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Abstract. We prove the LP boundedness of a class of parametric
Marcinkiewicz integral operators Mg’h when h satisfies a certain integra-

bility condition and Q belongs to the block space Béo’fl/Q)(S”_l) for some

q > 1,n > 2. Also, we obtain the L boundedness for a class of rough parametric
Marcinkiewicz integral operators Mg‘; , and Mg’ 1,s related to the Littlewood-
Paley gx-function and the area integral S, respectively. Our results are essential
improvement and extension of some previously known results.
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§1. Introduction

Let R™ (n > 2) be the n—dimensional Euclidean space and S"~! be the unit
sphere in R equipped with the normalized Lebesgue measure do = do(+). For
x € R"\{0}, let 2’ = x/ |z].

For a suitable C! function ¥ on R and a measurable function h : R, —
C define the parametric Marcinkiewicz integral operator M’é’\y’h by

(1.1) .
2
Mya,f@ = | [T (& — () 2D gy )

7 Jy<t yl*™" t

where p = a+i3 (o, f € R with @ > 0) and f € S(R"), the space of Schwartz
functions and €2 is defined on S™7!, Q € L1(S"!) and satisfies the vanishing
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condition

(12) /S @) do (') =0.

Throughout this article, we denote M, ¢, , by M§, if U(t) = ¢, p’ will
denote the dual exponent to p, that is 1/p+1/p' =1 and A (RT) (y > 1)
will denote the set of all measurable functions h on R* such that

1/

R
1
sup —/\h(t)\W dt < 0.
R>0 Ro

It is well-known that M%z ; is the classical Marcinkiewicz integral operator
of higher dimension, correspénding to the Littlewood-Paley g-function, intro-
duced by E. Stein in [St1]. In 1958, Stein showed that if € is continuous
and Q € Lip,(S"!) (0 < a < 1), then M}, is of type (p,p) (1 < p < 2)
and of weak type (1,1). In [BCP], Benedek, Calderén, and Panzone proved
that M%l,l is of type (p,p) for p € (1,00) if @ € C* (S"™1). Very recently,
Al-Qassem and Al-Salman in [AA] showed that Mslm is of type (p,p) for

p € (1,00) if @ € B ?(87=1) and the condition Q € B2 (871 is

optimal in the sense that there exists an 2 which lies in Béo’v)(Snfl) for all

—1 < v < —1/2 such that MY, | is not bounded on L?(R™). On the other
hand, in 1960, Hérmander [Ho] pvroved that the parametric Marcinkiewicz op-
erator Mg, is of type (p,p) for p € (1,00) if p > 0 and Q € Lip, (S"71)
(0 < a < 1). 1996, Sakamoto and Yabuta [SY] studied the LP boundedness
of the parametric Marcinkiewicz integral operator M?m if p is complex and
proved that /\/lg’1 is of type (p,p) for p € (1,00) if Re(p) = a > 0 and Q €
Lip (8" 1) (0<7<1).

In light of the above results, the question regarding the L? boundedness of
/\/151 under a non smooth condition on {2 has remained unanswered. The main
purpose of this article is to show that the LP boundedness of the parametric
Marcinkiewicz operator M&%,h holds when €2 lacks regularity and even when
an extra rough function A appears in the kernel. In fact, we are able to prove
the following more general result.

Theorem 1.1. Let h € A (Ry) with v > 1. Let ¥ be in C?([0,00)),
convex, and increasing function with W(0) = 0. If Q € 350’71/2)(8"*1) and
Re(p) = a > 0, then

(1.3) “M57@7h(f)(

LP(R"™) = Cp ”QHB(SO’_I/Q)(Snfl) Hf”Lp(Rn)
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is bounded on LP(R™) for |1/p —1/2] < min{1/4/,1/2}.

Remarks. (a) We remark that on S*!, forany ¢ > 1,0 < 7 < 1and —1 < v,
the following inclusions hold and are proper:

(1.4) CcY(S™™) c Lip, (8" ') c L9(S" ') ¢ L(log™ L)(S" ') c H'(S"™1),

(1.5) U zrs") c BP(sm .
r>1

With regard to the relationship between Béo’v)(S”_l) and HY(S"™1) (for v >

—1) remains open.

(b) We point out that the range of p given in Theorem 1.1 is the full
range (1, co) whenever v > 2. Also, the result in Theorem 1.1 extends the
result of Al-Qassem-Al-Salman [AA] who obtained Theorem 1.1 in the special
case h = 1,p = 1 and ¥(¢) = ¢ and also improves substantially the result of
Sakamoto and Yabuta [SY].

The paper is organized as follows. Section 2 contains the definition of the
block spaces BéO’U)(S”_l) as well as some of their important properties. The
main estimates needed in the proofs of our results are established in Section
3. The proofs of Theorem 1.1 and additional results will be given in Sections

4-5. Throughout the rest of the paper the letter C' will stand for a positive
constant not necessarily the same one at each occurrence.

Acknowledgment. The author would like to thank very much the referee
for his very valuable comments and suggestions.

§2. Some Definitions

The block spaces originated in the work of M. H. Taibleson and G. Weiss on the
convergence of the Fourier series in connection with the developments of the
real Hardy spaces. Below we shall recall the definition of block spaces on S"~ 1.
For further background information about the theory of spaces generated by
blocks and its applications to harmonic analysis, see the book [LTW].

Definition 2.1. A g-block on S"! is an L9 (1 < q < o) function b(x) that
satisfies

(i) supp(b) C I; (i) [|bll s < 1777,

where |I| = o(I), and I = B(x},00) = {2/ € S 1 : |2/ — z}| < b0} is a cap on
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S"~1 for some x)y € S"~! and 6y € (0,1].
Jiang and Lu introduced (see [LTW]) the class of block spaces BC(,O’U)(S”_I)

(for v > —1) with respect to the study of homogeneous singular integral
operators.

Definition 2.2. The block space Béo’v)(S”_l) is defined by

BOO(sm ) ={aer}(s" ) 0= Z)\ubu’ MO ({2 }) <0 g,

where each A, is a complex number; each b, is a g-block supported on a cap
I, on S* 1 v>—1 and

2.1) MO (10,1 =30 Pl {11 7h Y
pn=1
Let HQHB((ZO,U)(SnH) = inf{MéO’U) (A1) Q=372 A0, and each b,

g-block function supported on a cap I, on 8"~ '}. Then ||| is a
norm on the space Béo’v)(Snfl) and (Béo’v)(snfl), Il
space.

In their investigations of block spaces, Keitoku and Sato in [KS] showed

that these spaces enjoy the following properties:for any v > —1 and ¢ > 1,

B0

BgO,U)(Sn_l)) is a Banach

BPoI(S T € BI(S T i > > 1
B(O,v)(sn—l) C B(Ov“)(S”_l) if 1 <q1 <qgo;

U q>1B(0v sn— 1 g U q>1Lq Sn 1)

Definition 2.3. For a suitable C" function W on Ry, a measurable function
h : Ry — C and a suitable function b, on S"~1 we define the family of
measures {o; ,:t € Ry} and the mazimal operator O'g on R" by
wo m
1 b,(y)
fdoy,i =5 [ D (D
/Rn bt~ ¢p Liclyl<t ly|" "

and

« f(@)|,

or f(x)= sup HO‘
b‘u teR bu st

where ‘O'Bwt 1s defined in the same way as 5, 00 but with Bu replaced by ‘l;u‘

and h replaced by |h|.
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§3. Main Estimates

<

Lemma 3.1. Let p € N and h € A (Ry) for some v with 1 < v < 2.
Let l;u be a function on 8" satisfying (i) [qn-1 l;u (y)do(y) = 0; (ii) Bu <

q
|IH|71/q for some ¢ > 1 and for some cap I, on S*~! with |I,| < e™'; and
(i) Hb“H1 < 1. Assume that U is in C*([0,00)), convez, and an increasing

function with W(0) = 0. Then there exist constants C and 0 < v < 1/¢" such
that for all k € Z and & € R™ we have

(3.1) HO‘,; t] < ¢
/47
u.)](;4»1 th _ 2v —
I3 N —1 _ /1o
(3.2) /wk wat( )‘ T < Clog(|1,| )“I’(“’f 1)5‘ (1|7
§2

u.)Ic«l»l 2v

- el 5
(3.3) /: &; t(g)‘ Clog(|1,| 1)‘@@5“)5 7 oa(|1, |7
“u

’_1,7
where w, = 2

IN

—1
log(|I )
(1] and HO‘B tH stands for the total variation of o ,. The
’_[/7 l“

constant C' is independent of k, u, & and U (-).

Proof. By (iii) and the definition of o7 ,, one can easily see that (3.1) holds
H7
with a constant C' independent of ¢ and u. Next we prove (3.2). By definition,

A _ 1 ! —iW(s)éxT h(S)
ngt(f) = /ét/sn—l e bu(x)slipda (z) ds.

By Holder’s inequality, a change of variable, the assumption 1 < v < 2 and
since

/ e~ Ve (2)do (z)| <1,
Snfl
we obtain
1/ o 1y
pa ! dS t —3U(s)ExT dS
O-Eu,t(f)‘ < (ﬁ [A(s)|" ;) /1 /_16 YOS, (2)do (x)| —
Et Et Sn
t 3 2 1/4
< c( / / YOS (1)do (x) @)
itlJsn-1 s
- = 1/+
(34) = c( / bu<w>bu<y>fw<§,x,y>da<w>da<y>) ,
Sn—lXSn—l
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where

1
—1 s (x— dS
Lt (& 2,y) —/ e~ 1Y (ts)E (xz—y) T2
1/2 S
Write I,,+(§,z,y) as

1 ds
I[u,,t(faxay) = GQ(S)_7
1/2 s

where

Gi(s) = /1/2 e VIRE@) gy 172 < 5 < 1.

By the assumptions on ¥ and using the mean value theorem we have

% (T(tw)) = ¢V (tw) > ‘I'(;w) > \11(2/2) for 1/2<w<s<1.

-1
& (@ —y)| "' By

U(t/2
Thus by van der Corput’s lemma, |Gy(s)| < ‘M
s

integration by parts, we get

Le(€ 2 y)| < C[U(E/2)E[ e (x—y)| "

which when combined with the trivial estimate |1, (&, z,y)| < log2 and choos-
ing 7 such that 0 < 7 < 1/¢ yields to

(3.5) Lt (&, )| < [U(E/2)€)77|€ - (@ —y)|
By Hélder’s inequality and (ii) we get
2/9'

n
q

) </Ss ¢ (e —y)| 7" do (@) da<y>> o

b

5, O] < Clu/e

"o

/A —9 i
< Cw(t/2)e |1,
Therefore,
k+1
“u . 2 dt
L ol §
“u

- _ 1 2Ny
< C'min{log(|7,| 1),log(|lu| 1) W(wa)é 7| 4/((17)}

27

< ClOg(‘I‘L‘_l) ‘\Ij(wf—l)f‘ivnog(’{u’*l) ,
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which proves (3.2). To prove (3.3), we use the cancellation condition of Bu to
get

Ubt

72\11(3 T 1‘ ‘h

‘ —da
Sn— 1

Hence, by (iii) and since ¥ is increasing we get
o3 +(8)] < C (D).
/J?

By using the same argument as above we get (3.3). The lemma is proved.

By the same argument as in [St3, p. 57] we get

Lemma 3.2. Let ¢ be a nonnegative, decreasing function on [0,00) with
f[o 00) o(t)dt = 1. Then

‘/{O )f(x —ty)p(t)dt| < My f(x),
where
1 R
My f(x) = sup i |f(z—sy')| ds
ReR

is the Hardy-Littlewood mazimal function of f in the direction of v .

Lemma 3.3. Let p € N, h € A (Ry) for some v > 1. Assume that
l;u € LY(S" 1) and ¥ is in C%(][0,0)), conver, and increasing function with
U(0) =0. Then, for " < p < oo, there exists a positive constant C, such that

< C, b
Leme) — A

(3.6) oz )]

"

i 1Pl

Proof. By Holder’s inequality, we have

o3, o]+ 72
¢ 1/ ' y Uy
< (/lt|h(8)|7 %> 7 </lt /Snl Bu(y/)f(x_‘l’(s)y')da(y') %> 2l
< C(/:t/sn_l b, (y' " do )%>w
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Thus

(3.7) oy f)<C (/S_

where

N , 1/
5,0 Muy (1T )

0

Without loss of generality, we may assume that ¥(¢) > 0 for all ¢ > 0. By a
change of variable we have

1 v , ds
Mw,y/f(w)ﬁtsélﬁri (;/0 |f($—5y)|m>'

Since the function m is non-negative, decreasing and its integral over
[0, W(t)] is equal to 1, by Lemma 3.2 we obtain

(3.8) Ma 0 f(x) < My f(2).

By (3.7)-(3.8) and Minkowski’s inequality for integrals we get

1y
<C </ da(y’)) .
Lp(Rn) Sn—1

Since M, is bounded LP(R™) with bound independent of 3/, we immediately
get (3.6). This completes the proof of the lemma.

b,(¥)

(3.9 |5 (£)]

I

201517

Lr/Y (R7)

Lemma 3.4. Let p € N, h € A (Ry) for some v € (1,2]. Assume that
l;u € LY(S" 1) and ¥ is in C%([0,0)), conver, and increasing function with
U(0) = 0. Then, for any p satisfying |1/p — 1/2| < 1/+/, there exists a positive
constant C, such that

1/2
Y[ ol T
o O-bu,t 9k t
keZ 1 LP(R"‘)

310) < Cylog[r,[ )2 (3l
keZ

o

Li(sn—1) Lo(R™)

holds for arbitrary functions {gi(-)},cz on R". The constant C), is independent
of .



LT ESTIMATES FOR ROUGH PARAMETRIC MARCINKIEWICZ INTEGRALS 125

Proof. Assume first that 2 < p < 2 7 We use a similar argument as in the
proof of Theorem 7.5 in [FP]. By duality there exists a nonnegative function
£ in L@ (R™) with || f[| /2y < 1 such that

2
[ aeal )
P
wk Jbu’t 9k t

kEZ Lr(R7)

’““ 2dt
—Z/ / 5,0 910)|

keZ

By Schwarz’s inequality we get

‘Ubt*gk </ /snl‘gkx— ))Hh()‘
o (L oo o o] o a2

Therefore, by a change of variable we have

k+1 > gt 1/2 2
<Z/ Jbu,t*gk‘ ?)
keZ

LP(R™)

H Li(sn—1 / (Z ‘gk > M\h\2777l~)uf(m)dxv

keZ

S

2
()] doy >d$>

<

(311) <C (log|r,|™")

where

' o b, ()
M2 f(z) = sup / |f@+ ()| (YD) P - dy
TH t<|y|<t lyl

By Lemma 3.3 and noticing that |h(-)|*”" € A, (Ry) and (p/2) >

/
(2%) we obtain
5

(3.12)

[ 80225, gy < o5

11l Ler2y gy < Chp

L1(Sn—1) #llLrsn-1) ’

Thus, by (3.11)—(3.12) and Holder’s inequality we get (3.10) for 2 < p < 22_—77
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Now we need to prove (3.11) for the case 33—12 <p <2 Let B, =
[wff,wff“). By a duality argument, there exist functions f = fi(z,t) defined

on R” x Rt with HHka”LQ(Eu,kvdt/t) . < 1 such that

2 Lp

zﬂW )
o a
kez Wk byt “ K]

- / / %0 * 9@ ))fk(x,z)%dx

S

D12 [1(5(H)
keZ »

—1
(3.13) < Cp(log|I,| )2

p

where

Z/ %, t*kat)‘ —.

keZ

Now, since p/ > 2, there exists a function ¢ € L¥/2(R") such that

2 dt
merékﬁk |

—q(z)dz.
t
By the same argument as above, we have

IS 2

" L1(S”—1)/n R>~7.b,, q(= <

Z/ et th>

keZ

dt ~
2 — —
Ll Sn— 1 <Z/ |fk‘ > HMlh| (p//Q)/ :
p'/2
By invoking Lemma 3.3 we obtain
HMI’LIQ’% (Q)H(p'/zy = G [Pull gy Ntz = Col|Pul] sy
Thus by our choice of fi(z,t) we have
2
”S( )Hp /2 = Li(Sn-1) (Z/ ‘fk = TP ||k L1(sSn—1)

p'/2

which in turn along with (3.13) gives (3.10) for % < p < 2. The proof is
complete.
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§4. Conclusion
Assume that Q € 330’71/2)(8”_1) for some ¢ > 1 and satisfies (1.2). Thus Q

o0
can be written as ) = Z_:l A,b,, where A, € C, b, is a ¢g-block supported on

acap I, on 8" and Mq(o’flm ({\.}) < oo. To each block function b, (-), let

b,(-) be a function defined by
(4.1) b,(z) =b,(x) — /S b, (w)do(u).

Let J={peN:|I|<e'}. Let b, =Q— > )\ugu. Then for some positive
ned
constant C, the following holds for all € JU{0}:

(4.2) /S b wdo(w) = 0,

~ —1/q
(4.3) b, , < C‘IA /q’
(4.4) b, =G
(4.5) Q = Z )‘ugu’
neJu{o}
where |I| = e™L.
By (4.5) we have
(4.6) M’s)z,\y,h(f) < Z P‘#‘MS ,\If,h(f)'
u€IU{0} .

Therefore, Theorem 1.1 is proved if we can show that

an v,

b, U,k

-1
< Cyliog 1| ™) | fll
Lr(R™)

for p € JU {0} and for p satisfying |1/p — 1/2| < min{1/4/,1/2}.

Since A (Ry) € A, (Ry) for v > 2, we may assume that 1 < v < 2.
Therefore, it suffices to prove (4.7) for p satisfying |1/p —1/2| < 1/4'. For
k€ Z and pp € N, let a,1 = \Il(wl]f) We notice that {a,:k € Z} is a
lacunary sequence with a,xy1/a,% > w,. As in [AP], let {Ag,}>  be a
smooth partition of unity in (0, co) adapted to the interval Z , = [a;}C 41
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;}ﬁ 1J- To be precise, we require the following:

Akz,u € COO, 0< Ak# <1, ZA]W‘ (t) =1;

k
A, ()] C
supp Ak,,u - Ik,,u,a dtl‘: St_ssa

where C; is independent of the lacunary sequence {a, ) : k € Z}. Let \ITIC\#(,E ) =
Ak (€]

By Minkowski’s inequality we have
1/2

22’“% — @

o 2 dt\ '/
—ko
([ o, 0000+ 0 7)
k=0

1 o0 2 qt\ 1/
(=) ([ b )
Decompose

I Jl;wt(x> = Z Z(\Iijrj,u * Ul}wt * f)(iE)X[wﬁ,wﬁH)(t) = ZY] u(m t)

JEZ kEZ jEZ

St = ([ W)

M 0= (1= ) S Sl)

JEZ

o=
>

and define

Then

holds for f € S(R™).
Thus, to prove (4.7), it is enough to show that
-1 —anli
(4-8) “Sjvu(f)||Lp(Rn) < C(log ‘Iu‘ )1/22 ol Hf”LP(Rn)

for some a;, > 0 and for p satisfying |1/p —1/2| < 1/7'.
To prove (4.8), let us first compute the L%norm of S;,(f). By using
Plancherel’s theorem, we have

k+1 th
IS5y = 3 / U ey e S| S

keZ

wit! 2 dt
Ub t
kGZ L W

IN

A 2
GRS
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where

Fk,,u = {§ eR": ’f‘ S Ik,,u} .

Thus, by Lemma 3.1 we have

-1 _als
(4.9) 1S54 (F) | 2 gny < Clog | 1,72 2720 £l 12 g -

Next, let us compute the LP boundedness of the operator S;,. For
|1/p—1/2| < 1/4', we have

1/2
1))l oy < Collog|I,| Y2 <Z\\I/k+j,u*f’2>

keZ Lo(R")

—1
(4.10) < Cpllog [L,I" ) 1 £l o meny

The last two inequalities are obtained by applying Lemma 3.4 and applying the
Littlewood-Paley theory and Theorem 3 along with the remark that follows
its statement in ([St2], p. 96).

Now by interpolation between (4.9) and (4.10) we get (4.8). This completes
the proof of Theorem 1.1.

85. Further results

As an application of Theorem 1.1, we get the LP boundedness for a class
of parametric Marcinkiewicz operators M*dﬁlf,h, , and le)l,‘lf,h, g related to the
Littlewood-Paley g}-function and the area integral S, respectively. The def-
inition and the precise statement of the results regarding of these operators
are given as follows:

Theorem 5.1. Let h € A (Ry) for some v > 1. Let ¥ be in C*([0,00)),
convex, and increasing function with W(0) =0. If Q € Béo’fl/Z)(S”_l), there
exists Cp, > 0 such that

Cp

1% P
(5.1) | M489 by S T o=y Ml

[ ME )]

for2 <p < oco. Here oo = Rep > 0, M?l,\lf,h,s and M’é’:k\p’hy)\ are defined by

L?(R")

1/2
2 dydt
Msp],\y,h,sf(f) = ‘Fé,w,hf(ta y)‘ 1 ’
I'(z) t

, - # nA
MQ,\IJ,h,Af(x> - </Ri+1 <t + |z —y|

2 dydt 2
Y
F£7@7hf(t7 y)‘ tn+1 ) ’
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where A > 1, T'(x) = {(y,t) e RT™ ¢ |z —y| < t} and

) 1 (uf)

Q

Egwpf(t) == fla = (jul)u’)
Jul <t ul
The proof of theorem 5.1 is based on the following lemma.

Lemma 5.2. Let A > 1. Then, for any nonnegative locally integrable function
g, we have

2 C
62 [ (M @) gds < O [ 1@ Myl
R" (1-27%) Jgn
where M denotes the usual Hardy-Littlewood mazximal operators on R".

A proof of this lemma can be obtained by Theorem 1.1 and following a
similar argument as in the proof of Theorem 5 in Torchinsky and Wang [TW].

Proof of Theorem 5.1. Since Mg,q,’h’sf(x) < 2MMP \I,,Mf( x), we only

consider the operator Mg”}’h’)\. Let g =1in (5.2). The by the L bounded-
ness of M we have

63 [ (Mau@) dr< o= [ i),

and hence we get ./\/l’;l’*\l,hA is bounded on L?. When 2 < p < o0, choose
g € L2 with 91l (/2 < 1 such that

Mzt [ =| [ (Mt @) sters]

Thus, by Lemma 5.2 and Holder’s inequality we get

c 2
e
|Meusnt]) < == [ 1@ Matwyae
C
< g 1Ml g
c 2
S G 1l gy 1l

which ends the proof of Theorem 5.1.

Remark. We point out that Theorem 5.1 extends and improves the corre-
sponding results in [KY] where the authors of [KY] obtained that the operators
./\/ls'%’v*\l,%A and Mg, g 1, ¢ are bounded on LP(R") (2 < p < o0) if ¥(y) =y,
h=1 and Q € Lip_(S"™!) (0 <7 < 1).
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