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An inverse problem for the elastic equation
in plane-stratified media
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Abstract. Assume that two media are laying in a half-space and the interface
wall is parallel to the boundary of the half-space. We can directly observe the
data near the boundary of the half-space, but we cannot directly observe inside
the half-space. In this situation, we try to identify these unknown things by
creating artificial explosions and observing on the boundary the waves generated
by the explosions. Here, the waves are described by the elastic equation.
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81. Introduction

Our problem originates from a simplified model of an experiment conducted
by geophysicists. We cannot directly observe the structure inside the earth.
Then, for example, we perform the following experiment in order to guess it:
We create an artificial explosion at a certain point near the earth’s surface.
Waves generated by the explosion travel in the earth. We observe the waves
on the earth’s surface, and determine the structure inside the earth from the
observation data.

We consider this problem, in particular, in the case when the earth consists
of some layers. This problem has been studied by Bartoloni-Lodovici-Zirilli [2],
Fatone-Maponi-Pignotti-Zirilli [3], Hansen [4], and Nagayasu [6] for instance.
They deal with the wave equation as an equation which describes the behavior
of waves. However, in the model which we consider, the media through which
waves travel are the earth, and the waves which travel inside the earth are
described by the elastic equation rather than the wave equation. Therefore,
in this paper, we consider the problem by dealing with the elastic equation
as the equation which describes the waves through the media. We begin with

117



118 S. NAGAYASU

Figure 1: The situation which we consider.

treating the simplified situation as follows, and we hope that the result for it
will suggest the results for more general situation.

Assume that two media, Medium 1 and Medium 2, are laying in a half-
space, and the interface wall is parallel to the boundary of the half-space (see
Figure 1). We assume that the speeds of the (primary and shear) waves and the
density of the medium in Medium 1 are known, but the width of Medium 1,
the speeds of the waves and the density of the medium in Medium 2 are
unknown. Under this situation, we try to identify these unknown data by
using the known data or the data which can be observed near the boundary.

In Nagayasu [6], from the known data we determined the width of Medium 1,
the speed of the waves through Medium 2 and the density of Medium 2 if the
waves which travel through the media are described by the wave equation.
Since we deal with the elastic equation in this paper, we must determine the
speeds of two kinds of the waves, namely, the primary and shear waves through
Medium 2. However we may expect to be able to determine these speeds
because we can observe these two kinds of the waves also. The objective of
this paper is to justify this consideration.

Now, we introduce the notations and formulate this problem. Let us write
¥ = (xg,x1,22), 2’ = (x1,22,23) and """ = (x1,23) for the coordinate z =
(0,1, T2,23) in R%. The variable zg plays the role of the time and z” the
physical space. We introduce 2’ for short notation when we apply the Fourier-
Laplace transformations with respect to (zg, z1,x2).

Let h > 0, and Q; == {2” € R®: 0 < 23 < h}, Qo := {2" € R® : x3 >
h}. The constant h describes the width of Medium 1, and € Medium k&
for k = 1,2. We set D, = (1/i)(9/0x;), Vor = (Duy, Dy, Diy), Apn =
D2 + D2, + D2 . Let ¢, Cs,, and pj, be positive real numbers and set

Py(Dg)u = —D2 u+ (012% — cgk)vmu(vxu -u) + czk Agru,
c?k D, 0 cgk D,
Br(Dy) :=ip 0 2 Dq, 2 Dy,
(cl%k — 20§k)Dm1 (cf,k - 2C§k)D$2 cfjkD;ES
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0

Figure 2: Notation

for k = 1,2. We assume c,, > ¢, for £ = 1, 2. The positive number ¢,
describes the speed of primary waves, cs, the speed of shear waves, pj; the
density of the medium in €. Suppose 0 < y3 < h. Set y” := (0,0,y3) € R3,,,
and y := (0,y") € R%.

We discuss the following equations:

) Py (D;)G(z) =d(x —y)I, x0€R, 2" € O,
Py(D.)G(z) =0, w9 €R, 2" € Q,
Bi(Dy)G(%)|g5=10 =0, ' €R?,

G(@)]es=h—0 = G(@)|zs=nr0, @' €R?,
B1(D2)G(2)|z5=h—0 = B2(Dz)G(T)|as=nr0, o' €R?,

where I is the identity matrix of order 3. These equations describe the situ-
ation that the initial data are (4,0,0), (0,6,0), (0,0,d) at a point y"” € Q4 at
time g = 0 with the boundary condition (1.3) and the interface or transmis-
sion conditions (1.4) and (1.5). The equation (1.4) expresses the continuity
of the displacement of waves on the interface wall, and (1.5) the continuity of
the stress.

The following main result says that except the special case we can recon-
struct the width A of €, the speeds c,,, cs, of waves and the density ps of
medium in Qy from the observation data G(x)|z;=0 when the speeds ¢, , ¢,
of waves and the density p; of medium in €2; are known.

Main result. Let c,,, cs;, p1 and y3 be given. Assume that the obser-
vation data G(x)|zs—+0 are given, where G(x) denotes the solution of the
equations (1.1)~(1.5). Then the constants cy,, Cs,, p2 are expressed with the
given data. Moreover, the constant h is expressed with the given data unless
G()|gg=t0 = é(az)]x3:+0. Here G is the waves in the situation that only one
medium Medium 1 is laying in the half-space, that is, the solution of

{ PI(D.)G(z) = 0(x —y)I, 2’ €R>, x3>0,

(1.6) ~ S
Bi(Dy)G()]syer0 =0, o € R,
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On the other hand, if G(x)|g3=10 = é(a:)\m:w then h is not identified.

In Section 3, we state our main results more precisely and prove them by
using the solution formula of the problem (1.1)—(1.5). The solution formula
can be written by using the Fourier-Laplace transformation in the same way as
Matsumura [5] and Shimizu [8]. Theoretically, this formula must describe the
dependence between behavior of the solution and information of the media.
However this dependence is rather intricate and is not expressed straightfor-
wardly. In this section, we give a process of reduction to clear the dependence.

During the reduction process, we use the result in Nagayasu [6]. However,
even if we use the result in [6], the speed ¢, of the primary waves through
Medium 2 cannot be determined. Moreover, the dependence between behavior
of the solution and the constant c,, is also rather intricate and is not expressed
straightforwardly. In this paper, we give a process of reduction to clear also
the dependence between behavior of the solution and c,,. This is the main
part of our methods.

Finally, we explain the plan of this paper. In Section 2, we rewrite the
equations (1.1)—(1.5), construct the solution, and discuss some properties of
the solution. In Section 3, we state the main results in this paper and give the
proofs.

§2. The solution formula and some properties of the solution

In this section, we solve the mixed problem (1.1)—(1.5), and prove lemmas
needed later. We mainly refer to Matsumura [5], Sakamoto [7], and Shimizu [8]
in order to solve the mixed problem.

We first rewrite these equations. We define Ej(x) by the fundamental
solution of the forward Cauchy problem for Pj(D,) in the whole physical
space Ri,,, namely, the inverse Fourier-Laplace transform of P;(¢ +in)~! in

the sense of distribution:

1 . )
Ey(z) = / ™ (&M Py (¢ 4 i) ~Lde,
(2m)4 R

where we determine 7 so as to be able to define F;(x) as the distribution (cf.
Shimizu [8]).
We put Fi(z) and Fy(x) by
(2.1) Fi(x):=E(z—y) - Gx), 2"e,
Fy(z) == G(z), 2" € Qo

respectively. Since the distribution E;(x —y) describes the first propagation of
waves due to a point source, the distribution F} (z) describes the propagation in
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2 of the second waves caused by the first waves, the boundary wall {3 = 0},
and the interface wall {z3 = h}. By (2.1) and (2.2), the equations (1.1)—(1.5)
are equivalent to the following equations:

(2.3) P (D)F(x) =0, z9€eR, 2" €y,

(2.4) Py(Dy)Fo(x) =0, x0€R, 2" € Qo,

(2.5) Bi(D2)F1(2)]z5=10 = B1(D2) E1(x = y)|u5=10, 2’ € R?,
(2.6) [Er(z = y) = F1(2)]|zs=h—0 = Fo(2)|zg=n+0, o' €R’,
(2.7) [B1(Dz)Er(x — y) — Bi(D2) Fi(2)]|z3=h—0

= Bo(D2)Fa(2)|ps=hro, o €R3.

Next, we take the Fourier-Laplace transformations with respect to z’ for
(2.3)-(2.7). In order not to vanish the Lopatinski determinant, we take it
along Sy i= {(X(€),61,&) : & € RE}, where (&) := & —im log(2+¢']), and
m is a positive real large enough. We remark that the Lopatinski determinant
does not vanish. Indeed, there exists v > 0 such that

IC”/| 7_841 |C/”‘ TS+2
i, ¢ ™, —I¢”! 40
=2p165, 7 (7] —pacl, (T5)? = 1C717) 225, T IC7 T pact, (7)) = [C7'7)

pred, ()7 = 1C717) =2o1ed 1K pacs, ((75)* = IC17) —2pacl, T I¢™|

and
2milc ()= I
() =1¢")> —2rf|¢"|

hold for all CI = (<07€1a<2) - (50 - ’6.7’]0,51,62) (5/ = (50751752) € Rga Mo > 7)
by Achenbach [1, §5.11] and Shimizu [8, §3], respectively. Hence, we can

prove that the Lopatinski determinant does not vanish by the method of
Matsumura [5]. Then we obtain

£0

(2.8) Pi(C', Dy, )Fi (¢ 23) =0, 0<as<h,

(29) PQ(C/, D13>F\2(CI7 .1‘3) = 07 r3 > h:

(210) Bl (CI7 Dz5)ﬁ1 (Cla 1"3)|C£3:0 = 2i 7ZySCSBl(C) (C) 1d53)
v Rg

1) R+ Bl = 5o [ SOTIORO e

Reg
(2'12) [31(447 Dms)ﬁl (CI> $3) + BQ(Cla Dws)ﬁ2(cla $3)]|I3=h

=5 ), ST BORQ e
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where (' € S, and ¢ = (¢, &) € CL
Moreover, we simplify these equations. Put

1| & —G¢ 0 100
U(Cla C?) - T CQ Cl 0 ) C - 0 01 )
where ("] = \/(? + (3 (= /€] + €2). Then we have
Pi1(¢ Dy 0 _
Pk(gla DZ‘5) = _U(Cla €2)C kl(CO ) Pk;2(</ D ) (U(Clu C2)C) 17

Bkl(clszg) 0

Bi((, Day) = U(G1,¢2)C [ 0 Bio(¢'. D) } (UG, )0,

where

(¢ D) — [ G~ (D%, + e IC"F) (e, I I1Ds, ] |

—(cp, = "Dy G5 — (e, Dy + 5, 1¢717)
Pia(¢, Day) = (§ — ¢, (D3, +[¢"%),
A Dy 2" ]

(cp, =23 )IC"| 5 Day |’

Bi2(¢', Day) = ipc?, Da.
Hence we have
(2.13)  P11(¢, Dyy)pr1(¢y23) =0, 0<m3 <h,

(2'14) Pa (Clv D$3)902(€/7x3) =0, x3>h,
1

Bi1(¢', Dyy) = ipy, [

(215)  B11(¢', Day)1(¢', 23) |lzg=0 = T s e WS By () P11 (¢) " dés,
€3

(2.16) [‘Pl(C/JCB)+¢2(<,,x3)]|x3:h:*% A v pyy (€)1 des,
€3

(217)  [B11(¢', Dag)1(¢', 23) + Ba1 (¢ Dy )02(¢s 3)] | s=n
= 1/ eih=¥)6 By (¢) Pyy (¢) L des,
Re,

S or
and
(218) Pl?(C/? DwS)wl(C,,l‘:J,) = 07 0< T3 < ha

(219) PZQ(Cla Dx3)7/12(<,,933) = 07 r3 > h,

1

(2.20) 312(4'7Dzs)wl(C',ms)!zgzo=—% i e 3% By (€) Pra(¢) " ds,
£3

1

_ ei(h—ys)Cspu(<=)—1d€37
27'(' R53

(2.21)  [91(¢ 23) + ¥a(C, 23)]|wg=n =
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(2.22)  [B12(¢", Day)¥n1 (¢, 23) + Baa(C'y Day )1h2(¢, 3)] |as=n

1 .
=—— ih=¥3)6 B1o (¢) Pro(¢) "L des,
2m Reg

where ¢ (¢', x3) and (¢, x3) are defined by

(2.23) (', w3) 0

77 iy | 7 C@@IO T R ) 0(6,G)0

for k =1,2.
In particular, we remark that the equations (2.18)—(2.22) are the Fourier-
Laplace transforms of

(2.24) (2, Ay — D3 )(—f1)(@) =0, 0<uz3<h,

(2.25)  (c},Apr — D3 ))(—f2)(x) =0, x3>h,

(2.26) Doy (= f1)(2)|23=0 = Dzzer(x — y)|zs=0,

(227) ez —y) = (= f)(@)]|zs=h = (= f2)(2)|25=h;

(2.28)  p1c? Day(er(x —y) — (—f1)(@))|ag=h = p2¢%, Doy (— f2)(2)|23=n

which are dealt with in Nagayasu [6], where e;(z) is the fundamental solution
of the forward Cauchy problem for c2 A Dio in the whole physical space
R3, namely, the inverse Fourier-Laplace transform of 1/Pj2(&+in) in the sense

of distribution: (E4in)
1 T m

— dE.

e1() (27)4 /Rg Pra(§ +in) :

On the other hand, by the equations (2.13) and (2.14), we have

(229) |: 4,0111(C',x3) :| = a+pl@”171$3 |: |<///| :| +a_pe zrplxg |: |CW‘ :|

e121(¢', 3) T g

T 17'3113 7';{ + 7’L'TS+1 T3 St
+sl€ _K///| Qg€ K///| )
7—+

Y211 (Cla .1)3) _ ’LTP2 T3 |<///‘ ZTSst S2
(2:30) [ p221(¢, 3) ] = Prne [ p2 } *Braie [ —[¢"| ]

for [ =1, 2, where

/ | e (¢ x3)  pria(¢l )
(2:31) (G ) = [ or21(¢’,w3)  Praa((,73) ]

and 7,7 (') [resp. 7./ (¢")] is the root which has positive imaginary part of the
equation in 7: (2 — cgk(gf +¢2+72) =0 [resp. (2 — ¢? (Cl + G+ 1% =0.
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With respect to the Fourier-Laplace transforms of E7, we remark that

1 . _
(2.32) 7 e By (¢) P (¢) " des
T R53
oM 2eiy3TH 2 | 112) YT,
e ¢ ()2 = 1¢"1%)

= o 1) — 161

_l’_
Tp1

zyg7'p+1 4 2‘4-”/’7';;62'%7-;1

S 1((T)® = 16" ) s

Q‘CW’ =+ zyyrm +

7.+
. + S1 R )
((720)? = I¢" Py + 2| (" e
1 .
(2.33) — ei(h—y3)(3 Py (¢)7ldey
27 Re,
2
i ‘g”’| i(h—y3) ‘rp1 o+ i(h*ys)le

. 7' Tsle
- 2 P1

2(0 ‘CW|€ hfyg)Tp1 + ‘CI//‘ei(hfyg)T;Ll
—|Cm|6i(h_y3)7—;1 + ‘C///|ez' h—yg)T;_l

"2
+ z(h yg)‘r;l - |< | i(h— y3)7’Sl ’
P1

7'51

(2.34) 2177/]1{ e ("v3)6 By (Q) Pr1(C) 1 dEs
&

2|C///|2 i(h—y3)TH, + ((7_ ) |C”/| ) i(h—y3)7s,
Pl 51 o

" "

2{2 ‘C |(( )Jr ’C ‘ ) i(h—yg)Tpl - 2|<W|T;6i(h_y3)7—;
Tp:

oM i(h—ys)m, _ <" I((7 ) ’CI”| ) i(h_y3)q—s‘"

K | m ! + !

Toy
((T;I) _ |C///|2)ei(h—y3)fp+1 + 2|C/”‘€i(h_y3)7—s+1
by the residue theorem.

Finally, we prove lemmas needed later.

Lemma 1. Let {@imi} be the solution of the equations (2.13)-(2.17), where
{@rmi} are defined by (2.31). If a_py = a_g = 0 then ayp, # (il¢"]/2¢57,)) %
e—inTgﬁ, where {atp, atg} are defined by (2.29).

Proof. We use a reduction to absurdity. Assume a_,1 = a—s = 0 and

i,

2657

Qtpl =
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Then we have
Z’CH/| Y3 —iy3T i iysTo:
(2.35) aygl = (€371 — e~ W3THL) 4 T

GG (72 = 1¢™?) 2¢3
by the (1,1)-components of (2.15) and (2.32). In a similar way, we have

Z(( ) ’CW‘ )( zy37';’1 _|_€—iy37;1) _ i elydel
47—1917'81(0 QC(%
by the (2, 1)-components of (2.15) and (2.32). By (2.35) and (2.36), we have

(236) g1 =

"
(237) - e =)
"2
+ %( 2y37—p1 + 6_2y3TP1) = ely3TSJ’i .
47'1917'81

Hence we obtain

(2:38) (2 {0/ ens (2 4 Jgol) o 4 0/ (24 [ om |

Cs;

= colen (2 4. |go]) e
from substituting £ = & = 0 into (2.37). Since
|(the left-hand side of (2.38))| — +o0

and
|(the right-hand side of (2.38))] — 0

as £y — 400, we have a contradiction. O

Lemma 2. Let {ppu} be the solution of the equations (2.13)—(2.17), where

{@rmi} are defined by (2.31). Then Bypr # 0 holds, where {Byp, P15} are
defined by (2.30).

Proof. We use a reduction to absurdity. Assume that 3;,1 = 0. We de-
fine {oapr, ra} by (2.29). By (2.29) and (2.32), and the (1,1) and (2,1)-
components of equation (2.15), we have
(2.39) arp127y, ("] = ap1 27, IC’"I

+a+51(( 2= 1C") = ama ()7 = 1K)

— ooz {4 (1 (P,
(240)  aepn(()? — ICP) + e ()2 — [C7P)
e 2781C"] - a2 1"
[N = B ot
:24{ 7 Y 4 20¢ [T e }
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On the other hand, by (2.29), (2.30), (2.33), (2.34) and the assumption 54,1 =
0, we can rewrite the (1,1) and (2,1)-components of the equations (2.16)
and (2.17) to the four equations which include oip1, a4s1, B4s1. These four
equations are simultaneous linear equations for a4, and a4, and

¢ ¢ s ™
7.;1 _7_;1 _ ’C///| |<///|
2810 SRl ()R - (G () 1
(TS+1)2 _ ’CH/‘Q (T;)2 _ ‘CW‘Q _27_S+1’C///‘ _27_;;‘@-///’

4’7’+T+<2

p1 5150

= 1721 # 0.
51

Hence we can solve these four equations for a+,1 and a4s1. Then we substitute
these auip1 and a4 into equations (2.39) and (2.40). Moreover we substitute
& = & = 0 into these equations and simplify these. Then we have

Brstley=¢;=0 =0
and
(2,41) 62iy3§0/csl (2 + ‘50’)2y3m/c51 -1

Hence we have (2 + |£|)?¥3™/¢1 = 1 by taking the absolute value of the
equation (2.41). Therefore we have a contradiction since m is a positive large
enough. O

83. The main theorems and their proofs

In Section 2, we rewrite equations (1.1)—(1.5) to equations (2.13)—(2.17) and
(2.18)—(2.22). By (2.1), (2.2) and (2.23), we remark that the following are
equivalent:

o G()|gg=+0 is given.
® 1(¢’,73)|zs=0 and Y1 (¢, 23)|z5=0 are given.

We first prove that we obtain the solution Fij(x) in €; when observation
data ©1((, 23)|zs=0 and Y1 ({’, 23)|zs=0 are given, that is, the following lemma:

Lemma 3. Let ¢,,, cs,, p1, and y3 be given. Assume that observation data
N(¢') = p1(¢', x3)|z5=0 are given. Then ¢i(¢’, x3) is expressed in the form of

N / N !
/ _ o111 (¢ z3)  p112(C 23)
A= o8 () (¢ as)
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where {@Y (¢',x3)} are defined by

N / "
(3.1) [ cp}vu(é ) ] = el [ <]

o1(¢,w3) e

P1 -

P1

1"
+a—pze_”m’”3 [ ¢ l ]

oy T - Tr
+ O{ﬁslem—s1173 [ _|21///’ + aysle_”slm K?/1/|
forl=1,2 and
O‘ﬁpl O‘pr
N N
3.2 | St O
: N N
a—i—sl Oé+82
O/—Vsl a]—VSQ
-1
IS4 IS8 S 7o)
_ ;1 _7.;; |C”/| |C”/|
201" =2mhIC (= I ICE - ()
(G2 IC"P P ICmE —2rkie —2rdic]
_ N(¢)
—o= e S B () P ()~ dés

Proof. We remark that ¢1,,,1(¢’, 23) can be expressed in the form of (2.29). By
©1(¢', 23)|z3=0 = N(¢’) and the equation (2.15), we have

1" 1" ™ T

s1
(3‘3) 7_; —sz; K///| |C///’
27,5 1¢"| =275 1¢"| (Tsl) —[¢"2 = ()2 + [P
()2 = 1¢"* (nh)? = [¢"? 275 |¢"| =274 (¢
Oipl Qyp2 N(C/)
Oé_pl Of_pQ . 1 1 iysC 1
- - s B P —d
Otsl  Oqg2 2mipicd, ~/R§ € 11(Q) P11(¢) ™" dés
_s] (_s2
Since
K///| |<///| 7_;; Tst
7_-4- _ng; ’CW‘ ‘CNI|
27*\4’”| =200 ¢ ()P = ICTP ()P A+ (¢
(T2 =I¢" 1 ()2 =1 =27 (¢ =275 1¢"|
+ o+
_ 4Tp1 251C0 # 0’

51
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we can solve the equation (3.3), and we obtain (3.2). O

We mention that the case when the observation data G(x)|z3=10 is identi-
cally equal to G(z)|zs=+0, where G(x) is the solution of equations (1.6).

Corollary 4. If the observation data G(z)|gs—y0 = G(2)|ss—10, then a]_vpl =
N =0 holds.

Proof. We solve the equations (1.6) in a similar way to the equations (1.1)—
(1.5). Then we have

@111((’%3) ] ~ it x3 [ |</H| ] ~ it 3 [ Ter ]
r = Qe Pt + agge ; ;
|: @12[(4-/7'1"3) ol Tpl sl _‘CH/|
where
~ ! ~ !
50(C ) = [ %111@ ,T3) sf112(C ,3) ]
ZICER) 121(¢", x3)  Pr22(¢, x3)
and

{@(cf,xg) 0 }
0 1/)1((/7'7;3)
= (U(¢1,86)0) HE(z — y) — G@)N()U (1, G)C).
In particular,
22l G B Cn Rl (G I
G I S 1

2|C///‘2eiygr;'1 + ((7_;;)2 _ |C///|2)eiy3'r§'1

(3.4) "
Qs

i

- MI(rEY2 — | c")2) )
2<g _ |C |(( 81:+ |C | )ezy37'p+1 + 2‘<///’T;;62y37-;1
p1

and we can solve the equation (3.4) for ayp1 and ayg;. If the observation data
G()|z5=0 = G(T)|z3=0, then

N | ¢ +arars

N(C ) - ~ -+ ~ " ’
Qtpl Ty, — a+sl|< |

where oy 1 and a4 are defined by the equation (3.4). In this case, we have

N . =a,; =0 by calculating the equation (3.2). O

aly =

We remark that we also obtain G(z)|p;—t0 # G(2)|zs—t+0 When a_p1 #0
by the method of proof of Corollary 4.

On the other hand, we remark that the equations (2.18)—(2.22) are the
Fourier-Laplace transforms of (2.24)—(2.28) (see Section 2). By Nagayasu [6],
we obtain the following lemma and proposition:
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Lemma 5 ([6, Lemma 5]). Let cs,, p1 and y3 be given. Assume that the ob-
servation data M((') := Y1 (', 23)|zs=0 are given. Then 1p1(¢’, x3) is explicitly
expressed by the known data cs,, p1, y3 and M((').

Proposition 6 ([6, Main result]). Let cs,, p1 and y3 be given. Assume that
the observation data M (') := ¥1(¢’, x3)|zs=0 are given. Then the constants
s, and py are explicitly expressed with the known data cs,, p1, y3 and M.
Moreover, if M(¢') # 1(¢, ¥3)|xs=0, then the constant h is explicitly expressed
with cs,, p1, y3 and M ("), where ¥1(¢’, x3) is the solution of

Prio(¢', Doy )01 (¢ 3) = 0, a3 > 0,

BIQ(C/) DI3)1Z1 (</7x3)|563=0 = _% . ei(h_ys)cgBlQ(C)PIQ(C)_Idg?)'
€3

(3.5)

On the other hand, if M(C') = (¢, 23)|za—0, then cs, = cs, and py = py.

We remark that we obtain the solution Fj(z) in ; when the observa-
tion data G(x)|zs=+0 are given by Lemmas 3 and 5. Hereafter, we define
{oN .} and {aﬁpl,aﬁl} by (3.1) and (3.2) for the observation data N({') =
©1(¢', 73) |25=0-

Now, we determine the unknown constants. We first consider the case
when 91 (¢, 23)|z5=0 #Z ¥1(¢, 23)|z5=0, where ¥1({’, z3) is the solution of the
equations (3.5). In this case, we need only to prove the following theorem
because we can express cs,, p2, and h with the known data by Proposition 6:

Theorem 7. Let cp,, cs,, p1 and y3 be given. Let cs,, p2, and h be known.
Assume that the observation data N((') := ¢1({, 23)|zs=0 are given. Then the
constant cp, is expressed as

2 _ G
(3-6) Cpy = (KéV(C/)/KEZ)V(CI))Q 4 ‘CWP on V,

where
37 K{(()
i |<///’2 ()t e
= —gpﬁl(cl,mg)’:%Zh + 27(3 {T;Ee (h—ys3) P14 Tsi"'e (h—y3) S1 5,
(38) K3 (¢)

{ ()t (h—va)rt
— 7@%1@/7%)))’:03:0 4 27(2 {’C///|ez(h Y3)Tp, _ |C///|ez(h Y3)Ts, } 7
0
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(3.9) KéV <<’>

"

121 (¢ 23) g }

pzc§2 3 (Daso111) (¢, 3) Les=n + €3, ¢

ipic 51 { 2 i(h—ys ) 11127 i(h—y3)T,
+ oo {20 PN TIIE  (r)2 = | P)el v
2(3pac?,

(3.10) KZN <<’>

_2 "
/720%2 CSl ‘C “Plll(g x?))’:l?g =h

+ ¢5, (Dayo1i1) (¢ x3)|m3=h}
i1 1] [ (52 = 1" s gt i )}
" 203 pac?, { ™ et ’
(3.11)  K3(¢) = 2¢" K (¢') + KLY (¢),
(3.12)  K{(¢) = ((r)> = I<"P K () + ¢ K5 (¢)
and V := {C/ = (X(€I)7£17§2) : KE])V(CI) 7é 07 {I € RS}

Proof. By the (1,1)-component of (2.16) and the (2, 1)-component of (2.17),
we have

[ 1" 1 } Bipre e :{K{V@')}
T2 =" =20¢"| || praeimiied KN |

where K{¥(¢') and K (¢') are defined by (3.7) and (3.10). Since

C/// C
‘ ( )’ ‘|<///‘2 2|<///| 0 7é 0
we can solve this equation, and obtain
itk h ng N1
(3.13) Bipe ™" = 2 K5 (()

0

in particular, where K2 (¢’) is defined by (3.11). In a similar way, by the
(2,1)-component of (2.16) and the (1, 1)-component of (2.17), we have

[ 1 —[¢"| } Bepetrt | [ K (() ]
2¢" ()% = ¢ ﬁ+s1emz" K¢ |7
where K2 (¢') and K2V (¢') are defined by (3.8) and (3.9). Since

o 7

2|C/”| (7_) |C///|2 = 7é0
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we can solve this equation, and obtain

2

(3.14) ﬁ+p1ewp2h T = Cg 2K (¢)

in particular, where K{'(¢’) is defined by (3.12). We remark that K2 (¢') # 0
by Lemma 2. From the equalities (3.13) and (3.14), we obtain

N (1
(3.15) T = g?\,gg/; onV,
5

where V := {¢' = (x(&'),&1,&) : K& (¢') #0, ¢ € R3}. Squaring the equality
(3.15) and simplifying it, we have the equality (3.6). O

Next, we consider the case when ¥ (¢, 23)|z=0 = 1/)1(C 23)|zs=0, Where
Y1 (¢, 23) is the solution of the equations (3.5). In this case, we need only to
prove the following theorem because in this situation we obtain c;, = ¢5, and
p2 = p1 from Proposition 6. We remark that if G(2)]z3—+0 = G(2)]a5—+0 then
Y1 (¢, x3)|pg=0 = = 11 (¢, 73)|z5=0 and oY »1 = 0 by Corollary 4.

Theorem 8. Let ¢, cs;, p1 and y3 be given. Let cs, = cs; and po = p1.
Assume that the observation data N(C') := p1(¢', x3)|zs=0 are given. Ifo/_vp1 =
0, then the constants cp, and h are expressed as

16 & = 2O D) ~ (D Kio) ()
o 10X(¢')(Dey ) (€I

(3.17) h:ic?’l{ <"l (De K }

n |¢"#0, o, #0,

2 | &) 2x(C)(Dgx)(¢)

where
N

3.18 KN = = —
19 T aypr — (I]¢"]/2x ()27 Je ™3

Ny X(C/)Tgl(DfoKév)(Cl)
G190 R e WORN @)

N/ . X(C/) (DEOKE];V)( /) _ T;SE(D&)K%V)(C/)
(3.20) K9 (C) = |C/H’ { 2(D§OX)(CI) (D&)X)(CI)K%V(C)}7
say RN - SCIODEEOEF )

D, ((Dey K§7)(¢")/2x(¢) (Do x)(¢))

If N p1 =0, then ¢y, = ¢p, holds and h is not identified.
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Proof. By the (1,1)-component of (2.16) and the (2, 1)-component of (2.17),
we have

"] T } ozf 16”101 +a« ple_”;lh + ﬂ+pleisz_2h
+ 4
(7_:1)2 _ |C///|2 27_+|<///‘ a+s 7,7'31 + a szlh + ﬂ+516m-31h

"2
|< | Z(h yg)Tpl +7_ e(h y3)7'sl
i +
B 2¢2 <"1 )2 — ’Cm‘ ) i(h—ys)mp, _ 2|CW| i(h—ys)7sh
+
Tm

Hence, we obtain

‘C”/| i(h—y3) Tpl

Ct_i]\_[ e'rrslh 4 aN51e ZTSl 4 /8+ leszlh Pl (h—y3)7—jl
because » C
<"l 1
R 2 70
1

In a similar way, by the (2,1)-component of (2.16) and the (1,1)-component
of (2.17), we have

e
2|C///’ (Ts-t)2 o |C///’2
i ’C///‘ei(hfyg)T];‘rl . |C/l/’e’i(h7y3)7';1
= ng 2KW‘2 i(h— yg,)v—,g1 + (( ) K///| ) i(h—y3) 7'91

Hence, we obtain

s

N im)h N —img hy.+ it b+
(af e —al e )Tl 4 B et

.+ it -+
af‘ﬂewslh o a]lf Le 'LTSlh 4 ,8+51€ZT51h

N i h N it} h i h
(3.23) (0 € — g e 7))+ BTl
Oéfslenslh - a]lf 27-31 + ﬁ szl
i ‘C//l|ez h7y3)7'£L1
= ﬁ 6i(h—y3)7';1
because
‘ R g {40
" -
21¢" () = 1"
N

We remark that we have a',; = 0 by the second components of the equalities
(3.22) and (3.23). On the other hand, we have

324) N 72‘7—g'1h( ++ +) _ N Z|<”/| 71y37—g'1 ihTﬁ( + _ +)
(3. a_p1€ Tpa T Tpr) = { Q4p1 — 22T € Tpr — Tpo
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by subtracting the first component of the equality (3.23) from the first com-
ponent of the equality (3.22) multiplied by T;g. If a]_Vpl = 0 then ¢, = ¢,
by the equality (3.24) and Lemma 1, and it is easy to check that we cannot
identify h in this case. Hereafter we assume a]_Vpl # 0. Then we have ¢,, # ¢,
by the equality (3.24). On the other hand, we can rewrite the equality (3.24)

to

T~ pa N (1, —2imih h N
(3.25) e K7 (¢)e” ™™ (#£0) onaly, #0,
p1 p2

where K2V (¢') is defined by (3.18). We remark that
X(¢)(Dex)(¢)

2 +
cpk Tk

+ _
DfOTPk -

Hence we have

2(cp, — c5,)I¢" X (¢") (Dgo x) (")

(3.26)
B, o 77 (T + i)
X D) () ~air
= (DgOK%V@’)—zm K () | e
p1'P1

by applying Dg, to the equality (3.25). By the equalities (3.25) and (3.26), we
have
21¢"] (D K)(() 1

(3:27) TR MO De)OVEN ) e

Hence we have

<" (DK L

(328) C%Q(TZ;E){& - 2X(C/)(D§OX)(C’) 012)1

by multiplying the equality (3.27) by x(¢’)? and applying Dy, to it, where
KX (¢') is defined by (3.19). Subtracting the equality (3.27) from the equality
(3.28), we obtain

3x(¢")? — 2c, ¢

Cp, (752)°

(3.29) = K3 (¢),

where K{'(¢’) is defined by (3.20). Applying D¢, to the equality (3.28), we
have

(3.30 Sl OPe _ g, ( DL EN(C) )

Cpa (73)° 2x(¢) Deo x(¢)
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Hence we have
(3.31) 3X(¢)* = 5, X (ISP + 2, I |* = KTH(¢)

by substituting the equality (3.29) into the equality (3.30), where K3})(¢) is
defined by (3.21). Therefore we have (3.16) by applying Dg, to the equality
(3.31). We obtain (3.17) from the equality (3.28). O

Finally, we make a remark concerning the value of m.

Remark 9. We deal with m as a fixed number. Indeed, this m depends on
the unknown constants. However, we can check whether this m is so large that
the Lopatinski determinant does not vanish for the determined constants or
not after we determine the unknown constants in the above way. If this m is
large enough then there is no problem. If this m is not large enough, then we
take larger number as new m instead of this m, and determine the unknown
constants once again. This procedure is sure to conclude since there exists a
large enough number m certainly.
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