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Abstract. In this paper, we prove the following result:

Let k be an integer with k > 5. Let C be a cycle in a graph G, and let H be a
component of G — C. Suppose that C is locally longest with respect to H, and
H is locally k-connected to C, |[V(H)| > k—1, §(H) > [(k—1)/2], and H is
3-connected. Let r = (3, oy (gydege(2))/|V(H)|. Then [(C) > k(r + 2 — k),
with equality only if r is an integer and either H is a complete graph of order
r + 1 — k and every vertex of H has the same k neighbours on C, or H is a
complete graph of order £ — 1 and every vertex of H has the same r + 2 — k
neighbours on C.
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§1. Introduction

In this paper, we consider only finite simple undirected graphs without loops
or multiple edges. For a graph G, we let V(G) and E(G) denote the set of
vertices and edges of G, respectively. For a vertex v of V(G), we let Ng(v)
denote the set of vertices adjacent to v in G, and let degy(v) = |Ng(v)|. The
minimum degree of G is the minimun of deg(v) as v ranges over V(G), and is
denoted by 6(G). For a subset W of V(G), the quantity (}_, . dega(v))/|W]|
is called the average degree of W in G. For X C V(G), we let G—X denote the
subgraph of G obtained by deleting all vertices in X together with the edges
incident with them; for a subgraph H of G, we write G — H for G — V(H).

Let M = (vg,v1,...,vp) be acycle or a path. Thus V(M) = {vo,v1,...,vp}
and E(M) = {vov1,v102,...,vp—10p} (if M is a cycle, then p > 3, vg, v, ...,
vp—1 are distinct, and v, = wvg; if M is a path, then vg,v1,...,v, are all
distinct). The length [(M) of M is defined by [(M) = p, i.e., (M) = |[E(M)|.
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When M is a cycle, for i, j with i < j < i+ p, we define the segment M|v;, v;]
of M by M{v;,v;] = (vi,Vit1,...,v;) (indices are to be read modulo p); when
M is a path, for 4,5 with 1 <1i < j < p, we define the segment M [v;,v;] of
M by Mvi,v;] = (vi, Vig1,...,vj). When M is a path, vg is called the initial
vertex of M and v, is called the terminal vertex of M. Now for z,y € V(G),
a path in G having x as its initial vertex and y as its terminal vertex is called
an (z,y)-path. For z € V(G) and Y C V(G) with z ¢ Y, an (x, y)-path with
y € Y is called an (x,Y)-path. Two (z,Y)-paths are said to be disjoint if
they have only the vertex x in common. Let H and M be two subgraphs of G
with V(H) NV (M) = (. We say that H is locally k-connected to M in G if G
contains k pairwise disjoint (z, V(M))-paths for every vertex x € V(H). Let
now M be a cycle in G, and let H be a subgraph of G — V(M). We say that
M is locally longest with respect to H in G if we cannot obtain a cycle longer
than M by replacing a segment M [u,v] by a (u,v)-path of G through H.

In [2], Fan proved the following theorem(see also [3]) :

Theorem A [2, Theorem 2|. Let k be an integer with 2 < k < 4. Let C
be a cycle in a graph G, and let H be a component of G — C. Suppose that
C is locally longest with respect to H, and H is locally k-connected to C,
and |V(H)| > k — 1. Let r denote the average degree of V(H) in G. Then
I(C) > k(r + 2 — k), with equality only if r is an integer and either H is
a complete graph of order r +1 — k and every vertex of H has the same k
neighbours on C, or H is a complete graph of order k — 1 and every vertex of
H has the same r + 2 — k neighbours on C.

He also conjectured that the same result holds for & > 5 as well.

Conjecture 1 [2, Conjecture 1|. Let k be an integer with k > 5. Let C
be a cycle in a graph G, and let H be a component of G — C. Suppose that
C' is locally longest with respect to H, and H is locally k-connected to C,
and |V(H)| > k— 1. Let r denote the average degree of V(H) in G. Then
I(C) > k(r + 2 — k), with equality only if r is an integer and either H is
a complete graph of order r +1 — k and every vertex of H has the same k
neighbours on C, or H is a complete graph of order k — 1 and every vertex of
H has the same r + 2 — k neighbours on C.

However, Conjecture 1 does not hold. We here construct counter-examples.
Let k,h be integers with k¥ > 5 and h > k — 1. Let a be an integer with
a < [(k—1)/2], and let H be a graph isomorphic to the complete bipartite
graph K, j_, with partite sets of cardinalities a and h—a. Let C' be a cycle of
length 2(a+1)t with V(C)NV (H) = 0, and write C' = (c1,¢2, - - -, Ca(at1)t, 1),
where ¢t > k. Define a graph G by V(G) = V(H)UV(C) and E(G) = E(H)U
E(C)U{zylz € V(H),y € {caat1)ili € {1,--- ,t}}. Then we can easily verify
that C' is locally longest with respect to H, and that H is locally k-connected
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to C. Let now r = (3 cy (g degg(z))/h. Then r = (2a(h — a) + ht)/h,
and hence k(r +2 — k) —I(C) = (k —2(a + 1))t + 2a(h — a)k/h — (k — 2)k.
We also have k — 2(a + 1) > 0 by the assumption that a < [(k — 1)/2].
Therefore if ¢ is large enough, then k(r + 2 — k) > [(C), which means that
the conclusion of Conjecture 1 does not hold. Note that §(H) = a. Note
also that this construction works for any integer a with 1 <a < [(k —1)/2].
Having these observations in mind, we make the following new conjecture,
which says that the conclusion of Conjecture 1 holds if we add the assumption

that 6(H) > |(k — 1)/2].

Conjecture 2. Let k be an integer with k > 5. Let C' be a cycle in a graph
G, and let H be a component of G — C. Suppose that C is locally longest
with respect to H, and H is locally k-connected to C, |V(H)| > k —1 and
S(H) > |(k—1)/2]. Let r denote the average degree of V(H) in G; i.e., r =
(Xzevmdegq(@))/|V (H)| (note that 6(H) denotes min{degy (z)|z € V(H)}
but not min{deg,(x)|z € V(H)}). Then I(C) > k(r + 2 — k), with equality
only if  is an integer and either H is a complete graph of order r+1—k and
every vertex of H has the same k neighbours on C, or H is a complete graph
of order k — 1 and every vertex of H has the same r+ 2 — k neighbours on C.

The purpose of this paper is to show that Conjecture 2 holds in the case
where H is 3-connected.

Main Theorem. Let k be an integer with k > 5. Let C be a cycle in a graph
G, and let H be a component of G — C. Suppose that C is locally longest
with respect to H, and H is locally k-connected to C, |V(H)| > k — 1 and
0(H) > [(k—1)/2]|. Suppose further that H is 3-connected. Let r denote
the average degree of V(H) in G; i.e., v = (3 cvmydega())/|V (H)|. Then
I(C) > k(r + 2 — k), with equality only if r is an integer and either H is
a complete graph of order r +1 — k and every vertex of H has the same k
neighbours on C, or H is a complete graph of order k — 1 and every vertex of
H has the same r 4+ 2 — k neighbours on C.

We here make some more definitions. Let G be a graph. For X C V(G), we
define Ng(X) = U,ey(q) Na(z). The subgraph of G induced by X C V(G)
is denoted by (X). A subgraph H of G is often identified with its vertex set
V(H); for example, Ng(H) means Ng(V(H)) and, as is mentioned in the first
paragraph, G — H means G —V (H). Also a vertex x € V(G) is identified with
the set {z}; for example, G — = means G — {z}.

Let z, y be distinct vertices of G. We define the codistance df,(x,y) between
x and y to be the maximum length of an (z,y)-path in G. The codiameter
d*(G) of G is defined by

d*(G) = min{d*G(a}:y)‘:B:y € V(G),.CI? # y}'
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We now list known results which we use in the proof of the Main Theorem.

Theorem B [1, Corollary 1]. Let m be an integer with m > 6. Let u, v
be two distinct vertices of a 3-connected graph G in which the degree sum
of any pair of nonadjacent vertices of G is at least m. Then dj(u,v) >
min{|V(G)| — 1,m — 2}. When |[V(G)| > m, we have dj(u,v) = m — 2 if

and only if m is even and one of the following holds:

(i) there exists S C V(G) with {u,v} C S and |S| = m/2 such that E(G —
S) =0; or

(il) m/2 >4, and there exists a € V(G) — {u,v} such that for each compo-
nent H of G — {u,v,a}, H is a complete graph of order m/2 — 2 and
Ng(z) = V(H) = {u,v,a} for every x € V(H).

Theorem C [2, Theorem 1]. Let x, y be two distinct vertices of a 2-connected
graph G, and let v denote the average degree of V(G) — {x,y} in G. Then
di.(xz,y) > r. Futher, equality holds if and only if r is an integer, and for
each component H of G — {x,y}, H is a complete graph of order r — 1 and
Ng(z) = V(H) = {u,v} for every x € V(H).

The following proposition is essentially proved in [2] in the course of the
proof of Theorem 2 (see the second and the third paragraphs of the proof of
[2, Theorem?2]).

Proposition D [2, Theorem 2]. Let k be an integer with k > 2. Let C' be
a cycle in a graph G, and let H be a component of G — C. Suppose that C
is locally longest with respect to H, and H is locally k-connected to C, and
[V(H)| > k — 1. Suppose further that H is nonseparable. Let r denote the
average degree of V(H) in G.

Let p = |[Nqg(H) NV (C)|, and write Ng(H) NV (C) = {u1,...,up} so that
Ul,...,up occur along C in this order and, for each i, let H; = (V(H) U
{ui,uit1})a (indices are to be read modulo p). Finally let T = {w;]l < i <
P, [Na({ui, uit1}) N V(H)| > 2}, and suppose that either

T < k-1 or
| {ui € T|djy, (us,uiva) <k}| < k.

Then I(C) > k(r+ 2 — k), with equality only if r is an integer and either H is
a complete graph with order r + 1 — k and every vertex of H has the same k
neighbours on C, or H is a complete graph of order k — 1 and every vertex of
H has the same r + 2 — k neighbours on C.

We prove a proposition, Proposition 2.1, in Section 2, and derive corollaries
of Proposition 2.1 in Section 3 and, using the corollaries in Section 3, we prove
the Main Theorem in Section 4.
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82. Long paths in 3-connected graphs

For an integer s > 1, let K denote the complete graph of order s. In this
section, we prove the following modification of Theorem B:

Proposition 2.1. Let d > 3 be an integer, and let G be a 3-connected graph
of order at least 2d + 1 with 6(G) > d. Let u,v € V(G) with u # v, and
suppose that d,(u,v) = 2d—1. Then one of the following siz statements holds
(it is possible that some two of these sixz statements hold simultaneously) :

(i) there exists S C V(G) with |[{u,v} N S| = 1 and |S| = d such that
E(G-S)=0;

(ii) there exists S C V(G) with {u,v} C S and |S| = d such that |[E(G —
S =1

(iii) d >4, and there exists a € V(G) — {u,v} and there exists a component
Hy of G—{u,v,a} such that |V (Hy)| = d—1 and Ng(V (Hy))—V (Hp) =
{u,v,a}, and such that for each component H of G — {u,v,a} with
H # Hy, we have H = K49 and Ng(x) — V(H) = {u,v,a} for every
zeV(H);

(iv) there ezist a,b € V(G) — {u,v} with a # b and ab € E(G) such that for
each component H of G — {u,v,a,b}, we have H = K4_o, and either
Ng(z) — V(H) = {u,v,a} for every x € V(H) or Ng(x) — V(H) =
{u,v,b} for every x € V(H);

(v) d=05, and there exists S C V(GQ) with {u,v} C S and |S| = 4 such that
for each component H of G—S, we have H = Ko and Ng(xz)-V (H) =S
for every x € V(H); or

(vi) d = 4, and there ezist a,b € V(G) — {u,v} with a # b such that for
each component H of G — {u,v,a,b}, either we have H = K; and

N¢(V(H)) = {u,v,a,b}, or we have H = Ky and Ng(z) — V(H) =
{u,v,a} for every x € V(H).

Proof. Let P be a (u,v)-path of length 2d — 1, and write

P = (’UO, cee 7U2d—1)7

where vy = u and vyg_1 = v. Since |V (G)| > 2d + 1, we have |V (G — P)| > 1.
We present the rest of the proof by dividing it into two subsections.
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2.1. Component of G — P

Throughout this subsection, we let H denote a component of G — P. We
are mainly concerned with the structure of (V(H) U V(P))g. The following
lemma immediately follows from the maximality of the length of P :

Lemma 2.1. Suppose that |V (H)| = 1. Then one of the following holds:

(i) Ne(H)NV(P)={vul0<i<d—1};
(i) Ng(H)NV(P)={v2i+1|0 <i<d—1}; or
(iii) there exists m with 0 < m < d — 2 such that
Ng(H)NV(P) ={vy|0 <i <m}U{vgip1m+1<i<d—1}.

Lemma 2.2. Suppose that |V(H)| = 1. Then Eq(V(P) — Ng(H),V(P) —
Ng(H)) — E(P)=0.

Proof. Write V(H) = {a}. By way of contradiction, suppose that there exists
vivy € E(G) with 0 <4 < i’ < 2d — 1 such that vi, vy € V(P) — Ng(a) and
vivy ¢ E(P). Note that if (i) of Lemma 2.1 holds, then

(2.1) vi—1,vy 1 € Na(a) NV (P)
and, if (ii) of Lemma 2.1 holds, then
(2.2) Vi1,V 4 € N(;(a) N V(P)

Further if (iii) of Lemma 2.1 holds, then from the fact that vg, vog—1 € Ng(a)N
V(P) and {vam+1,vam+2} is the only pair of consecutive vertices of P which
does not intersect with Ng(a)NV (P), we see that (2.1) or (2.2) holds. Thus in
any case, (2.1) or (2.2) holds. By symmetry, we may assume that (2.1) holds.
Then (vo,...,0i—1,6,V; 1,V oy, 0;, Uy, ..., V24—1) is a (vg, V24—1)-path of
length 2d, which contradicts the assumption that df,(vg,vaq—1) =2d — 1. O

In the rest of this subsection, we consider the case where |V (H)| > 2.
Lemma 2.3. Suppose that |V (H)| > 2. Then H is nonseparable.

Proof. By way of contradiction, suppose that H is separable. Let B1,By be
two distinct endblocks of H and, for each 1 < i < 2, let b; be the cut vertex of
H such that b; € V(B;). Set n' = [Ng(V(By — b)) UV (By — by)) NV (P)|, and
write Ng(V(B1—b1) UV (By = b)) NV (P) = {xy,..., .}, where zy, ...,
occur in this order along P. Define

N ={(2,,2,41) |1 < v <" =1, Na({x,, 2,1 }) N V(B = bi) # 0
for each i = 1, 2}.
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Clearly |N'| <n' — 1 Since G is 3-connected, |Ng(B; — b;) N V(P )\ > 2 for
each 1, and hence n’ > 2 and ]N | > 1. Our first aim is to prove n' =2 and
IN'| = 1. It follows from the maximality of the length of P that for each
1<v< n, — 1, we have Z(P[x;,x;ﬂ]) > 2 and, if (x;,x;ﬂ) e N', then we
further have [(P[z),, xlyﬂ]) > 4 by the definition of N'. Hence 2d—1 = I(P) >

St I(Pz,,,.,]) >4+2(n —2)=2n", which implies n’ <d — 1.
Claim 2.1. Let (z,, 2, ;) € N'. Then the following hold.

(1) 1Pz, 2,44]) 22(d — (0"~ 1)).

(i) If|N'| <n' —1, then Z(P[x;,x;ﬂ]) >2(d—(n —1)) +2.

Proof. We may assume Ng(z,) N V(B —b1) # 0 and Ng(v,,,) N V(B2 —
by) # 0. Let By, denote the graph obtained from (V(B;)U {z,})g by joining
x, and by (in the case where z,b; € E(G), this means that we simply let
By, = (V(B1)U{z,})g). Similarly let By, denote the graph obtained from
<V(BQ)U{JJ,V+1}>G by joining :c’VH and by. Then By ,, By, 1 are 2-connected.
Note that degp, , (@) > 8§(G)—|(Ng(V(B1—b1)UV (By—b2))V (P)) —{z, }| >
d—(n —1) for all @ € V(B — by) and, similarly degp, ., (@) > d— (n —1)
for all & € V(By — by). This, in particular, implies that the average degrees
of V(By —b1) in By, and V(B — bg) in By, 11 are at least d — (n/ - 1),
and hence dj  (2,,b1) > d—(n' —1) and d, | (bs,2,4;) > d—(n' —1) by
Theorem C. Since I(Pla,, a,.11]) = dp, (2, 01) +dj;_ 5 1) (5yy) (b1, 02) +
dp, o (b2, 1) > dy, (2,,01) +dp, . (bs,2,,,1) by the maximality of I[(P),
this implies I(P[z,,2,,]) > 2(d — (n’ — 1)). Thus (i) is proved.

To prove (ii), assume that |[N'| < n'—1, and choose A € {1,...,n —1}—{v}
such that (m;\,xi\ﬂ) ¢ N'. Then we have Ng({x;\,x;\“}) NV(By—b1)=0or
Ng({x;\,x;\Jrl}) NV (Bg — by) = 0. We may assume Ng({x;\,xl)\ﬂ}) NV (B; —
by) = 0. Then all vertices of By — by have degree at least d — (n’ — 1) + 2 in
By, and hence djp  (2y,b1) > d— (n' —1)+2 by Theorem C. Consequently it
again follows from the maximality of I(P) that I(P[z,,,z,.]) > dp, V(m/y, bi)+

dy . (baywy,q) >2(d—(n' = 1)) +2. O

Ba 41
We return to the proof of the lemma. Suppose that \N,] > 2, and take
(33 :CMH) (xu,,xu/ﬂ) € N with u # p. Thensincen <d—1,1(Plx,,z,,])

+ (P [x T '+1]) > 4(d— (n" —1)) > 2(d — (n' — 1)) + 4 by Claim 2.1 (i).
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Hence
WPy > l(P[:UL,xLH])+l(P[:v;/,x;/+1])+ > Pz, 7,4)
1§V§n,71,
vt

> 2(d—(n —1))+4+2(n —3)=2d,

which contradicts the assumption that I(P) = 2d—1. Thus |N'| = 1. Further,
if |IN'| < n' — 1, then it follows from Claim 2.1 (i) that

/
n —1

(P) > > U(Play,z,4)
v=1

2d—(n' — 1)) +2+42(n —2) = 2d,

v

a contradiction. Consequently 1 =|N'|=n" — 1. Thus n' = 2.

Since G is 3-connected, this implies that there exist y € V(P) — {z},zy}
and a € V(H) — (V(B1 — b1) UV(By — b)) such that ya € E(G). Assume
first that y ¢ V(P[x],2,]). We may assume y € V(P[zh,v]). Then since
I(P[xy,y]) > 2 by the maximality of I(P), it follows from Claim 2.1 (i) that

I(P) [(Ply, ) + 1(Plas, y))

2
> 2(d—1)+2=2d,

a contradiction. Assume now that y € V (P[z],z,]). As in the proof of Claim
2.1, we may assume Ng(z;) NV (By — b1) # 0 and Ng(xy) NV (By — by) # 0.
Define By; and B2 as in Claim 2.1. Then arguing as in Claim 2.1, we obtain

[(Plzy.y))

Y

d*Bl’l(xll’ b1) + d*H*(Blfbl)*(Bszz)(bl’ a)+1
diy, | (2y,b1) +1> (d—1) +1,
I(Pleg,y]) > dp,,(w9,bs) +1> (d—1)+ 1.

v

Consequently
(P) > U(Plzy,y)) +1(Ply,xs]) > 2((d = 1) +1) = 2d,

which again contradicts the assumption that {(P) = 2d — 1. This completes
the proof of the lemma. O

Now let n = |Ng(H) N V(P)|, and write Ng(H) NV (P) = {z1,...,Tn},
where z1,...,x, occur in this order along P. Define

N = {(@p,221) |1 < v < n— LINa{a, 21} N V(H)] > 2},

Clearly IN| <n—1.
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Lemma 2.4. Suppose that |V(H)| > 3. Thend > 5, H = K4 o, Ng(z) N
V(P) = Ng(H)NV(P) for all xz € V(H), and one of the following holds:

(i) Ne(H)NV(P) = {vo,vd-1,v24-1};

(i) Ng(H)NV(P) = {vo,va, v2d—1};

(iii) Ng(H)NV(P) = {vo,v4—1,v24—2}; or
(iv) Ng(H)NV(P) = {v1,v4,v24-1}

Proof. By Lemma 2.3, H is nonseparable. Since |V (H)| > 3, this implies
(2.3) di(a,a’) > 2 for all a,a’ € V(H) with a # a .

It follows from the maximality of the length of P that foreach 1 <v <n-—1,
we have [(Plz,,z,+1]) > 2 and, if (z,,z,41) € N, then we further have
l(P[zy,zy41]) > 4 by (2.3). Since G is 3-connected, there exist three indepen-
dent edges joining H and P, and hence n > 3 and |N| > 2. Consequently
2d—1=1(P) > "2 I(Pl,, 2y11]) > 4-2+42(n —3) = 2n+ 2, which implies
n<d-—2.

Claim 2.2. Let (z,,x,+1) € N. Then the following hold.
(i) UPlzy,zp41]) >d— (n—2).

(ii) If equality holds in (i), then H = Kq_(,_9)—1, and Ng(x) NV (P) =
Ne(H)NV(P) for allx € V(H).

Proof. Let H, denote the graph obtained from (V(H) U {z,,z,4+1})c by
joining z, and x,41 (in the case where x,x,41 € E(G), this means that
we simply let H, = (V(H) U{x,,2y+1})g). Then H, is 2-connected. Note
that degp, (@) > 8(G) — [(Na(H) 1 V(P)) — {@ 21 })| = d — (n — 2) for
all @« € V(H). This, in particular, implies that the average degree of V(H)
in H, is at least d — (n — 2). Therefore dj‘qy(my,xwl) > d—(n—2) by
Theorem C, and hence it follows from the maximality of the length of P that
U(Plzy, 2y41]) 2 dyy (2y,Ty11) > d — (n —2). Thus (i) is proved.

To prove (ii), suppose that [(P[z,, T,4+1]) = d—(n—2). Thend}; (7, 7p41) =
d—(n—2). Hence H = K;_(,_2y_1 by Theorem C and, since §(G) > d, this
forces Ng(x) NV (P) = Ng(H) NV (P) for each z € V(H). O

For convenience, define an integer € by letting e = 0 if H = K;_(,_9)—1 and
Ng(z)NV(P) = Na(H)NV(P) for all x € V(H), and letting € = 1 otherwise.
Then by Claim 2.2, [(P[zy,z,41]) > d— (n —2) + ¢ for all (z,,z,41) € N.



234 T. NAGAYAMA

Hence we obtain

n—1

l(P) > ZZ(P[xuaqurl])

v=1

= Z I(Plxy,zy41]) + Z WPy, Ty41])

1<v<n-—1 1<v<n-—1
(xV7IV+1)€N (xV7$V+1)¢N

> (d—=(n—=2)+¢)|N|+2(n—1—-|NJ)
= (d—n)|N|+2(n—1)+¢€|N|;

that is to say
(2.4) I(P)>2d+ (d—n)(|N|—2) —2+¢|N]|.

Recall that n < d — 2 and |N| > 2. Hence if |[N| > 3 or € = 1, then it follows
from (2.4) that {(P) > 2d, a contradiction. Thus |[N| = 2 and € = 0. Hence
by the definition of e, H = K;_(,_2)—1 and Ng(z) N V(P) = Ng(H) NV (P)
for all x € V(H). By the definition of N, this implies |[N| = n — 1. Thus
2 = |N| =n—1, which implies n = 3. Consequently H = K;_(,_9)_1 = K42
and, by Claim 2.2 (i), {(P[zy,zy+1]) > d— (n—2) = d — 1 for each v € {1, 2}.
Since [(P) = 2d — 1, this implies that one of (i) through (iv) holds. O

Lemma 2.5. Suppose that |V(H)| = 2. Then H = Ky, Ng(x) N V(P) =
Na(H)NV(P) for each x € V(H) and, further, one of the following holds.

(I) d=4 and

(i) Ng(H)NV(P) = {vo,vs,v7};
(i) Ng(H)NV(P) = {vg,vs,v7};
(iii) Ng(H)NV(P) = {vo,vs3,v6}; or
(iv) Ng(H)NV(P) = {vi,vs,v7}.

(I) d=5 and Ng(H) NV (P) = {vo, v3,v6,v9}.

Proof. Since |V(H)| = 2, |[Ng(z) NV (P)| > d — 1 for each x € V(H), and
hence n > d — 1. It follows from the maximality of the length of P that for
each 1 <v <n—1, we have l[(P[z,,z,+1]) > 2 and, if (z,,z,11) € N, then
we further have I(Plz,,z,+1]) > 3. Thus 2d — 1 = I(P) > 2(n — 1), which
implies n < d. By the definition of N, this implies | N| = n — 1. Consequently

(2.5) [(Plzy,zy41]) > 3 foreach 1 <v <n—1,
and hence

(2.6) 2d—1=1(P)>3(n—1)
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Since d > 3 and n > d—1, (2.6) implies n = d — 1. Therefore Ng(z)NV(P) =
Ng(H) N V(P) for each x € V(H). Since n = |[Ng(H) N V(P)| > 3 by
the assumption that G is 3-connected, we also have d > 4. Further since
2d —1 > 3(d — 2) by (2.6), d = 4 or 5. Since [(P) = 2d — 1, it now follows
from (2.5) that (I) or (II) holds according as d =4 or 5. O

Next we show that (iii), (iv) of Lemma 2.4 and (iii), (iv) of Lemma 2.5
(I) do not actually occur (Lemma 2.7). For this purpose, we first prove the
following lemma.

Lemma 2.6. Suppose that |V (H)| > 2, and (iii) of Lemma 2.4 or (I) (iii) of
Lemma 2.5 holds. Then Ng({vi,...,v4—2}) — {v1,...,v4—2} = Na({vq,-..,
v2d-3}) — {va, ..., v2a—3} = {vo, Va1, v2d—2}-

Proof. By Lemmas 2.4 and 2.5, d > 4. Since H = Ky 5, H contains a path @
of length d—3. Let P’ denote the (vo, v2g—1)-path of length 2d—1 obtained from
P by replacing Plvi,vg—2] by Q. Set X = {v1,...,v4-2}, and let H' denote
the component of G — P’ such that X ¢ V(H'). Since |V(H')| > [X| =d -2,
we obtain H = K, 5 by applying Lemmas 2.4 and 2.5 to P and H. In
particular, X = V(H'). Since H is a component of G — P, this implies
Na(X)NV(P') = Ng(X) — X. Since vy, vg4_1 € Ng(X), it again follows from
Lemmas 2.4 and 2.5 that

(2.7) Ng(z) = X = Ng(X) — X forall z € X,

and Ng(X) — X = {vo,v4-1,v24—2} or {vg,vg—1,v24—1}. But if Ng(X) - X =
{v0,V4—1,V24—1}, then vivey_1 € E(G) by (2.7), and hence (vy, @, vag—2, vV24—3,
c,U1,U29—1) IS a (vg,vog—1)-path with length 3d — 3 > 2d, which contra-
dicts the assumption that df(vo,v24—1) = 2d — 1. Thus Ng(X) — X =
{vo,v4-1,v24-2}

Let now Y = {vg,...,v24—3}. Then vg_1,v24—2 € Ng(Y'). Hence applying
Lemmas 2.4 and 2.5 to the path obtained from P by replacing P[vg, vaq—3] by
@, we obtain ((Y)g = Kgq—2 and) Ng(Y) =Y = {vo,v4-1,v24—2}. O

Lemma 2.7. Suppose that |V (H)| > 2. Then one of the following holds.

(I) d>4, H= K49, Ng(z)NV(P)= Ng(H)NV(P) for all x € V(H),
and
(i) Ng(H)NV(P)={vo,v4-1,v24-1} or
(i) Ng(H)NV(P)={vg,vq,v2q-1}; or

(II) d =5, H=~ Ky, No(z)NV(P) = Ng(H) N V(P) for all z € V(H),
and Ng(H) NV (P) = {vo, v3,v6,v9}.
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Proof. In view of Lemmas 2.4 and 2.5, it suffices to show that Ng(H) N
V(P) # {vo,v4-1,v24—2}, {v1,v4,v24-1}. Suppose that Ng(H) NV (P) =
{v0,V4—1,V24—2} or {v1,vg, Vaq—1}. By symmetry, we may assume that Ng(H )N
V(P) = {vo,vg—1,v24—2}. Then by Lemmas 2.4 and 2.5, d > 4, H = K4 o
and

(28) Ng(ﬂf) N V(P) = {’Uo,vd_l,vgd_g} for all z € V(H)

By Lemma 2.6, Ng(vag—1) NV (P) C {vg,v4-1,v24—2}. Since §(G) > d > 4,
this together with (2.8) implies that there exists z € V(G — P — H) such that
vog—12 € E(G). Let H' denote the component of G — P with z € V(H/). Then
by Lemma 2.6,

(2.9) Ng(H )N V(P) C {vg, a1, V2d—2, V2dg—1}-

In view of Lemma 2.1, (2.9) implies [V (H')| > 2. Since vyq_1 € Ng(H') N
V(P), it now follows from (2.9) and Lemmas 2.4 and 2.5 that H = K;_,, and

(210)  Ng(z) N V(P) = {vo, vg_1,veq_1} for all z € V(H").

Since H = Ky and H = Ky o, H and H contain paths Q and Q" of length
d — 3, respectively. But then by (2.8) and (2.10), (vo, @, v2g—2,V24—3, - - - , Vd,
v1,Q’, V24—1) s a (v, v2q—1)-path with length 3d — 3, which contradicts the
assumption that df,(vo,v2q—1) = 2d — 1. This completes the proof of the
lemma. O

Lemma 2.8. (i) Suppose that (I) (i) of Lemma 2.7 holds, and let X =
{vi,...,v4-2}. Then (X)g = K4—2 and Ng(x) — X = {vg,v4—1,v24—1}
forallz e X.

(ii) Suppose that (1) (i) of Lemma 2.7 holds, and let X' = {vgy1,...,vaq_2}.
Then (X)q = Kq—o and Ng(z) — X = {vo, vgq,V2q—1} for all x € X.

Proof. Let X be as in (i). We argue as in Lemma 2.6. Let P’ denote the
path obtained from P by replacing P[vi,v4—2] by a path of length d — 3 in
H. Applying Lemma 2.7 to P’, we see that (X)¢ is a component of G — P,
(X)g 2 K49, and Ng(z) — X = Ng(X) — X for all z € X. Since vg,v4_1 €
N¢g(X), we also have Ng(X) — X = {vg,v4—1,v24—1} by Lemma 2.7. Thus (i)
is proved, and (ii) can be verified in a similar way. O

Lemma 2.9. Suppose that (II) of Lemma 2.7 holds. For j with 0 < j < 2,
let Xj = {v3j1,v3542}. Then for each 0 < j < 2, we have (Xj)qg = Ky and
Ng(z) — X; = {vo,v3,v6,v9} for every x € X;.
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Proof. Let 0 < j < 2. Let P" denote the path obtained from P by replacing
Plugji1,v3542] by H, and let H' denote the component of G — P containing
X;. Since v3j,v3j43 € Ng(H'), (I) of Lemma 2.7 cannot hold for P' and H',
and hence (IT) of Lemma 2.7 holds. In particular, X; = V(H'), and hence
Ng(X;) N V(P") = Ng(X;) — Xj. Consequently it follows from Lemma 2.7
(IT) that Ng(z) — X; = {vo,vs3,v6,v9} for every x € X;. O

2.2. Proof of the proposition

We now prove three lemmas concerning the structure of (V(H;) UV (Ha)U
V(P))q, where H; and Hs are components of G — P.

Lemma 2.10. Let Hy, Hy be components of G— P with |V (Hy)| = |V(H2)| =
1. Then one of the following holds:

(i)  Ne(H1)NV(P)= Na(H) N V(P); or
(i) d=3, and Ng(H1) NV (P) = {vg,vp,v5}
and Ng(H2) NV (P) = {vo,vq,vs5}, where {p,q} = {2,3}.

Proof. Write V(H;) = {a1} and V(Hz) = {a2}. We may assume
(2.11) Nola) N V(P) £ No(a) N V(P).
Claim 2.3. Both Hy and Hy satisfy (iii) of Lemma 2.1.

Proof. Suppose that H; satisfies (i) or (ii) of Lemma 2.1. By symmetry,
we may assume H;p satisfies Lemma 2.1 (ii). Then by (2.11) and Lemma
2.1, vo € Ng(ag), and either vo € Ng(ag) or vs € Ng(ag). If voa € Ng(az),
(vo, ag,v2,v1,a1,V3,04,...,V2q—1) is & (vg, voq4—1)-path with length 2d + 1; if
v3 € Ng(ag), (vo, az,v3,v2,v1,a1, Vs, ...,V2q—1) is & (vg, va4—1 )-path with length
2d. In either case, we get a contradiction to the assumption that df,(vo, v2q—1) =
2d—1. O

By (2.11) and Claim 2.3, there exist m,m" with m # m' and 0 < m,m’ <
d — 2 such that Ng(a1) NV(P) = {v|0 <i <m}U{vgir1m+1<i<d—1}
and Ng(a2) N V(P) = {vg]0 < i < m'} U{vgigr|m +1 <i <d—1}. We
may assume 0 <m <m <d—2. Ifm+1<m, (V05 - -+, V2m, A1, Va(m1)+15
Va(m41)5 025 V2(m+41)42; - - - V2d—1) 15 & (vo,V24—1)-path with length 2d, a con-
tradiction. Thus m 4+ 1 = m’. Suppose that d > 4. Then we have m >
1 orm < d—3. By symmetry, we may assumme m > 1. But then
(V05 - -+ » Va(m—1)5 Q25 V2(m41)> V2m+15 V2ms @15 V2(mt-1)+15 - - - » V2d—1) 18 & (v, V2d—1)
-path with length 2d, a contradiction. Thus d = 3, and hence (ii) holds. O
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Lemma 2.11. Let Hy, Hy be components of G — P with |V (H;)| = 1 and
|V(H3)| > 2. Then d =4, and one of the following holds:

(i) Ng(Hl) N V(P) = {1}0,1}3,1}5,1}7}, N(;(HQ) N V(P) = {’Uo,’Ug,’U7}; or
(ii) Ng(Hl) N V(P) = {1}0,1}2,1}4,1}7}, N(;(HQ) N V(P) = {’Uo,’U4,’U7}.

Proof. By Lemma 2.7, we have d > 4. By symmetry, we may assume that Hs
satisfies (I) (i) or (II) of Lemma 2.7. Then it follows from (i) of Lemma 2.8 and
Lemma 2.9 that Ng({vi,v2}) € V(P), which implies {v1,v2} N Ng(Hy) = 0.
By Lemma 2.1, this implies Ng(H1) NV (P) = {vo} U{v2it1]l <@ < d—1}.
In particular,

(2.12) v3 € Ng(H1)
and
(2.13) vs € Ng(Hy).

In view of Lemma 2.9, (2.13) implies that Hy cannot satisfy (II) of Lemma 2.7.
Thus Hs satisfies (I) (i) of Lemma 2.7. Consequently it follows from (2.12)
and Lemma 2.8 (i) that d = 4, and hence (i) holds. O

Lemma 2.12. Let Hy, Hy be components of G — P with |V (H;)| > 2 and
|V(H3)| > 2. Then one of the following holds:

(i)  Ng(H:1)NV(P)= Ng(H2) N V(P); or
(ii) Ng(Hl) N V(P) = {vo,vd,l,vgd,l}, Ng(HQ) M V(P) = {Uo,vd,’vgd,l}.

Proof. We may assume
(2.14) Ne(Hy) N V(P) # No(Hz) 0V (P).

If d # 5, the desired conclusion immediately follows from Lemma 2.7. Thus we
may assume d = 5. It suffices to show that neither H; nor Hy satisfies (II) of
Lemma 2.7. Suppose that H; satisfies (II) of Lemma 2.7. Then vs € Ng(H1).
By (2.14), Hj satisfies (I) of Lemma 2.7. We may assume Hy satisfies (I) (i) of
Lemma 2.7. But then it follows from (i) of Lemma 2.8 that Ng(vs) C V(P),
which contradicts the earlier assertion that vz € Ng(Hp). O

We are now in a position to complete the proof of Proposition 2.1.

Case 1 |V(H)| =1 for every component H of G — P.

We first consider the case where Ng(H1) NV (P) = Ng(Hz) NV(P) for
any two components Hy, Hy of G — P. If (i) of Lemma 2.1 holds for every
component H of G — P, or if (ii) of Lemma 2.1 holds for every component
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H of G — P, then by Lemma 2.2, (i) of Proposition 2.1 holds with S =
Ng(G — P)nV(P). If (iii) of Lemma 2.1 holds for every component H of
G — P, then by Lemma 2.2, (ii) of Proposition 2.1 holds. We now consider the
case where there exist components Hy, Hy of G— P such that Ng(H1)NV (P) #
Ng(H2) N V(P). In this case, it follows from Lemma 2.10 that d = 3, and
Nag(H)NV(P) = {vg,ve,v5} or {vg,vs,vs} for each component H of G — P.
Since vivg, v1v3,v2v4 ¢ E(G) by Lemma 2.2, this implies that (iv) holds with

{a,b} = {vy,v3}.

Case 2 Suppose that there exist components H; and Hy of G — P such that
\V(H1)| =1 and |V (H)| > 2.

By Lemma 2.11, d = 4. By symmetry, we may assume that (i) of Lemma
2.11 holds. Then by Lemma 2.11, (iii) of Lemma 2.1 holds with m = 0 for each
component H of G — P with |V(H)| =1, and (I) (i) of Lemma 2.7 holds for
each component H of G — P with |V (H)| > 2. This in particular implies that
Ng(vs), Na(ve) € V(P). Hence Ng(vs), Ng(ve) C {vo,v3,vs,v7} by Lemma
2.2. Since 0(G) > d = 4, this forces Ng(va) = Ng(vs) = {vo,vs,vs,v7}.
Also Ng(v1) — {v1,v2} = Ng(v2) — {v1,v2} = {vg,v3,v7} by Lemma 2.8 (i).
Consequently (vi) holds with a = v3 and b = vs.

Case 3 |V (H)| > 2 for every component H of G — P.

We first consider the case where Ng(H1) NV (P) = Ng(Hz) NV(P) for
any two components Hy, Hy of G — P. Assume for the moment that (I) (i) of
Lemma 2.7 holds for every component H of G—P. Set Y = {vg, vg41,...,v24-2}
Then Ng(Y) C V(P). Since Ng({v1,v2,...,v4-2}) NY = () by Lemma 2.8
(i), this implies Ng(Y) =Y C {vg,v4-1,v24—1}, and hence Ng(Y) - Y =
{vo,v4—1,v24—1} by the assumption that G is 3-connected. Therefore it follows
from Lemma 2.8 (i) that (iii) holds with a = v4_1 and Hp = (Y). Similarly if
(I) (ii) of Lemma 2.7 holds for every component H of G — P, then by Lemma
2.8 (ii), (iii) holds with a = vg and Hy = ({v1,v2,...,v4-1})c. Also if (II) of
Lemma 2.7 holds for every component H of G — P, then by Lemma 2.9, (v)
holds with S = {wvg,vs,vg,v9}. We now consider the case where there exist
components Hy, Hy of G — P such that Ng(H1) NV (P) # Ng(H2)NV(P). In
this case, it follows from Lemma 2.12 that (I) (i) or (I) (ii) of Lemma 2.7 holds
for each component H of G— P. Therefore it follows from Lemma 2.8 that (iv)
holds with {a,b} = {v4_1,v4}. This completes the proof of the proposition.

83. Codistance in 3-connected graphs

As corollaries of Proposition 2.1, we now derive results concerning the dis-
tribution of pairs of vertices with small codistance.
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Corollary 3.1. Letd > 3 be an integer, and let G be a 3-connected graph with
[V(G)| > 2d and §(G) > d. Suppose that d*(G) < 2d—1. Suppose further that

(3.1) if [V(G)| = 2d, then d*(G) < 2d — 2.

Let Ay, Ay be subsets of V(G) with Ay # (0, Az # 0 and |A;UAs| > 2. Suppose
that di,(a1,a2) < 2d —1 for all a1 € Ay and ap € Ay with ay # as. Then one
of the following holds:

(i) [Aaf + Ao < [V(G); or

(ii) there exists S C V(Q) with |S| = d such that E(G — S) = 0.

Proof. By Theorem B, d*(G) > 2d — 2, and hence d*(G) = 2d — 2 or 2d — 1.
Take u,v € V(G) with u # v such that df,(u,v) = d*(G). If dj,(u,v) = 2d — 2,
then (i) or (ii) of Theorem B holds with m = 2d. If d,(u,v) = 2d — 1, then
|[V(G)| > 2d+ 1 by (3.1), and hence one of (i) through (vi) of Proposition 2.1
holds. If (i) of Theorem B or (i) of Proposition 2.1 holds, then (ii) holds. Thus
we may assume (ii) of Theorem B or one of (ii) through (vi) of Proposition
2.1 holds.

Case 1. (ii) of Theorem B holds.
Since |V(G)| > 2d and |V (H )| = d—2 for each component H of G—{u,v,a},

(3.2) G — {u,v,a} contains at least three components.
Since d > 4,
(3.3) 3d — 4> 2d.

Claim 3.1. Let z € V(G) — {u,v,a} and y € {u,v,a}. Then df(z,y) > 2d.

Proof. Let H; be the component of G — {u,v,a} with x € V(H;). We
may assume y = v (note that the roles of w,v,a are symmetric in (ii) of
Theorem B). By (3.2), there exist two components Hy, Hs of G — {u,v,a}
with * ¢ V(H2) UV (H3). For each 1 < i < 3, H; = Ko, and hence H;
contains a path @Q; of length d — 3; in particular, we can choose ()1 so that x
is the initial vertex of Q1. Then (Q1,u, Q2,a,Q3,v) is an (z,y)-path of length
3d — 4, and hence d(z,y) > 2d by (3.3). O

Claim 3.2. Let z,y € V(G) — {u,v,a} with x #y. Then df,(x,y) > 2d.
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Proof. Let Hy, Hy be the components of G — {u,v,a} such that z € V(H;)
and y € V(Hsy). We divide the proof into two cases according as H; = Hy or
H, # Hs.

Case a. H| = Hs.

By (3.2), there exist two components Hz, Hy of G — {u,v,a} with {z,y} N
(V(H3) UV (Hy)) = 0. For each 3 <i <4, let Q; be a path of length d — 3 in
H;. Then (x,u,Qs,a,Q4,v,y) is an (z,y)-path of length 2d.

Case b. Hy # Hs.

Again by (3.2), there exists a component Hy of G — {u,v,a} with {z,y} N
V(Hs) = 0. Let Q5 be a path of length d — 3 in Hs, and let Q2 be a path of
length d — 3 in Hy with terminal vertex y. Take z € V(H;) with z # x (note
that d — 2 > 2). Then (z,u, z,a,Qs5,v,Q2) is an (x, y)-path of length 2d. O

It follows from Claims 3.1 and 3.2 that Ay, A2 C {u,v,a}, and hence |A;|+
|As] <6 <2d < |V(G)].

Case 2. (ii) of Proposition 2.1 holds.
Since |[V(G)| > 2d+1, we have |V (G)—S| > d+1. Write E(G—S) = {z122}.

Claim 3.3. Letx € V(G) — S andy € S. Then d,(z,y) > 2d.

Proof. Since G is 3-connected, G — y is 2-connected, and hence there exist
y1,y2 € S — {y} with y; # yo such that zyy1, z0y2 € E(G). Assume first that
x ¢ {z1,22}. Since each vertex in V(G)— S —{z1, 22} is agjacent to all vertices
in S, G—{z,z21,29,y1} contains a (y2,y)-path P of length 2d — 4, and we have
xy1 € E(G). Thus (x,y1, 21,22, P) is an (x,y)-path of length 2d. Assume
now that x € {z1,22}. We may assume z = z;. Then G — {z, 22} contains a
(y2,y)-path @ of length 2d — 2. Thus (z, 22, Q) is an (x,y)-path of length 2d.
O

Claim 3.4. Let x,y € V(G) — S with v # y. Then dj(x,y) > 2d.

Proof. Since §(G) > d > 3, there exists yo € S such that z1y9, 20y0 €
E(G). Since G is 3-connected, there exist y1,y2 € S — {yo} with y1 # yo
such that z1y1, 20y2 € E(G). First assume {x,y} N {z1,22} = 0. Then G —
{x, 21, 22,Y0,y1 } contains a (yo,y)-path P of length 2d — 5. Thus (z,y1, 21, Yo,
z9, P) is an (z,y)-path of length 2d. Next assume |[{z,y} N {z1,22}| = 1.
We may assume z = z;. Then G — {z, 29,90} contains a (y2,y)-path @ of
length 2d — 3. Thus (x, yo, 22, @)is an (z,y)-path of length 2d. Finally assume
{z,y} = {#1,22}. We may assume =z = z; and y = z3. Then G — {z,y}
contains a (yi1,y2)-path R of length 2d — 2. Thus (z, R,y) is an (x,y)-path of
length 2d. O
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It follows from Claims 3.3 and 3.4 that A;, Ay C S, and hence |A;|+|A2| <
2d < |V(G)].

Case 3. (iii) of Proposition 2.1 holds.
Since 6(G) > d,

(3.4) degy, (w) > d — 3 for all w € V(Hy),
and
(3.5) |INg(w) N {u,v,a}| > 2 for all w € V(Hyp).

Claim 3.5. Let wy,wy € V(Hy) with wy # we. Then Hy contains a (wi,ws)-
path with length at least d — 3.

Proof. In view of (3.4), it is easy to verify the claim for d = 4. Thus suppose
that d > 5. Then by (3.4), Hy is 2-connected. Hence again by (3.4), the
desired conclusion follows from Theorem C. O

Now in view of Claim 3.5 and (3.5), we can argue as in Case 1 to obtain
Ay, A2 C{u,v,a}, and hence |A1]| + |A2] <6 < 2d < |V(G)|.

Case 4. (iv) of Proposition 2.1 holds.

If no component H of G — {u,v,a,b} satisfies Ng(H) — V(H) = {u,v,b},
then df(u,v) = 2d — 2, which contradicts the assumption that we are in Case
(iv) of Proposition 2.1. Further if there exists precisely one component, say
H,, of G — {u,v,a,b} such that Ng(Hy) — V(Hp) = {u,v,b}, then in the case
where d > 4, (iii) of Proposition 2.1 holds with Hy = (V(H,) U {b})¢ and, in
the case where d = 3, (ii) of Proposition 2.1 holds with S = {u,v,a}. Thus
we may assume

(3.6) there exist at least two components H of G — {u, v, a, b}
such that Ng(H) — V(H) = {u,v,b}.

Similarly we may assume

(3.7) there exist at least two components H of G — {u, v, a, b}
such that Ng(H) — V(H) = {u,v,a}.

Note that (3.6) and (3.7) imply that |V(G)| > 4d — 4. We divide the proof
into two cases according as d = 3 or d > 4.

Case a. d > 4.

Since ab € E(G), we can adapt to this case the construction of desired
paths in Case 1 by replacing the segment (a) of length 0 by the path (a,b) or
(b,a) of length 1 or the path (b) of length 0. Consequently, arguing as in Case
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1, we obtain Ay, Ay C {u,v,a,b} and hence |A;|+ |As| < 8 < |[V(G)| (thus we
do not need (3.6), (3.7) in this case).

Case b. d = 3.
Note that for each component H of G — {u,v,a,b}, |V(H)| = 1. Write

Ng(a) — {u,v,a,b} = {a1,...,an},
Ng(b) —{u,v,a,b} = {B1,...,0u}-

We have A > 2 and p > 2 by (3.6) and (3.7), respectively. Note also that for
each 1 <i< Xand 1< j <pu, Nog(oy) = {u,v,a} and Ng(B;) = {u,v,b} by
(iv) of Proposition 2.1.

Claim 3.6. Letz € V(G)—{u,v,a,b} andy € {u,v,a,b}. Thendf(x,y) > 6.

Proof. By symmetry, we may assume x = «7. Then

(alua’u O[Q,’U,ﬁl,b,ﬂg,u), (O[l,CL,OéQ,U,/Bl,b,ﬂQ,’U),

(O[l,U,ﬂl,b, 5277)705270’) or (Oél,CL,OéQ,u,ﬂl,’U,IBQ,b)
is an (z,y)-path of length 7 according as y = u,v,a or b. O
Claim 3.7. Let z,y € V(G) — {u,v,a,b} with x #y. Then di(z,y) > 6.

Proof. By symmetry, we may assume that either x = «; and y = (4, or
r=ajand y = as. If x = a7 and y = (1, (a1, a,az,u, [B2,v,5) is an (z,y)-
path of length 6. If x = a1 and y = a9, (a1, u, 1,0, 52,v,a2) is an (x,y)-path
of length 6 O

It follows from Claims 3.6 and 3.7 that A;, A2 C {u,v,a,b}, and hence

Case 5. (v) of Proposition 2.1 holds.
Aguing as in the proof of Case 1, we see that Ay, A C S, and hence
|A1] + [A2| <8 < 2d < |V(G)|.

Case 6. (vi) of Proposition 2.1 holds.

Let Fiy,...,Fy be the components of G — {u,v,a,b} having cardinality 1,
and let Hy,...,H, be the components of G — {u,v,a,b} having cardinality
2. For each 1 < i < A write V(F;) = {z}. If A < 1 or p = 0, then
df.(u,v) = 6 = 2d — 2, a contradiction. Thus we have A > 2 and p > 1.
Further if A = 2, then (iii) of Proposition 2.1 holds with Hy = ({21, 22,b})c.
Thus we may assume A\ > 3.

Claim 3.8. Let v € V(G) — {u,v,a,b} and y € V(G) with v # y. Then
dg(z,y) = 8.
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Proof. By symmetry, we may assume that either z € V(H;) and y €
V(Hs), or x,y € V(Hy) U {z1,29,u,v,a,b}. If x € V(H;) and y € V(Ha),
then (z,u,z21,a,22,b,23,v,y) is an (x,y)-path of length 8. If z,y € V(H;) U
{z1,22,u,v,a,b}, then since (V(H;) U {z1, 22, z3,u,v,a,b})q satisfies (ii) of
Proposition 2.1, the desired conclusion follows from Claims 3.3 and 3.4. O

It follows from Claim 3.8 that A;, Ay C {u,v,a,b}, and hence |A1|+ |Ag| <
8 < |V(G)|. This completes the proof of Corollary 3.1. O

Corollary 3.2. Let d, G, Ay,As be as in Corollary 3.1. Then one of the
following holds:

(i) |Ai| + |42 < |V(G)| +d; or

(ii) |V(G)| = 2d, and there exists S C V(G) with |S| = d such that E(G —
S)=0.

Proof. By Corollary 3.1, (i) or (ii) of Corollary 3.1 holds. If (i) of Corollary
3.1 holds, then clearly (i) holds. Thus we may assume that (ii) of Corollary
3.1 holds. Note that

(3.8) if [V(G)| = 2d+1,
then dg(z,y) > 2d for all z,y € V(G) — S with = # y.

Now if |V(G)| = 2d, then (ii) holds. Thus we may assume |V(G)| > 2d + 1.
Then it follows from (3.8) that we have A; C .S or Ay C S, and hence |A;|+
|Az| < |V(G)| +d, as desired. O

Corollary 3.3. Let d, G, A1,As be as in Corollary 3.1, and suppose that
di.(ai,a2) < 2d —2 for all ay € Ay and ay € Ay with ay # az. Then |Ai| +
[Az| < [V(G)].

Proof. As in the proof of Corollary 3.2, we may assume that (ii) of Corollary
3.1 holds. Then

(3.9) diy(z,y) >2d—1forallz € Sand all y € V(G) — S.

If |V(G)| > 2d + 1, then it follows from (3.8) and (3.9) that A4;, Ay C S, and
hence |A;| + |A2| < 2d < |V(G)|. Thus we may assume |V (G)| = 2d. Then
|[V(G) — S| = |S| = d. Further it follows from (3.9) that we have A;, A4y C S
or A1, A2 C V(G) — S. Consequently |A1| + |A2| < 2d = |[V(G)|, as desired.
g
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84. Proof of Main Theorem

Let G, C, H, k, r be as in the Main Theorem. Set p = |[Ng(H) NV (C)],
and write Ng(H) NV (C) = {ui,u2,--- ,up}, where uy,...,u, are in this
order along C' (indices are to be read modulo p). For each 1 < i < p, let
H; denote the graph obtained from (V(H) U {u;, ui+1})c by joining w; and
u;+1 (in the case where w;u;+1 € E(G), this means that we simply let H; =
<V(H) U {ui, ui+1}>g). Define

= {wi |1 <i<p,[No({wi,uit1}) NV (H)| = 2},
= (Ng(H)NV(C)) T,

Ty = {u € T|dy,(uiuiy1) <k},

{ui € T'|dy, (wiuiz1) > k}.

&
|

Set h = |V(H)|, s = [T, t1 = |T1], ta = |T|. The following claims immediately
follow from the definition of H; and T.

Claim 4.1. Let 1 < i < p, and take a € Ng(u;) NV (H) and b € Ng(uit1) N
V(H). Then

* 2 Zf a= b’
dHi (u'“ ul+1) e { d;}(a, b) + 2 Oth,e'rw(ise-

Claim 4.2. Letu; € T (1 <4 <p). Then
[Ne(ui) NV (H)| = [Ng(uipr) NV (H)| = 1.

The following claim follows from the assumption that C' is locally longest
with respect to H in G.

Claim 4.3. Let1 <i<p. Then
UClui, uita]) = dig, (wi, witr).

Now if ¢1 < k, then the desired conclusion follows from Proposition D. Thus
we may assume that

(4.1) t1 > k.
Suppose that §(H) > k/2. Then since H is 3-connected and h —1 > k — 2, we

see that dj;(a,b) > k — 2 for all a,b € V(H) with a # b by applying Theorem
B with m = k. Hence by Claim 4.1, dj (u;,u;+1) > k for each u; € T.
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This implies that 7y = @, which contradicts (4.1). Thus §(G) < %51, Since
(H) > | (k—1)/2] by assumption, this implies

kE—1
(4.2) 0(H) = {—J .
Again since H is 3-connected, 6(H) > 3, and hence
(4.3) kE>T7

by (4.2). Let Eq(C, H) denote the set of those edges of G which join a vertex
of C' and a vertex of H.

Claim 4.4. (I) One of the following holds:

h
(i) |Ec(C,H)| < §t1 + hty + s; or
(ii) k is even and there exists S C V(H) with |S| = 6(H) such that

EH-S)=0.
(IT) If G satisfies (1) (ii), then |Eq(C, H)| < h—’_Td(H)tl + hty + s.
Proof. We first show that either
(4.4) ING(ui) N V(H)| + [Ne(uiv1) NV(H)[ < R

for every u; € Th or (I) (ii) holds, and that if G satisfies (I) (ii), then
(4.5) NG (ui) NV (H)| + [Ng(uira1) NV (H)| < h +6(G)

for every u; € T. Let u; € T1. Then by the definition of T'(2 Ty), there
exist @ € Ng(u;) NV (H) and b € Ng(ui+1) NV (H) with a # b, and hence
Ng(u;) NV (H) and Ng(ui+1) NV (H) are nonempty subsets of H satisfiying
|(NG(ui) NV (H)) U (Ng(uiv1) NV(H))| > 2. Since dy, (ui,ui+1) < k by the
definition of 77, it follows from Claim 4.1 that

(4.6) & (a,b) < dy (g, uip1) =2 < k—3

for all @ € Ng(u;) NV (H) and b € Ng(uir1) NV (H) with a # b. Also recall
that h > k — 1. We may assume (4.4) does not hold. We aim at showing that
(I) (ii) and (4.5) hold. If k is odd, then it follows from (4.6) and (4.2) that
df(a,b) < 26(H) — 2 for all a € Ng(u;)) NV (H) and b € Ng(uir1) NV (H)
with @ # b, and we also have h > 20(H), and hence by Corollary 3.3, we
get a contradiction to the assumption that (4.4) does not hold. Thus k is
even. Again it follows from (4.6) and (4.2) that df;(a,b) < 26(H) — 1 for



ON A CONJECTURE OF FAN 247

all @ € Ng(u;) N V(H) and b € Ng(ui+1) N V(H) with a # b, and we also
have h > 26(H) + 1, and hence by Corollary 3.1, (I) (ii) holds. Further since
h > 26(H) + 1, it follows from Corollary 3.2 that (4.5) holds.

Now for each u; € Ts, we clearly have

(4.7) [Ng(ui) "V (H)| + [Ne(uipr) NV (H)| < [V(H)| + [V(H)| < 2h
and, for each u; € T

(4.8) NG (ui) "V (H)| + [Na(uivr1) NV (H)| =2

by Claim 4.2. Define

0= { h+d6(H) if G satisfies (I) (ii);

h otherwise.

Then it follows from (4.7), (4.8), and (4.4) or (4.5) that

|Eq(C.H)| = > |Na(w)nV(H)
u€ENg(H)NV(C)
_ >y ING(ui) NV (H)| + [Ng(uiy1) NV (H)|
w€Ng(H)NV(C) 2
=S |NG(ui) NV (H)| + [Ng(uit1) NV (H)|
u; €T 2
ING(ui) NV (H)| + [Ng(uiy1) NV (H)|
+ ) 5
u; ETH
5 NG O VD Natu) V()
nll 2
u; €T
0
< 5151 + hty + s |
Claim 4.5.
(4.9) 1(C) > (d*(H) + 2)t1 + kto + 2.

Proof. Note that for each u; € T, there exist a € Ng(u;) N V(H) and
b € Ng(ui+1) NV(H) with a # b by definition, and hence dj; (u;,ui+1) >
dj(a,b)+2 by Claim 4.1. Thus dy;. (ui, ui+1) > d*(H)+2 for all u; € Ty (C T).
Again by definition, dj; (u;,ui+1) > k for all u; € Ty, Further by Claim 4.1,
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dy, (ui, uip1) > 2 for all u; € T. Consequently it follows from Claim 4.3 that

0C) = D UCus uia)) + > UC s, i)

u; €T u; €T
k *
> E dHi(UipuiJrl)"‘E dpr, (is wit1)
u; €T u, €T

> Z iy, (wis wiv1) + Z dpy, (uisuiv1) | +2s
u; €11 u; €T

> (d*(H) + 2)t1 + ktg 4 2s. O

We are now in a position to complete the proof of the Main Theorem.
Define 6 as in Claim 4.4. Write

(4.10) t1 =ty +k,
and
(0/2)t1 + hty + s = t3 + |Eg(C, H)|.
Then
(4.11) ty = (1/h)ts — (0/2h)ts — (1/h)s + |Eq(C, H)|/h — k6/2h.

Also t3 and t4 are nonnegative by (4.1) and Claim 4.4. Substituting (4.10)
and (4.11) for ¢; and ¢2 in (4.9), we obtain

(c) > %t3+ {(d*(H)+2) - %}m—f— (2— %) s

(4.12) + k(d*(H)+2)+k{%\E0(C,H)—g}.

In the rest of the proof, we consider each term of (4.12). Since t3 is nonnega-
tive,

k
4.13 —t3 > 0.
(1.13) Fiys
Since h > k — 1,2 —k/h > 0, and hence
(4.14) (2—%)32&

We now consider the second term of (4.12).
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Lo | T

Claim 4.6. (i) k—2>
k(h+ 6(H))
2h ’

Proof. Since k > 5, (i) clearly holds. Since h > k — 1, it follows from (4.2)
that 0(H) < h/2, and hence (h + 6(H))/2h < 3/4, which implies (ii). O

(il) Ifk>8, thenk—2>

Recall that ¢4 is nonnegative. Also note that if § = h + §(H), then k is
even by the definition of #, and hence k > 8 by (4.3). Thus the following claim
shows that the second term of (4.12) is nonnegative.

Claim 4.7. (i) d*(H)+2-—

Do | T

> 0.

k(h+3(H))

(il) Ifk>8, thend*(H)+ 2 — 57, >

Proof. Since H is 3-connected and h > k — 1, and since 26(H) = 2|(k —
1)/2| > k—2 by (4.2), we obtain d*(H) > k — 4 by applying Theorem B with
m = k — 2. Hence the desired inequalities follow from Claim 4.6. O

Finally we consider the sum of the fourth and the fifth terms of (4.12).

Claim 4.8. (i) k(d*(H)+2)+k <%|Eg((}7 H) k) > k(r+2— k).

=3
(ii) If k> 8, then

1 k(h+d0(H

ke (d*(H) +2) + & <E|Eg(C’, H)| - %) > k(r+2— k).

Proof. Take z,y € V(H) with x # y such that ¥ (z,y) = d*(H). Let H be
the graph obtained from H by adding two new vertices u,v with u # v and
u,v ¢ V(H), and three new edges zu,uv, vy. Since H is 3-connected, H'is 2-
connected. Also the average degree of V (H) in H' is (X wev ) degy (w))/h =
(rh—|Eg(C,H)|+2)/h. Therefore it follows from Theorem C that dj;(z,y) +
2=d},(u,v) 2 (rh — [Eq(C,H)| + 2)/h, and hence

(4.15) (d*(H)+2)+ |Eq(C,H)|/h > .
Combining (4.15) and Claim 4.6, we obtain the desired inequalities. O

By (4.12), (4.13), (4.14) and Claims 4.7 and 4.8, we obtain I(C) > k(r +
2 — k). This completes the proof of the Main Theorem.
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