ satisfies assumption (Al). Let
Ds and D, be neighborhoods of x, in §). Assume that v satisfies the scale
condition (SC) in s with M € R™"™ and q € (0,1] on Ds, and that y satisfies
the approximation condition (AC) with r € (0,1] on D,. Let By be a rank-one
secant update defined by

B-‘r =B +Al(say7v7B)7

where Ay is given by (2.6). Then, there exists a neighborhood Dy, of x. such
that, for all distinct x, x4+ € Dy C DsND,, B4 is well-defined and the following
bounded deterioration inequality holds:

(3.11)  [|By = F'(2:)|mw
< (L+oso(@,24))||B — F'(z:)llay + oo (z,24)",
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where N € R™™ s any nonsingular matriz, and os and a, are some nonneg-
ative constants.

Proof. Since v satisfies the scale condition (SC) in s on Dj, there exists
a constant Ky > 0 satisfying (3.9) with s replacing a. Also since y satisfies
the approximation condition (AC) on D,, there exists a constant K, > 0
satisfying (3.10). Let 8’ € (0,1) be a constant. Choose an &, > 0 so small
that Kef < 8" and N (zy;ep) C Ds. Set Dy, := N (z4;€b) N D,. Then, Dy, is a
neighborhood of z, and Dy, C DsND,. Now, let z, x4 € Dy, with x # x,. For
brevity, let o = o(z,z4). Note that Kso0? < Ksef < ' < 1. From this and
(3.9), inequality (3.2) holds for a = s, ¢ = v and § = Ky0?. Hence, we can
apply Lemma 3 to X = By, X = B, b=y and A = F'(x,). (For N € R™",
we can take any nonsingular matrix.) It follows from Lemma 3(a) and (3.10)
that

1B+ = F'()|lar,n

Ko MIl||N — F'(x,
S<1+S—“2)\\B—F'<x*>uM,N+ IMIINT iy = F)s]

1 — (Kso9) 1 — (K01)? 5]l
Kot ) : [ M][|N]]
<(1+ —="—)|B - F'(z. + I Ko
( T3 I (@)l + =73 —5n e

Therefore, we have (3.11) with nonnegative constants

K
g = — and «,

N

_ KMIN|

Ny

We are ready to prove local superlinear convergence of rank-one secant
methods.

Theorem 2. Suppose that F : Q C R™ — R" satisfies assumptions (Al)-
(A4). Assume that for some neighborhoods Ds, D, of x., v and y satisfy,
respectively, the scale condition (SC) in s with M € R™ ™ on D, and the
approximation condition (AC) on D,. Then, there exist constants €, 6 > 0
such that, for xo € N(xzs;e) and By € Nyn(F'(x4);0), where N € R™*" is
any constant nonsingular matriz, the sequence {xy} generated by

LTh41 :xk’_Bk_lF(xk’)a Bk’-i—l :Bk"i'Al(Sk’ayk’avkak)’ k :0711"'
1s well-defined, and converges Q-superlinearly to ..

Proof. We follow essentially the same arguments as those used in Theorem
3.2 of Broyden, Dennis and Moré [1]. We first note from assumptions that the
conclusions of Theorem 1 hold. Let N € R™*" be a given nonsingular matrix,
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and let A € (0,1) be fixed. Set v > ||[F'(z.)7Y| and n > ||[M~Y||N~!|. By
assumption (A4), there exist constants £ > 0, p € (0,1] and €. > 0 such that
for all x € N(zy;e.) C Q, inequality (2.9) holds. Choose positive numbers &
and J such that

(3.12) e <min{l,e.},
3
1 14X P4 on8) < A
(3.13) W+ (72 +206) <
200 e’
. <
(3.14) 1_M+1_M_5,

where constants ag and «, are given in Theorem 1. Set N7 = N (z,;¢) and
Ny = Ny n(F'(24);28). From (3.12), we have N7 C N (x4;ec). If necessary
further restrict € so that N7 C Dy, where Dy, is given in Theorem 1. Any
B € N5 is nonsingular. Indeed, we first note that

(3.15) 1B = F'(w)ll < IMTHIINTHIIB = F'(@)llarn < 208,

From this, and by noting from (3.13) that 2(1 + A)ynd < A holds, it follows
that

- _ A
1F" () THB = F'(z )]l < |1F' () 7B = F'(2,)]| < 2ymd < T <t

Thus, by the Banach perturbation lemma, B is nonsingular and

X 1 F ()|
I < 1 — ||F'(2e)" B — F'(x)]]

(3.16) 1B~ LIRS

We next show that (z, B) € N1 x Na implies [|z4 — z.|| < A||z — x|, and thus
r, € N1, where x, :== 2 — B~'F(x). Sincexz € N1 C Q and B € Ny, z is
well-defined and

Ty — Ty = & — Ty — B_IF(.I)
— _BYF(z) - F(z.) — Fl@.)(x - 2.) — [B— F'(z.)](z — 2.)}.

By (3.16), (2.10), (3.15) and (3.13), it holds that

lo4 = 2]l < IBTH{IIF(2) = F(as) = F'(22)(@ — 2.)]|
+11B = Flw)lllz — 2|}

f p+1
§7ﬂ+AXp+NM—xA + 20|z — .
§ »
< ’y(l+)\)(p+1€ +2776)||x—m*||
< Mz —z] < de < e
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Thus, x4 € Nj. Moreover, if xy =z, then z = z, = 2.

Now, we prove by induction on k that if (zg, By) € N1 X Ny (F'(x4);9),
then, for all k > 0, (zx, Bi) € N1 xNs whenever xy # z,. (If finite convergence
occurs, then the algorithm will terminate successfully, and the matrix By will
not be generated any more.) This obviously holds for £ = 0 from the choice of
the initial point and matrix. Assume that (x, Bi) € N1 x N and x # x4 for
k=0,...,7. We want to prove that (z,41, Bj+1) € N1 x N2. We have already
seen above that z;41 € N follows from the assumption (xj, B;) € N x Na.
So, we need only to prove that Bj;1 € N2. From the hypotheses of induction,
it follows that ||xg+1 — x4l < Allzgy — 24| and xp41 # xp for k = 0,..., 5.
Hence, by Theorem 1, it follows that for all £k =0, ..., 7, Biy1 is well-defined
and the following bounded deterioration inequality holds:

(3-17)  Brsr = F'(@)lmv < (1+ as0) | Be = F' ()l ar,n + a0
Since By, € Nz and oy, = ||z — o4 || < M¥||zg — 24| < AFe, we have

1Bit1 — F(z) [y < [1Be = F'(z:) v,y + 200507 + aaoy
< ||B — F'(2)|| v + 2005\ 4+ a  \FreT,

Summing both sides from k£ = 0 to j and using (3.14), we obtain

J J
1Bjr — F'@) oy < [1Bo— F()llany + 200567 3" A% 4 age” 37 0
k=0 k=0

200u5e ae”

<OtTT gt

< 20.

Accordingly, Bj 1 € Na. At the same time, we have shown that the sequence
{1} is well-defined and converges at least Q-linearly to =, with rate A.

We finally show superlinearity of the convergence. As we obtained (3.17)
from (3.11) of Theorem 1, if we use a strong bounded deterioration inequality
obtained by applying Lemma 3(b) with p = 2§ instead of Lemma 3(a) in the
proof of Theorem 1, then we have

(318)  [Bes — F'(@)lasy
< (14 o) 1By - F'(@) |ary + aao}

B 1 (H(Bk — F’(x*))8k||)2
AS|| MNP e

Since o), < \e < 1 for all k > 0, we know that

o [ee] .
Z max{o}, o)} = Z azmn{q’r} < +00.
k=0 k=0
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Hence, by setting a, = || Bp—F"(z4)||m, N, by = max{c},o}}, a1 = asand ap =
@, in Proposition 1, it follows that || By — F”(x4)||am,n converges. Rearranging
terms of (3.18) and using n > ||[M ||| N7, we have

U (B = F'(2))sill 2
45772( skl )

< 1Bi = F'@) oy — | Brst — F'(e)lasy + 200507 + auo}.

By passing to the limit k& — oo, we conclude that

(3.19) ti 1Be = /(@) sell _

h—o0 skl

0,

which is the Dennis-Moré condition [2] for a convergent sequence {zj} to
converge Q-superlinearly to x.,. O

Remark 6. We observe from the arguments through this section that the
right weighting matrix N appearing in the definition of the norm ||- ||/, does
not affect our convergence analysis at all.

84. Superlinear Convergence of Rank-two Secant Methods

In the context of unconstrained minimization, the Jacobian F’ to be approxi-
mated becomes the Hessian of the objective function in question, and is usu-
ally symmetric. Hence, it is reasonable that approximate Hessian matrices are
also generated so as to be symmetric. This leads us to imposing symmetry
on update matrices. In this section, we deal with symmetric rank-two secant
updates. As in the previous section, we start our analysis by giving a form
convenient to bound an error of a rank-two secant update.

Lemma 4. Let X € R™", and let a, b and ¢ be vectors in R™ with ¢'a # 0.
Let X be defined by the rank-two secant update

(4.1) X = X + Ay(a,b,c, X).

Then, for any A € R™"™ such that X — A is symmetric, X — A is also sym-
metric, and it holds that

(42) E=PEP+PED+D"EP+D"ED+ MAy(a,b,c,AM',

where M € R™™ is any nonsingular matriz and

. R . T a ¢ 17
(a) P = P(a), DZQ(G)—Q(%C)ZG{W—ET—A

a

or
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o~ ~

) P = P@. D=Q@-Q@0 = | - =

with E:=M(X - AM'", E:=M(X -AM",a:=M " "a and ¢:= Mec.

Remark 7. Equation (4.2) can also be written in the simpler forms as follows:

T T
() E=PEP+ED+D E+G Ei| e — 2| + MAMT,
(cta)® |al*
aTEa ¢ Ee

(iiy E=PEP+ED+D'E+ ( )E@T + MAMT,

(@ap e’
where P and D are given by (a) for (i) or (b) for (ii), and Ay = As(a, b, ¢, A).
To see this, we have only to note that

—~QED - D'"EQ+ D"ED = Q(a,¢) EQ(a,¢) — QEQ,

where Q = Q(a) or Q(¢). However, the form (4.2) will be convenient for the
norm estimation because the estimate of DT ED in (4.2) can be obtained more
easily and directly than that of the last but one term in (i) or (ii).

Proof of Lemma 4. It is obvious that for any nonsingular matrix M,
¢ = Mc and @ = M~ "a are both nonzero since ¢'a = ¢'a # 0. Since by
assumption X — A is symmetric, we have

X -A=X—A+ Ay(a,b,c,X)
=X - A+ Py(a,b— Xa,c) (by (2.8))
=X - A+ Py(a,—(X — A)a+b— Aa,c)
=X —-A—®3(a,(X —A)a,c) + Pa(a,b— Aa,c) (by (2.3))
= P(a,c)" (X — A)P(a,c) + As(a,b,c, A). (by (2.5), (2.8))
By substituting this and using M~ " P(a,c)M " = P(a,¢), it follows that

E=MX-AM"
= M[P(a,¢) "M~ - M(X — AYM" - M~ P(a,c) + Ay(a,b,c, A)JM "
= P(@,¢) EP(d,¢) + MA;M "
= [P(@) + Q@) — Q(@,?) '|E[P(@) + Q@) — Q(@,¢)] + MAM '
= (P+D")E(P+ D)+ MAM"
— PEP+PED+D"EP+D'"ED+ MA;M',

where Ay = Ay(a,b,c, A) as before. This yields case (a). Replacing P(a) +
Q(a) by P(¢) + Q(¢) in the third last equation gives case (b). O

The next lemma is a result analogous to Lemma 3 for a rank-two secant
update.
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Lemma 5. Let M € R"™ "™ be a nonsingular matriz, let § € [0,1), and let
vectors a and ¢ in R™ such that inequality (3.2) holds. Let X € R™*" b€ R",
and define X by the rank-two secant update (4.1). Then, for any A € R™ "
such that X — A is symmetric, it holds that

~ BV 2||M|1* ||b — Aql
@ %= Al <(1+ L) 1 - A+ .
V1= p? 1-p5%  af
Moreover, if || X — Allpm < p for some p > 0, then the following hold:
~ B )2 2[|M|1* b — Aal
b X-A S(l + — X-—A +
3 1 <||(X - A)CIH)2
2p|| M4 [[all ’
~ B )2 2[|M|1* [|b — Aal
c X-A S(l + —) | X —A|lpm +
1 <||M(X - A)MTMCH)2
2p [ Mc| '

Proof. We use the same notations as in Lemma 4. We prove part (b)
only. Parts (a) and (c) follow similarly, actually more easily. By noting that
|P|| = 1 because P is an orthogonal projector, it follows from (4.2) that

43) Bl < |BP|e + 2| DI Ellr + DI Ellr + (M A2M .

Similar to Lemma 3(b), the first term on the right-hand side of (4.3) can be
estimated by using (3.5) as follows:

L (X — A)]]\?
(4.4) |EPIls < |Ellp — ~— ( ) .
2T il

To estimate the last term M A9 M T, note that Ag can be written as

(b— Aa)c”  c(b— Aa)"

Ag(a, b, C, A) = Ta Ta

P(a,c).

Since M~ " P(a,c)M " = P(a,¢), we have from Lemma 2(c) and (3.3) that
b— Aa)(Mc)T

Mec(b— Aa)"
e < ar 822 LA v
c' a F cC' Qa F
b— Aa)(Mc)T PN
< ”M”H( D) |4 p@,a)
cC'a F

2 B ~na
< P bl JEYJEI)
VIZE el
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12]” (+ 1 )Ilb—AaH

S /i

vi=p2/ el
2| M|1* ||b — Aal]
— -5 ol
where in the third inequality we used ||P(a, c)|| = ||a||||c||/|a"¢| (see Lemma 8.5

of Dennis and Moré [3]). Substituting this and (4.4) into (4.3), and using
Lemma 2(a) (or 2(b)), we have

— 1 (X —A)all>2 T

Ellp < (14 ||IDID?|E|r — MAsM

1Bl < 1+ IDIP Bl - g (Coa )+ 1AM

8 )2 1 (X — A)al]\?
< (1+ =) 1Bl - 35
V1— 2 2p| M4 llall
2||M|J? ||b — Aal|
1-68% a| ~
which is the desired result. O

As in the rank-one case, this lemma yields a bounded deterioration inequal-
ity for a symmetric rank-two secant update as follows.

Theorem 3. Suppose that F : Q C R™ — R"™ satisfies assumption (Al), and
that F'(x,) is symmetric. Let Dy and D, be neighborhoods of x, in Q. Assume
that v satisfies the scale condition (SC) in s with M € R™™ and q € (0,1] on
Ds, and that y satisfies the approzimation condition (AC) with r € (0,1] on
D,. Let By be a rank-two secant update defined by

B-‘r =B + A2(87y7v7B)7

where B is symmetric and As is given by (2.7). Then, there exists a neigh-
borhood Dy, of x, such that, for all distinct x,z, € Dy, C DsND,, By is
well-defined and the following bounded deterioration inequality holds:

1By — F'(x)llr < (1+ aso(@, 20D B — F'(2.) ||y + oo (2,24,
where ag and o, are some nonnegative constants.

Proof. The proof is almost the same as the one given for Theorem 1. Fix
a scalar 3’ € (0,1), and take D}, as in the proof of Theorem 1. Let x, x4 € Dy,
with z # z;. Since Kso¢ < ' < 1 where 0 = o(x,z4), inequality (3.9)
implies that (3.2) holds for @ = s, ¢ = v and § = Kgo? This allows us to
apply Lemma 5to X = By, X = B, b=y and A = F/(z,). From Lemma 5(a)
and (3.10), we obtain the desired inequality with

2 o4 ) 2K, || M|?
and «, =

=5 157 T2

Qg :Ks<
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Finally, we present a superlinear convergence result for the symmetric rank-
two secant update methods.

Theorem 4. Suppose that F : Q C R" — R" satisfies assumptions (Al)-
(A4), and that F'(x.) is symmetric. Assume that for some neighborhoods
Ds, D, of x«, v and y satisfy, respectively, the scale condition (SC) in s with
M € R™™ on Ds, and the approximation condition (AC) on D,. Then, there
exist constants €, 6 > 0 such that, for o € N(xy;e) and symmetric By €
N (F'(x4);0), the sequence {xy} generated by

Th+1 :.’Ek—Bk_lF(Ik), Bk+1 :Bk+A2(8k7yk7vk7Bk)7 k:0717"'7
1s well-defined, and converges Q-superlinearly to ..

Proof. We can prove the theorem in a way similar to the proof of Theorem 2
by using Theorem 3 instead of Theorem 1, so we omit the proof. O

85. Concluding Remarks

In this paper, we have shown that a certain inequality can take the place of a
norm inequality used in Broyden, Dennis and Moré [1] in proving local super-
linear convergence of rank-one and rank-two secant methods. Our inequality
requires that the angle between the scale ¢ and a step a suitably scaled by
some matrix M approaches zero. It has a merit of invariance to scalar sizing,
while the norm inequality does not.
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