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Warped product submanifolds in Sasakian space
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Abstract. Recently, Chen established a general sharp inequality for warped
products in real space forms. As applications, he obtained obstructions to
minimal isometric immersions of warped products into real space forms.

In the present paper, we obtain sharp inequalities for warped products isomet-
rically immersed in Sasakian space forms. Some applications are derived.
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§1. Introduction

Let (M7, g1) and (Mz, g2) be two Riemannian manifolds and f a positive differ-
entiable function on M7. The warped product of M; and Ms is the Riemannian
manifold

Ml Xf M2 = (Ml X Mg,g),

where g = g1 + f2go (see, for instance, [4]).

It is well-known that the notion of warped products plays some important
role in Differential Geometry as well as in Physics. For a recent survey on
warped products as Riemannian submanifolds, we refer to [3].

Let x: My xp My — M (c) be an isometric immersion of a warped product
My x y M3 into a Riemannian manifold M (c) with constant sectional curvature
c. We denote by h the second fundamental form of z and H; = niitrace h;,
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where trace h; is the trace of h restricted to M; and n; = dim M; (i = 1,2).
We call H; (i =1,2) the partial mean curvature vectors.

The immersion z is said to be mixed totally geodesic if h(X,Z) = 0, for
any vector fields X and Z tangent to M; and Ms respectively.

In [4], Chen established the following sharp relationship between the warp-
ing function f of a warped product M; x y My isometrically immersed in a real

space form M (c) and the squared mean curvature || H||?.

Theorem 1.1. Let x be an isometric immersion of an n-dimensional warped
product My x ¢ My into an m-dimensional Riemannian manifold M(c) of con-
stant holomorphic sectional curvature c. Then:

Af
f
where n; = dim M;,i = 1,2, and A is the Laplacian operator of M.
Moreover, the equality case of (1.1) holds if and only if x is a mized totally

geodesic immersion and n1Hy = noHs, where H;,© = 1,2, are the partial mean
curvature vectors.

(1.1) ”—2||H||2 T e
. 4n2 16,

As applications, the author obtained necessary conditions for a warped
product to admit a minimal isometric immersion in a Euclidean space or in
a real space form (see [4]). Examples of submanifolds satisfying the equality
case of (1.1) are given.

§2. Preliminaries

A (2m + 1)-dimensional Riemannian manifold (M ,g) is said to be a Sasakian
manifold if it admits an endomorphism ¢ of its tangent bundle T'M, a vector
field ¢ and a 1-form 7, satisfying:

¢?=—Id+n®& nE) =1, ¢ =0,n0¢ =0,
(Vx@)Y = —g(X,Y)E+n(Y)X, Vx§ =0X,

for any vector fields X,Y on M , Where V denotes the Riemannian connection
with respect to g.

A plane section 7 in TpM is called a ¢-section if it is spanned by X and ¢.X,
where X is a unit tangent vector orthogonal to £. The sectional curvature of a
¢-section is called a ¢-sectional curvature. A Sasakian manifold with constant

¢-sectional curvature c is said to be a Sasakian space form and is denoted by
M(c).
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The curvature tensor of R of a Sasakian space form M (¢) is given by [1]

(2.1) ROCY)Z = 2 gV, 2)X — g(X, 2)Y )+

+%{77(X)77(Z)Y —n(Y)(Z2)X + g(X, Z)n(Y)E — g(Y, Z)n(X)é+

+9(0Y, 2)9X — g(¢X, Z)oY —29(¢X,Y )62},

for any tangent vector fields X,Y,Z on M (c).

As examples of Sasakian space forms we mention R?"*! and S*™*+!, with
standard Sasakian structures (see [1], [8]).

Let M be an n-dimensional submanifold in a Sasakian space form M (c) of
constant ¢-sectional curvature c. We denote by K (7) the sectional curvature
of M associated with a plane section # C T,M,p € M, and V the Riemannian
connection of M, respectively. Also, let h be the second fundamental form
and R the Riemann curvature tensor of M.

Then the equation of Gauss is given by

(2.2) R(X,Y,Z,W) = R(X,Y, Z,W)+

+g(h(X, W)7 h(x Z)) - g(h(X, Z)7 h(x W)),

for any vectors X, Y, Z, W tangent to M.

Let p € M and {ey,...,en,...,e2m+1} an orthonormal basis of the tangent
space TPM(C), such that ey, ..., e, are tangent to M at p. We denote by H the
mean curvature vector, that is

(2.3) H(p) == > hler,er).
=1

Also, we set
(2.4) hi; = g(h(ei,ej),er), i, €{l,..,n},r€{n+1,...2m+1}.

and

n

(2.5) 1R =) g(hlei ), h(eise;)).

1,j=1

For any tangent vector field X to M, we put ¢ X = PX + FX, where PX
and F X are the tangential and normal components of ¢ X, respectively. We
denote by

(2.6) 1PII* =) ¢*(Peisey).

1,j=1
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We recall the following result of Chen for later use.

Lemma [2]. Let n > 2 and ay, ..., an, b real numbers such that

(ZaZ) =(n—-1) (Za?—kb)

Then 2a1a9 > b, with equality holding if and only if

a1 +as =a3 =... = Qp.

§3. ('-totally real warped product submanifolds

Chen established a sharp relationship between the warping function f of a
warped product My Xy My isometrically immersed in a real space form M (c)
and the squared mean curvature ||H||? (see [4]). We prove similar inequalities
for warped product submanifolds of a Sasakian space form.

In this section, we investigate C-totally real warped product submanifolds
in a Sasakian space form M (c).

A submanifold M normal to ¢ in a Sasakian space form M (c) is said to be
a C-totally real submanifold. Tt follows that ¢ maps any tangent space of M
into the normal space, that is ¢(T,M) C T;-M , for every p € M.

Theorem 3.1. Let x be a C-totally real isometric immersion of an n-dimensional
warped product My x ¢ Mo into a (2m + 1)-dimensional Sasakian space form
M(c). Then:

c+3

Af  n? 9
— < —||H

f

where n; = dim M;,1 = 1,2, and A is the Laplacian operator of M;.

Moreover, the equality case of (3.1) holds if and only if x is a mized totally
geodesic immersion and n1Hy = noHs, where H;,© = 1,2, are the partial mean
curvature vectors.

(3.1)

Proof. Let My x y My be a C-totally real warped product submanifold into a

Sasakian space form M (c) of constant ¢-sectional curvature c.
Since M; Xy My is a warped product, it is easily seen that

1
f
for any vector fields X, Z tangent to M7, My, respectively.

(3.2) VxZ=VzX = = (Xf)Z,



WARPED PRODUCT SUBMANIFOLDS IN SASAKIAN SPACE FORMS 139

If X and Z are unit vector fields, it follows that the sectional curvature
K(X A Z) of the plane section spanned by X and Z is given by

(83)  K(XAZ)=g(VsVxX - VxVX,Z) = %{wmf _ XY

We choose a local orthonormal frame {eq, ..., €, €n41, ..., €2mm+1}, such that
€1,...,en, are tangent to Mi, e, 11,..., e, are tangent to My, e,y is parallel
to the mean curvature vector H and egp, 11 = &.

Then, using (3.3), we get

(3.4) % = zl: K(ej Nes),
j=1

for each s € {n1 +1,...,n}.
From the equation of Gauss, we have

c+3
4 )

(3.5) n?||H|* = 27 + |A|]* = n(n — 1)
where 7 denotes the scalar curvature of My x ¢ Mp, that is,

T = Z K(ei/\ej).

1<i<j<n
We set
2
(3.6) §=2r —nn—12 T H|P
4 2
Then, (3.5) can be written as
(3.7) n?[H|* = 2(5 + [|h]]*).

With respect to the above orthonormal frame, (3.7) takes the following
form:

(Zhn+1> -9 6+Z(hz+l)2+z hn-‘r—l Z Z
=1 1#] r=n+421,j=1

If we put a1 = hi ' ap = Y1, AT and ag = S, BT, the above
equation becomes

<§;ai>2:2 (5+§;a?+ > (Y Z Z

1<i#j<n r=n+21i,j=1
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o Z hn—l—l hn—l—l Z hgzs-l—l h?t—l-l

2<j#k<n; n1+1<s#t<n

Thus aq, az, ag satisfy the Lemma of Chen (for n = 3), i.e
3 2 3
i=1 i=1
with

b=0o+ Y (bt +Z Z D R R S oy ans

1<i#j<n r=n+2i,j=1 2<j#k<n; n1+1<s#t<n

Then 2aia9 > b, with equality holding if and only if a; + a2 = as.
In the case under consideration, this means

(38) SO > R
1<j<k<ni n1+1<s<t<n
S SRR ol o
-2
1<a<f<n r=n+2 a,3=1

Equality holds if and only if

ni

(3.9) D it = Z hitt.

i=1 t=ni+1
Using again the Gauss equation, we have

(3.10) HQH:T— Z K(ej Nex) — Z K(es Nep) =

1<j<k<ny n1+1<s<t<n

L 1(n1—1 )(c+3) Z Z hr r hjk)2)_

r=n+11<j<k<n;

L ST - ).

r=n+1n1+1<s<t<n

Combining (3.8) and (3.10) and taking account of (3.4), we obtain

Af n(n —1)(c+ 3) c+3 0
. — < — —
(3.11) no 7S T 3 + ning 1 5
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- Y mrrel Y

1<j<nymi+1<t<n r=n+2a,B3=1
2m 2m
+ > > (R =Rk + Y Y (W)~ hihy) =
r=n+21<j<k<n; r=n+2n1+1<s<t<n
2m  nq

___nln=1(c+3) nln2c+3___ S5 Z

r=n+1j=1t=n1+1

1 2m ni 1 2m n 2
33 (Em) 33 (5 w) <

oo

r=n+2 \ j=1 r=n+2 \t=n;-+1

n(n —1)(c+ 3) c+3 0
<7 _ 7
ST 3 + ning 1 5

2
n C
= —||H|]? +
4” I e 4

which implies the inequality (3.1).
We see that the equality sign of (3.11) holds if and only if

(3.12) =0, 1<j<n;,m+1<t<nn+1<r<2m,
and

ni n
(3.13) dhip= > hiy=0, n+2<r<2m.

= t=n1+1

Obviously (3.12) is equivalent to the mixed totally geodesicness of the
warped product My X My and (3.9) and (3.13) implies nyH; = noHo.
The converse statement is straightforward. O

As applications, we derive certain obstructions to the existence of minimal
C-totally real warped product submanifolds in Sasakian space forms.

Corollary 3.2. Let My Xy M3 be a warped product whose warping function f
18 harmonic. Then:

(i) My x ¢ My admits no minimal C-totally real immersion into a Sasakian
space form M(c) with ¢ < —3.

(ii) Every minimal C-totally real immersion of My x5 My in the standard
Sasakian space form R2>™T1 s a warped product immersion.

Proof. Assume f is a harmonic function on M; and M; x; My admits a

minimal C-totally real immersion in a Sasakian space form M (c). Then, the
inequality (3.1) becomes ¢ > —3.
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If ¢ = —3, the equality case of (3.1) holds. By Theorem 3.1, it follows that
My xy My is mixed totally geodesic and H; = Ha = 0. A well-known result
of Nolker [7] implies that the immersion is a warped product immersion. [J

Corollary 3.3. If the warping function f of a warped product My x y My is
an eigenfunction of the Laplacian on My with corresponding eigenvalue \ >
0, then My Xy My does not admit a minimal C-totally real immersion in a

Sasakian space form M (c) with ¢ < —3.

We give an example of a C-totally real submanifold which satisfies the
equality case of (3.1).

Consider S° C S7 and let n be a unit vector orthogonal to the linear
subspace containing S°. Let N be any minimal C-totally real surface of S°
and define the warped product manifold

T
M = <_§7§) Xcost IN.

It is isometrically immersed in S” by
Y: M — ST, (t,p) = (sint)n + (cost)p.

This immersion is C-totally real and satisfies the equality case of (3.1) (see
also [5]).

84. Warped product submanifolds tangent to the Reeb vector
field ¢

In this section, we investigate warped product submanifolds tangent to the
structure vector field £ in a Sasakian space form M (c).

We distinguish 2 cases:
(a) € is tangent to My;
(b) & is tangent to M.

Theorem 4.1. Let M(C) be a (2m + 1)-dimensional Sasakian space form
and My Xy My an n-dimensional warped product submanifold, such that £ is
tangent to M. Then:
Af n? 9

4.1 — < —||H
(4.1 <
where n; = dim M;,i = 1,2, and A is the Laplacian operator of M.

Moreover, the equality case of (4.1) holds if and only if My X My is a
mized totally geodesic submanifold and niHy = noHs, where H;,i = 1,2, are
the partial mean curvature vectors.

c—|—3_c—1
4 4
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Proof. Let My xy M be a warped product submanifold of a Sasakian space
form M (¢) with constant ¢-sectional curvature ¢, such that £ is tangent to
M;. Tt is obvious that M, is a C-totally real submanifold of M (c).

We choose a local orthonormal frame {eq, ..., €,, €n41, ..., €2m+1} such that
€1,...,en, = & are tangent to M, ep,+1,...,e, are tangent to My and ep4q is
parallel to H.

From the equation of Gauss, we have

3 -1
(42)  n?H|? =27+ | — n(n - 1) - @IIPI? - 20+ 2) .
We denote
c+3 c—1 n?
(4.3) §=21—n(n—1) — (3|P|)* — 2n +2) Yo ?||H||2.

Then, (4.2) takes the form
(4.4) n?[| H|* = 2(5 + [|A]%).-

We will use the same method as in the proof of Theorem 3.1. We will
point-out only the differences.
Using again the Gauss equation, we obtain

(4.5) ng—— af =7 Z K(ej Neg) — Z K(es Ney) =

f 1<j<k<ni n1+1<s<t<n

:T_nl(nl—l)(c—i-B)_ 3 Z @(Pej,er) — my + 1 c—1

8 , 4
1<j<k<ni—1

2m+1 2m+1

D DD SR TGRS B R S S a9

r=n+11<j<k<n; r=n+ln1+1<s<t<n
Applying the Lemma of Chen to (4.4) and substituting (4.5), similar com-
putations as in the proof of Theorem 3.1 lead to

Af 7__n(n—l)(c—k?))_i_ c+3 0

4.
( 6) no—r- f 3 ning 4 B

c—1
— 13 Z gQ(Pej,ek)—nl—Fl 1
1<j<k<n1—1

Using (4.3), the inequality (4.6) becomes

A n? c
nz—f < ZHHH2 +ning

f

—(h5)*)-
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i.e. the inequality to prove.
The equality case of the inequality (4.1) is similar to the equality case of
(3.1). O

Assume now that My x y M is a warped product submanifold of a Sasakian
space form M (c) such that £ is tangent to Mo.

If we put Z = £ in (3.2), it follows that X f = 0, for all vector fields
X tangent to M;. Thus f is constant and the warped product becomes a
Riemannian product.

Proposition 4.2. Any warped product submanifold My x y Ma of a Sasakian
space form M (c) such that € is tangent to My is a Riemannian product.
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