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Abstract. In this paper we continue the study of the L? mapping prop-
erties of singular integrals along surfaces of revolution which was initiated in
[KWWZ] and obtain improvements over existing results by allowing kernels to
be in certain block spaces.
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§1. Introduction

Let R™, n > 2 be the n—dimensional Euclidean space and S®~! be the unit

sphere in R™ equipped with the normalized Lebesgue measure do = do(+).
Let h(-) be a locally integrable function on R™ and let 2 be a homogeneous
function of degree 0 on R" satisfying

(1.1) / Q (u) do (u) = 0.
Snfl

For a suitable surface ' : T' : R* — R% with d > n + 1, let Tr j, be the
singular integral operator along the surface I' and let Mrp be the related
maximal operator defined for f € S (Rd) by

(12) Ty pf () = p.v. / f (@ =T () K (y) dy
R?’L
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and

(13)  Meaf@) =swp = [ 15 =TI 01 k(DI dy
ly|<r

where

(1.4) K(y) = 291y,

|yl

For v > 1, let A (R") denote the set of measurable functions h on R*
such that

R

1
sup — [ |h(t)| dt < oo.
r>0 It

The LP mapping properties of singular integral operators along curves

and surfaces has been extensively studied by a number of authors (see [St2],
[CNSW], among others). For example, it is known that if " satisfies a “finite
type” condition at 0 then 7}, and Mr; are bounded on LP for 1 < p < oo
(see [St1] and [FGP2]).

In [KWWZ], Kim, Wainger, Wright and Ziesler studied singular integrals
and maximal functions along surfaces of revolution without imposing the “fi-
nite type” condition on I'. More precisely, they proved the following two
LP boundedness results of the operators Ty, = Tt and My, = Mry for
I(z) = (z,9(|z|)) and a suitable function ¢. Here, for f € S (R"™!) and
(z,2,41) € R" x R}, the singular integral T 1, is defined by

(15)  Tynf(z:2ne1) = pv. / F (@ T — B (W) K (v) dy
J

and the related maximal function My, is defined as

(1.6)
Monf(@nin) =sp— [ 1 (@ =y = 6 ()] 19 0)] (oD dy.

ly|<r

The gist of their first result is that as far as the L? boundedness is con-
cerned, the results for the operators Ty 1 and Mg are quite different. In fact,
they proved the following;:

Theorem 1. Let K, Ty, and Mgy, be given as in (1.1), (1.4)-(1.6). Assume
that Q € C®°(S" 1), h =1 and ¢(-) is in C! of [0,00). Then there exists a
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positive constant C such that

1To1 (N2 gnsry < C Nl 2grnsry for every f e L2R™),

whereas the analogous statement for Mgy is false.

For other values of p, the authors imposed a convexity condition on ¢ and
they proved the following:
Theorem 2. Let K, Ty}, and Mgy, be given as in (1.1), (1.4)-(1.6). Assume
that Q € C°(S" 1), h=1 and ¢(-) is in C? of [0,00), that ¢ is convex, and

increasing. Then there exists a positive constant C), such that

1 T,1 (f)||Lp(Rn+1) <G ||f||Lp(Rn+1) for 1 <p<oo

and
HM¢,1 (f)HLp(Rn+1) <Gy Hf||Lp(Rn+1) for 1 < p < c0.

Even though the authors of [KWWZ] imposed the condition Q € C°°(S"~1!)

in Theorems 1 and 2, by a minor modification of their proofs, one can show
that the LP boundedness of the operators T}, and Mp continues to hold
under the condition Q € LI(S"7!) for some ¢ > 1. A question that arises

naturally is whether the operators T},
condition on 27

Our main purpose in this paper is to give a positive answer to the above
question by considering € in the block space Bg’o(Sn_l) (the definition of

these spaces will be recalled in Section 2). It should be noted that Bg 0 (8™ 1)
contains L4 (Sn_l) as a proper subspace for each ¢ > 1 and

, and Mr; are bounded under a weaker

U zus g Bt .

g>1 g>1

We shall now give precise statements of our results, beginning with an L?
theorem:
Theorem 3. Let K and Ty be given as in (1.1), (1.4)-(1.5). Assume that
Qe BY(S" 1), he A (RT) for some v > 1 and ¢ € C*([0,00)). Then there

exists a positive constant C,

(1-7) ||T¢7h (f)HL2(Rn+1) < Cp Hf||L2(Rn+1) for every f € L? (Rn—H) .

The following is our main result regarding the operators Ty ; and My .
Theorem 4. Let K, Ty} and Mgy be given as in (1.1), (1.4)-(1.6) and let
~' be the conjugate index to . Assume that 2 € Bg’O(Sn_l), heA (RT) for
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some v > 1 and ¢ is in C?([0,00)), convex, and increasing. Then
(i) for every p satisfying ‘% - %‘ < min{%, %}, there exists a positive

constant C, such that

(1.8) HT¢,h (f)||Lp(Rn+1) <G ||fHLP(R"+1)

for every f e LP (R™1).
(ii) for all " < p < oo, there exists a positive constant C,, such that

(1-9) HMq&,h (f)”Lp(Rn+1) < Cp ”fHLP(R"H)
for all f € LP (R™1).

We point out that the appearance of the function h in the kernel was first
allowed by R. Fefferman in [Fe] (y = o0), and then in [DR] (v > 2) in their
study of the singular integral operator Tt p for d =n + 1 and I'(y) = (y,0).

We are also interested in studying the LP boundedness of the maximal
truncated singular integral operators T;,h‘ The operators T;,h defined by

(110) T f (2 2ngn) = sup / F (@ = gyanes — (1y) K () dy|
e>0 |y|>z—:

Our result regarding T;,h is the following:

Theorem 5. Let K and T, be given as in (1.1), (1.4)-(1.6) and (1.10).
Assume that Q € Bg’o(Sn_l). Then there exists a positive constant C,, such
that

(i) if h e A (RT) for some v>1 and ¢ € C*([0,00)),

(1.11) HT;;h HL2 (Ro+1) = Cp [[f || 2@mn+1y for every f € L? (R™),

and
(ii) if h € L®(R") and ¢ € C*([0,0)), convex, and increasing,
(1.12) T30 (D o nsry < Co Il p@nsny

forall 1 <p<ooand feLP(R").
We remark that as in the classical theory of singular integrals, our result
in Theorem 5 implies that the truncated integrals

(1.13) / f (@, zps — 6 (|u])) K () du
e<|u|<N

converge almost everywhere as ¢ — 0 and N — oo for every f € LP(R"T!)
with 1 < p < o0.
We would like to thank the referee for some helpful comments.
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§2. Certain block spaces on S" !

The notion of block spaces was introduced in [TW] by M. H. Taibleson and
G. Weiss in their studies of a.e. convergence of the Fourier series. For more
information about the applications of block spaces in harmonic analysis one
may consult the book [LTW]. Let us now begin by recalling the definition of
a block function on S"1.

Definition 6. For 1 < q¢ < oo we say that a measurable function b(-) on
S"1 is a q—block if it satisfies the following:

(i) supp (b) C Ilcmd
(i) bl ¢ < |Z|” 7, where T is an interval on S™ Y i.e.,
I={2es": |:U' - x6| < a for some zj, € 8"} and |Z| = (7).
The block spaces Bg Y on 8”1 are defined as follows:
Definition 7. The function space Bg’o (S’%l)7 1 < g < o0, consists of all
functions Q € L' (S"_l) of the form Q = § c,b, where ¢, € C; each b, is

pn=1
a g—block supported in an interval Z,; and

(2.1) MS’O ({c.}) = i_o:l |cu‘ <1 + log ﬁ) < 00.

The special class of functions Bg’o was first introduced by Jiang and Lu
in their study of singular integral operators of Calderén-Zygmund type (see
[LTW]). Every g—block b(+) described in Definition 6 has a companion function

b(-) given by
(2.2) b(x) = b(z) — / b(u)do(u).

Sn—1

Then b has the following properties:

(2.3) / b(u)do (u) =0,

Snfl

~ _1
(2.4) 1ol aggn1y < 212177
and
(2.5) HBHLl(S"*) <2

The function b is called the blocklike function corresponding to the block
function b.
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§3. Certain Fourier transform estimates related to blocklike
functions

We shall begin by introducing a class of measures associated to a given block-
like function b. B
Definition 8. Let b(-) be a blocklike function defined as in (2.2) and ¢(-)

be an arbitrary function on RT. Define the measures {ak;) ke Z} and the

mazimal operator O'g on R™1! by

B ’
N L e
Rnt! 2k <Ju|<2k+1, ueR™
and
(3.2) oy (f) = Zlellz) Hakj) * f‘

where ' = u/ |u| € S"7L.

However, these measures are only useful in the case |Z| > e~2 where T is the
support of b. For the case |Z| < e~2 we need to define the following measures.
Definition 9. Let b(-) be a q—blocklike function defined as in (2.2) and ¢(-)
be an arbitrary function on R*. We define the measures {/\k,B k€ Z} and

the maximal operators )\g on R by

6y [rog= [ rwetu) U agua

Rnt! wk<|u|<wk+1 ueR™

and

. P — g P
(3.4) b (@) =sup |

« £ (@)

where w = 2°80T) and IZ| < e 2.

Now let us establish the following result which will provide us with the
necessary Fourier transform estimates related to b. One of the key points in
these Fourier transform estimates is that the radial nature of the hypersurface
I'(z) = (z,¢(]z])) allows one to obtain these estimates without any condition
on ¢.

Proposition 10. Let h € A (RT) for some v,1 < v < 2 and let b be a
q—blocklike function defined as in (2.2). If |Z| < e~2, then there eist con-
stants C and 0 < 6 < % such that

(3.5) ‘5\,“;(5,7')‘ < C'log <%> ‘wk g‘im
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holds for all k € Z where £ € R", 7 € R and tTo = inf{t",¢t "}, The
constant C' is independent of k, b, &, 7 and ¢ (-).
Proof. By Hélder’s inequality we have

PTG /\h = (/sm)”'it)

1

where

Sy (1) = / ¢ WETHTOW ) ) do (1) .
Snfl

Since |Sk (t)| < 2 we get immediately

[log ﬁ]#»l whos dt /
s=1 _

However, by integration by parts

w

1

k&-(ﬂf—y)(l}

< Clog <|;|> (wkﬁ‘iﬁ € (@ —y)|”

and
2 TN Tl SiwFt(z—y)-
Se@l = [ [ b e do (0)do (1)
Snfl Snfl
where ¢ = i 5‘, and 3 > 0 with 0 < 8¢’ < 1. Therefore, by Holder’s inequality
‘j‘k7l~)(§77—)‘ S
1
,Y/
C’log<‘l_‘> kﬁ‘ / / ‘b )b(y (a:—y)rﬁda(x)da(y)

n—1gn—1
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1
7

a(sn-1 {SJ[ J[ 1 — 9|7 do () do (y) ;;.

n—1gn-—1

< Clog <\I]> ‘wkf‘

where z = (2. x,) and y = . Since the last integral is finite, by
(2.4) we obtain

1&amﬂ<cm<m>mQ~wd

By interpolation between this estimate and the trivial estimate

(kal;(gm)( < Clog Q;)

we get the estimate in (3.5) with a plus sign in the exponent. To get the
second estimate, we use the mean zero property (2.3) of b to get

7z{wkt£ z+T(WFt)} 717-(1) (wht)

‘S\k,z(&

‘h ’%‘ ‘b —da()
Sn—1 1

Hence, ‘Xk i (&, 7')‘ <Cuw ‘wkﬂ which, when combined with the trivial estimate

‘5%75(5, 7')‘ < C'log (%) , yields the second estimate in (3.5). This completes
the proof of our proposition.

By arguments similar to the proof of Proposition 10 we get the following
result which is needed for the case |Z| > e~2

Proposition 11. Let h € A (RY) for some 7,1 < v < 2 and let b be a
qg—Dblocklike function defined as in (2.2). Let ¢(-) be an arbitrary function on
R*. If |Z| > e72, then there exists a constant C and 0 < 3 < % such that

(36) oaten| <ol e

holds for all k € Z. The constant C is independent of k, b,&,7 and ¢ (-).

84. Maximal functions and singular integrals

We shall need the following result from [AqP] which is an extension of a result
of Duoandikoetxea and Rubio de Francia in [DR] (see also [FP]).

Lemma 12. Let {0} : k € Z} be a sequence of Borel measures on R"™ and
L :R" — R% be a linear transformation. Suppose that for all k € Z, é€ R,
for some n € [2, o0), a, C >0 and for some B > 1 we have
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(i) [or(©)l < CB*|L(€)])*5;
(ii) For some pg € (2,00)

<CB

Po

(4.1) O~ low gl

keZ

> lal?)z

keZ

po

for arbitrary functions {gi} on R™. Then for pj < p < po there exists a
positive constant C, such that

(4.2) Z o * [ < GBI £l Loy
keZ Lr(R™)
and
1
(4.3) O low = f)2 < CpB | fll Loy
keZ

Lr(R")

hold for all f in LP(R"™). The constant C, is independent of B and the linear
transformation L.

By tracking the constants in the proof of the lemma given in ([DR], page
544) we have the following:
Lemma 13. Let \; be a sequence of Borel measures in R™ and let \* (f) =
sup || Ag| * f|. Assume that
kEZ

(4.4) A" (Hll, < Blfll, for some ¢ > 1 and B > 0.
Then, for arbitrary functions {gr} on R™ and pio — %‘ = %, the following

inequality holds

(4.5) O~ el

1
< (Bsup [|A])*
LeZ keZ

Ppo

OARE

keZ

Po

Our aim now is to establish the following result.
Proposition 14. Let h € A_(R") for some v > 1 and let b be defined
as in (2.2). Assume ¢ is in C?([0,00)), convex, and increasing. Then for
v <p<ooand fe LP(R™) there exists a positive constant C, which is
independent of b such that

1

< ptog (17 ) I lsguosy i 71 <

(4.6) ‘ o

X ()]

Lr(Rn+1)
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and

(4.7) ‘ P ”f”Lp Rn+1) if ‘I’ > 672

o (f)|

LP(R”+1)

Proof.  Assume first that |Z| < e~2. Without loss of generality we may
assume that b > 0 and h > 0. By Holder’s inequality we have

X () < /\h = ( ri(17)” < < ctos (177)

where

1
37

2=

CHUI)E

B /
(%MU
|ul

[ravg= [ rega))

Rn+1 wk<|u|<wk+1

and

Ti(f = 2212 HTk b‘ f‘

Therefore, in order to prove (4.6) it suffices to prove that

. 1
75 s = 18 (1) Wi

for 1 < p < co. By following the same arguments as in the proof of Proposition
10 we obtain for some «, 0 < a < 1,

(4.8) ‘ka (5,77)‘ < 010g< > ‘2k(log \Il)£ TogTZ]
and
(4.9) ‘ 5 (&) = mnm<0ngﬂ>PW0%k‘7ﬁﬁ_

We now choose a ¢ € S (R™) such that ¥ (§) = 1 for [¢| < 1 and ¢ () =0
~ ~ 1
for |£] > 2. Let (¢5)(&) = o (Qk(logm)g) , k € Z, and define the sequence of

measures {73} by
(4.10) o (&m) =Ty (Em) — (W) (©) T, 5(0,m).
By (4.8)-(4.9) we obtain

+ o
7" log|Z|

(111) 6| < Cog (7 ) [20e e

Iz
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Let B (f) denote the square function and 7* (f) be the maximal function de-

fined as follows: B (f) (x, zp4+1) = (kzz |7k * f(:c,xn+1)|2)% and 7* (f) (z,2p41) =
€

sup ||7x| * f(z,2ns1)|. Also, let H,(f) denote the maximal function defined by
keZ

H 0 mit) = 51 / P — ().

By (4.10) we have

(4.12)
Yif(2,2ns1) < B(f) (2,2n11) + C((Mrn @ idga) 0 H,)(f (2, 2ns1))

and

(4.13)
 F@,@0s1) < B () (@,2041) + 20 (Mo @ idgs) o H,)(f(2,2041))

where MRgs is the classical Hardy-Littlewood maximal function on R?.
We need now to show the boundedness in LP(R"™"1) for all p > 1 of the
maximal operator H,. For f >0 and (y,yn+1) € R" ¥ R!', we have

p(whtT)
dt
H¢f(yayn+1) = ZIEIIZ) / JW, Ynt1 — 1) ¢71(t)¢l(¢71(t))
p(wh)

Without loss of generality, we may assume that ¢(t) > ¢(0) for all ¢ > 0. Since
the function m is non-negative, decreasing and its integral over

[p(wF), p(wFt1)] is equal to log (‘71') we have
(1.14) H,f0min) < Clog (7 ) Mu 0 )i
By (4.11) and Plancherel’s theorem we obtain

(4.15) 1B < Clog (1) 11

By the LP boundedness of the Hardy-Littlewood maximal function, (4.13) and
(4.15) we get
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(1.16) 17 (e < Clog (77 ) 11z

with C independent of b. By applying Lemma 13 (with ¢ = 2) along with the
fact ||7%|| < C'log (ﬁ) we get

1 1
(4.17) O (e * gel®)2|| < Cpolog ( > O g2
keZ Po keZ o
if 2 = pio - %‘ Now, by (4.11), (4.17) and Lemma 12 we obtain
(118) 1B < Gylog (137 ) 161

for all p satisfying % < p < 4 which, when combined with the LP boundedness
of the Hardy-Littlewood maximal function and (4.13)-(4.14), implies

(119) Il < o (7 ) 110

for all p satisfying % < p < 4. Applying (4.11), (4.19), Lemma 12 and Lemma
13 again gives that

(1.20) 1B < Gylog (177 ) 161

for every p satlsfymg < p < 8. By proceeding as above we ultimately get
that

(a.21) IBen < Gptog (1) 111

for all p € (1,00) . Therefore, by (4.12), (4.14) and (4.21) we get that

(1.22) [t < Coroe () 11

for p € (1,00) . Since the inequality

[0, < o (3, ) 151

holds trivially, the proof of (4.6) is complete. To prove the inequality (4.7) we
argue more or less as in the proof of (4.6). We omit the details.
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By Proposition 14 and following the same ideas as those used in the proof
of Theorem 7.5 in [FP] we get the following:

Proposition 15. Let h € A (RT) for some v,1 < v < 2 and let b be
a q—blocklike function. Assume ¢ is in C?([0,00)), convex, and increasing.

Then for any p satisfying ‘% — % < %, there exists a constant C, which is

independent of b such that

a3

keZ

(4.23)

> lol?)z

keZ

<CA
p

P
for any f € LP (R"™) where Vih = Ny O 1] < e72, Vb = Onp Of |Z| > e72,

A =log <ﬁ) if |Z| <e? and A=1if |Z|>e 2.

Proofs of main results.
o0

By assumption, €2 can be written as Q = Zl c,b, where ¢, € C, b, is
M:
a g-block supported on an interval Z, on S”~! and M,?’O ({cu}) < oo. Since

A (R') C Ay(RT) when v > 2, we may assume without any loss of generality

l—%‘ < 4. For each p=1,2,..., let b be
P v .
the blocklike function corresponding to b,. From the mean-value zero property
of 2 we infer easily that

that 1 < v < 2 and p satisfies

(4.24) Q=Y c,by
pn=1

Therefore, we have

(4.25) ITon sl < Sl 1T,
pn=1
where
B /
(4.26)  T,f(x,Zns1) =Dp.V. / f(z—u,zpi1 — o(|u])) Tu(r,i)h (Jul) du.
Rn

First, Theorem 3 now follows easily from (4.25), Propositions 10-11 and
Plancherel’s theorem.
Next, by Propositions 10-11, Proposition 15 and Lemma 12 we get

Z )\k,l;# * f

keZ

1 : _
4.27) | Tufll, = <Gy log(,I—M’) £l 3 1Zu] < €72,

p
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and

(428) TSI, =

g, 7 *
> oup, *f

keZ

< Cpllflly, if [Zu] > €72,

p

2
(4.25) and (4.27)-(4.28) we get (1.8). On the other hand, by using (4.24) it is
easy to see that

for every f € LP(R"*!) and for p satisfying ‘% — 1‘ < % Therefore, by (2.1),

Mo nf(@, Tni1) <4 e 01:,13# (1) (@, @n41)

pn=1
[e.9]
(4.29) <4 S edogy (9 @)
M:17|IH‘2672
[e o]
+8 3 laldy (7D o).
ﬂ:17‘1#|<e_2

Hence, inequality (1.9) follows by using (4.6)-(4.7). This concludes the proof
of Theorem 4.

Finally, a proof of Theorem 5 can be obtained as follows. By (3.5)-(3.6) and
Proposition 14, and the techniques in [AqP] we get (1.12). We omit the details.
On the other hand, the inequality (1.11) follows by Plancherel’s theorem and
the decomposition used in the proof of Lemma 8 in [AqP]. Again we omit the
details.

85. A result on oscillatory singular integrals

By Theorem 4 one can easily obtain the following LP? boundedness result of
the following oscillatory singular integral operator S, defined by

S,/ (z) = pv. / AT I (2 — ) f(y)dy
Rn

where the phase ¢ is a function on R and A € R.. In fact, we have the following:

Theorem 16. Let K (x) = Sﬁgflgfl)h (|l2]) where Q satisfies (1.1), @ € By (S"~1)

and h € A (RT) for some vy > 1, and ¢ > 1. Assume ¢ is in C*([0,)), convez,
and increasing. Then the operator S, is bounded from LP (R") to itself for all

p satisfying ‘% - %‘ < min {%, %} . The bound for the operator norm is inde-

pendent of A.
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