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Comprehensive family of harmonic univalent
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Abstract. In this paper, we introduce a comprehensive family of harmonic uni-
valent functions which contains various well-known classes of harmonic univalent
functions as well as many new ones. Coefficient bounds, distortion bounds, ex-
treme points, convolution conditions, and convex combination are determined
for functions in this family. Consequently, many of our results are either exten-
sions or new approaches to those corresponding previously known results.
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§1. Introduction and definitions

A continuous complex valued function f = u+iv defined in a simply connected
complex domain D is said to be harmonic in D if both u and v are real harmonic

in D. In any simply connected domain we can write f = h+
−
g, where h and g

are analytic in D. We call h the analytic part and g the co-analytic part of f .
A necessary and sufficient for f to be locally univalent and sense preserving
in D is that |h′(z)| > |g′(z)| in D.

Let H denote the family of functions f = h+
−
g that are harmonic univalent

and sense preserving in the unit disk U = {z : |z| < 1} for which f(0) = fz(0)−
1 = 0. Then for f = h+

−
g∈ H we may express the analytic functions h and g

as

(1.1) h(z) = z +
∞∑

n=2

anzn, g(z) =
∞∑

n=1

bnzn, |b1| < 1.

The harmonic function f = h+
−
g for g ≡ 0 reduces to an analytic function

f = h.
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In 1984 Clunie and Sheil-Small [1] investigated the class H as well as
its geometric subclasses and obtained some coefficient bounds. Since then,
there has been several papers related on H and its subclasses. Jahangiri [2],
Silverman [3], Silverman and Silvia [4] studied the harmonic starlike func-
tions. Recently, Jahangiri [2] defined the class TH(α) consisting of functions

f = h+
−
g such that h and g are of the form

(1.2) h(z) = z −
∞∑

n=2

|an| zn, g(z) =
∞∑

n=1

|bn| zn

which satisfy the condition

(1.3)
∂

∂θ
(arg f(reiθ)) ≥ α, 0 ≤ α < 1, |z| = r < 1.

Also Jahangiri [2] proved that if f = h+
−
g is given by (1.1) and if

(1.4)
∞∑

n=1

(
n − α

1 − α
|an| +

n + α

1 − α
|bn|
)

≤ 2, 0 ≤ α < 1, a1 = 1,

then f is harmonic, univalent, and starlike of order α in U . This condition is
proved to be also necessary if f ∈ TH(α). The case when α = 0 is given in [4]
and for α = b1 = 0, see [3].

Let SH(Φ, Ψ; α) denote the subclass of H consisting of functions f = h+
−
g∈

H that satisfy the condition

(1.5) Re

{
h(z) ∗ Φ(z) − g(z) ∗ Ψ(z)

h(z) + g(z)

}
> α

where α (0 ≤ α < 1), Φ(z) = z +
∞∑

n=2
λnzn and Ψ(z) = z +

∞∑
n=2

μnzn are

analytic in U with the conditions λn ≥ 0, μn ≥ 0. The operator “ ∗ ” stands
for the Hadamard product or convolution of two power series. We further
let T SH(Φ, Ψ; α) denote the subclass of SH(Φ, Ψ; α) consisting of functions

f = h+
−
g∈ H such that h and g are of the form (1.2).

The family T SH(Φ, Ψ; α) is of special interest because it contains various
classes of well-known harmonic univalent functions as well as many new ones.
For example T SH( z

(1−z)2
, z

(1−z)2
; α) ≡ TH(α).

In this note, we obtain coefficient bounds, distortion bounds, extreme
points, convolution conditions, and convex combination for functions in
T SH(Φ, Ψ; α).
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§2. Coefficients Bounds

We begin with a sufficient condition for functions in SH(Φ, Ψ; α).

Theorem 2.1. Let the function f = h+
−
g be so that h and g are given by

(1.1). Furthermore, let

(2.1)
∞∑

n=1

(
λn − α

1 − α
|an| +

μn + α

1 − α
|bn|
)

≤ 2,

where a1 = 1, 0 ≤ α ≤ 1 and n(1−α) ≤ λn−α ≤ μn +α. Then f is harmonic
univalent in U , and f ∈ SH(Φ, Ψ; α).

Proof. First we note that f is locally univalent and sense-preserving in U .
This because

∣∣h′(z)
∣∣ ≥ 1 −

∞∑
n=2

n |an| rn−1 > 1 −
∞∑

n=2

n |an| ≥ 1 −
∞∑

n=2

λn − α

1 − α
|an|

≥
∞∑

n=1

μn + α

1 − α
|bn| ≥

∞∑
n=2

n |bn| >
∞∑

n=2

n |bn| rn−1 ≥
∣∣g′(z)

∣∣ .
To show that f is univalent in U , suppose z1, z2 ∈ U so that z1 �= z2, then∣∣∣∣f(z1) − f(z2)

h(z1) − h(z2)

∣∣∣∣ ≥ 1 −
∣∣∣∣ g(z1) − g(z2)
h(z1) − h(z2)

∣∣∣∣
= 1 −

∣∣∣∣∣∣∣∣

∞∑
n=1

an(zn
1 − zn

2 )

(z1 − z2) +
∞∑

n=2
bn(zn

1 − zn
2 )

∣∣∣∣∣∣∣∣

> 1 −

∣∣∣∣∣∣∣∣

∞∑
n=1

n |bn|

1 −
∞∑

n=2
n |an|

∣∣∣∣∣∣∣∣

≥ 1 −

∞∑
n=1

μn+α
1−α |bn|

1 −
∞∑

n=2

λn−α
1−α |an|

≥ 0.

Now, we show that f ∈ SH(Φ, Ψ; α). Using the fact that Rew ≥ α if and
only if |1 − α + w| ≥ |1 + α − w| , it suffices to show that

(2.2) |A(z) + (1 − α)B(z)| − |A(z) − (1 + α)B(z)| ≥ 0,
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where A(z) = h(z) ∗ Φ(z) − g(z) ∗ Ψ(z) and B(z) = h(z) + g(z).
Substituting for A(z) and B(z) in (2.2) and making use of (2.1) we obtain

|A(z) + (1 − α)B(z)| − |A(z) − (1 + α)B(z)|
=

∣∣∣(1 − α)h(z) + h(z) ∗ Φ(z) + (1 − α)g(z) − g(z) ∗ Ψ(z)
∣∣∣

−
∣∣∣(1 + α)h(z) − h(z) ∗ Φ(z) + (1 + α)g(z) + g(z) ∗ Ψ(z)

∣∣∣
=

∣∣∣∣∣(2 − α)z +
∞∑

n=2

(λn + 1 − α)anzn −
∞∑

n=1

(μn − 1 + α)bnzn

∣∣∣∣∣
−
∣∣∣∣∣−αz +

∞∑
n=2

(λn − 1 − α)anzn −
∞∑

n=1

(μn + 1 + α)bnzn

∣∣∣∣∣
≥ (2 − α) |z| −

∞∑
n=2

(λn + 1 − α) |an| |z|n −
∞∑

n=1

(μn − 1 + α) |bn| |z|n

−α |z| −
∞∑

n=2

(λn − 1 − α) |an| |z|n −
∞∑

n=1

(μn + 1 + α) |bn| |z|n

= 2(1 − α) |z|
{

1 −
∞∑

n=2

λn − α

1 − α
|an| |z|n−1 −

∞∑
n=1

μn + α

1 − α
|bn| |z|n−1

}

≥ 2(1 − α) |z|
{

1 −
∞∑

n=2

λn − α

1 − α
|an| −

∞∑
n=1

μn + α

1 − α
|bn|
}

≥ 0.

The coefficient bound (2.1) is sharp for the function

(2.3) f(z) = z +
∞∑

n=2

1 − α

λn − α
xnzn +

∞∑
n=1

1 − α

μn + α
ynzn,

where ∞∑
n=2

|xn| +
∞∑

n=1

|yn| = 1.

The functions of the form (2.3) are in SH(Φ, Ψ; α) because

∞∑
n=1

(
λn − α

1 − α
|an| +

μn + α

1 − α
|bn|
)

=1 +
∞∑

n=2

|xn| +
∞∑

n=1

|yn| ≤ 2.
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We next show that the above sufficient condition is also necessary for func-
tions in T SH(Φ, Ψ; α).

Theorem 2.2. Let the function f = h+
−
g be so that h and g are given by

(1.2). Then f ∈ T SH(Φ, Ψ; α) if and only if

(2.4)
∞∑

n=1

(
λn − α

1 − α
|an| +

μn + α

1 − α
|bn|
)

≤ 2,

where a1 = 1, 0 ≤ α ≤ 1 and n(1 − α) ≤ λn − α ≤ μn + α for n ≥ 2.

Proof. The if part, follows from Theorem 2.1. To prove the only if part, let
f ∈ T SH(Φ, Ψ; α) then from (1.5) we have

Re

{
h(z) ∗ Φ(z) − g(z) ∗ Ψ(z)

h(z) + g(z)
− α

}

= Re

⎧⎪⎪⎨
⎪⎪⎩

(1 − α)z −
∞∑

n=2
(λn − α) |an| zn −

∞∑
n=1

(μn + α) |bn| z n

z −
∞∑

n=2
|an| zn +

∞∑
n=1

|bn| z n

⎫⎪⎪⎬
⎪⎪⎭ > 0.

If we choose z to be real and z → 1−, we get

(1 − α) −
∞∑

n=2
(λn − α) |an| −

∞∑
n=1

(μn + α) |bn|

1 −
∞∑

n=2
|an| +

∞∑
n=1

|bn|
≥ 0,

or, equivalently,
∞∑

n=2

(λn − α) |an| +
∞∑

n=1

(μn + α) |bn| ≤ 1 − α

which is the required condition (2.4).

Taking different choices of Φ(z) and Ψ(z) in Theorem 2.2, we obtain the
following corollaries:

Corollary 2.3 ([2]). Let the function f = h+
−
g be so that h and g are given

by (1.2). Then f ∈ T SH( z
(1−z)2

, z
(1−z)2

; α) if and only if

(2.5)
∞∑

n=1

(
n − α

1 − α
|an| +

n + α

1 − α
|bn|
)

≤ 2,

where a1 = 1, 0 ≤ α ≤ 1.
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Corollary 2.4. Let the function f = h+
−
g be so that h and g are given by

(1.2). Then f ∈ T SH( z+z2

(1−z)3
, z

(1−z)2
; α) if and only if

(2.6)
∞∑

n=1

(
n2 − α

1 − α
|an| +

n + α

1 − α
|bn|
)

≤ 2,

where a1 = 1, 0 ≤ α ≤ 1.

Corollary 2.5. Let the function f = h+
−
g be so that h and g are given by

(1.2). Then f ∈ T SH( z
(1−z)2

, z; α) if and only if

(2.7)
∞∑

n=1

(
n − α

1 − α
|an| +

α

1 − α
|bn|
)

≤ 2,

where a1 = 1, 0 ≤ α ≤ 1.

Corollary 2.6. Let the function f = h+
−
g be so that h and g are given by

(1.2). Then f ∈ T SH( z+(1−2α)z2

(1−z)3−2α , z
(1−z)2−2α ; α) if and only if

(2.8)
∞∑

n=1

(
nC(α, n) − α

1 − α
|an| +

C(α, n) + α

1 − α
|bn|
)

≤ 2,

where a1 = 1, 0 ≤ α ≤ 1 and C(α, n) =
n∏

i=2
(i − 2α)/(n − 1).

§3. Distortion Theorems

Our next theorem is on the distortion bounds for functions in T SH(Φ, Ψ; α),
which yields a covering result for this family.

Theorem 3.1. Let f ∈ T SH(Φ, Ψ; α) and λ2 − α ≤ λn − α ≤ μn + α for
n ≥ 2. Then we have,

(3.1) |f(z)| ≤ (1 + |b1|)r +
(

1 − α

λ2 − α
− μ1 + α

λ2 − α
|b1|
)

r2, |z| = r < 1,

and

(3.2) |f(z)| ≥ (1 − |b1|)r −
(

1 − α

λ2 − α
− μ1 + α

λ2 − α
|b1|
)

r2, |z| = r < 1,
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Proof. Let f ∈ T SH(Φ, Ψ; α), then we have

|f(z)| ≤ (1 + |b1|)r +
∞∑

n=2

(|an| + |bn|)rn

≤ (1 + |b1|)r +
∞∑

n=2

(|an| + |bn|)r2

= (1 + |b1|)r +
1 − α

λ2 − α

∞∑
n=2

(
λ2 − α

1 − α
|an| +

λ2 − α

1 − α
|bn|
)

r2

≤ (1 + |b1|)r +
1 − α

λ2 − α

∞∑
n=2

(
λn − α

1 − α
|an| +

μn + α

1 − α
|bn|
)

r2

≤ (1 + |b1|)r +
1 − α

λ2 − α

(
1 − μ1 + α

1 − α
|b1|
)

r2, by (2.4),

= (1 + |b1|)r +
(

1 − α

λ2 − α
− μ1 + α

λ2 − α
|b1|
)

r2

and

|f(z)| ≥ (1 − |b1|)r +
∞∑

n=2

(|an| + |bn|)rn

≥ (1 − |b1|)r −
∞∑

n=2

(|an| + |bn|)r2

= (1 − |b1|)r −
1 − α

λ2 − α

∞∑
n=2

(
λ2 − α

1 − α
|an| +

λ2 − α

1 − α
|bn|
)

r2

≥ (1 − |b1|)r −
1 − α

λ2 − α

∞∑
n=2

(
λn − α

1 − α
|an| +

μn + α

1 − α
|bn|
)

r2

≥ (1 − |b1|)r −
1 − α

λ2 − α

(
1 − μ1 + α

1 − α
|b1|
)

r2, by (2.4),

= (1 − |b1|)r −
(

1 − α

λ2 − α
− μ1 + α

λ2 − α
|b1|
)

r2.

The bounds (3.1) and (3.2) are sharp for the functions given by

(3.3) f(z) = z + |b1| z +
(

1 − α

λ2 − α
− μ1 + α

λ2 − α
|b1|
)

z2

and

(3.4) f(z) = (1 − |b1|)z −
(

1 − α

λ2 − α
− μ1 + α

λ2 − α
|b1|
)

z2

for |b1| ≤ (1 − α)/(μ1 + α).
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The following covering result follows from the left hand inequality in
Theorem 3.1.

Corollary 3.2. Let f ∈ T SH(Φ, Ψ; α) and λ2 − α ≤ λn − α ≤ μn + α for
n ≥ 2. Then we have,{

w : |w| <
1

λ2 − α
(λ2 − 1 + (μ1 − λ2 + 2α) |b1|)

}
⊂ f(U).

§4. Extreme Points

In this section we determine the extreme points of T SH(Φ, Ψ; α).

Theorem 4.1. Let h1(z) = z, hn(z) = z − 1−α
λn−αzn (n ≥ 2) and gn(z) =

z + 1−α
μn+αz n (n ≥ 1). Then f ∈ T SH(Φ, Ψ; α) if and only if it can be expressed

as

(4.1) f(z) =
∞∑

n=1

(xnhn + yngn),

where xn ≥ 0, yn ≥ 0,
∞∑

n=1
(xn + yn) = 1. In particular, the extreme points of

T SH(Φ, Ψ; α) are {hn} and {gn}.

Proof. Suppose

f(z) =
∞∑

n=1

(xnhn + yngn)

=
∞∑

n=1

(xn + yn)z −
∞∑

n=2

1 − α

λn − α
xnzn +

∞∑
n=1

1 − α

μn + α
ynz n.

Then
∞∑

n=2

λn − α

1 − α

(
1 − α

λn − α
xn

)
+

∞∑
n=2

μn + α

1 − α

(
1 − α

μn + α
yn

)

=
∞∑

n=2

xn +
∞∑

n=1

yn = 1 − x1 ≤ 1

and so f ∈ T SH(Φ, Ψ; α).
Conversely, if f ∈ T SH(Φ, Ψ; α), then |an| ≤ 1−α

λn−α and |bn| ≤ 1−α
μn+α . Setting

xn = λn−α
1−α (n ≥ 2) and yn = μn+α

1−α (n ≥ 1). Then note that by Theorem 2.2,

0 ≤ xn ≤ 1 (n ≥ 2) and 0 ≤ yn ≤ 1 (n ≥ 1). We define x1 = 1 −
∞∑

n=2
xn −
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∞∑
n=1

yn ≥ 0, by Theorem 2.2. Consequently, we can see that f(z) can be

expressed in the form (4.1). This completes the proof of the Theorem 4.1.

§5. Convolution and Convex Combinations

In this section, we show that the class T SH(Φ, Ψ; α) is invariant under con-
volution and convex combinations of its members. For harmonic functions
f(z) = z−

∞∑
n=2

anzn +
∞∑

n=1
bnz n and F (z) = z−

∞∑
n=2

Anzn +
∞∑

n=1
Bnz n we define

the convolution of two harmonic functions f and F as

(f ∗ F )(z) = f(z) ∗ F (z) = z −
∞∑

n=2

anAnzn +
∞∑

n=1

bnBnz n.

Theorem 5.1. If f ∈ T SH(Φ, Ψ; α) and F ∈ T SH(Φ, Ψ; α) then f ∗ F ∈
T SH(Φ, Ψ; α).

Proof. Let f(z) = z −
∞∑

n=2
|an| zn +

∞∑
n=1

|bn| z n and F (z) = z −
∞∑

n=2
|An| zn +

∞∑
n=1

|Bn| z n be in T SH(Φ, Ψ; α), Then by Theorem 2.2, we have

(5.1)
∞∑

n=1

(
λn − α

1 − α
|an| +

μn + α

1 − α
|bn|
)

≤ 2,

and

(5.2)
∞∑

n=1

(
λn − α

1 − α
|An| +

μn + α

1 − α
|Bn|

)
≤ 2.

So for the coefficients of f ∗ F we can write

∞∑
n=1

(
λn − α

1 − α
|anAn| +

μn + α

1 − α
|bnBn|

)

≤
∞∑

n=1

(
λn − α

1 − α
|an| +

μn + α

1 − α
|bn|
)

≤ 2.

Thus f ∗ F ∈ T SH(Φ, Ψ; α).

Finally, we prove
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Corollary 5.2. The class T SH(Φ, Ψ; α) is closed under convex combination.

Proof. For i = 1, 2, 3, . . . suppose that fi(z) ∈ T SH(Φ, Ψ; α) where fi is given
by

fi(z) = z −
∞∑

n=2

|ain | zn +
∞∑

n=1

|bin | z n.

Then by (2.4),

(5.3)
∞∑

n=1

(
λn − α

1 − α
|ain | +

μn + α

1 − α
|bin |

)
≤ 2.

For
∞∑
i=1

ti = 1, 0 ≤ ti ≤ 1, the convex combination of fi may be written as

∞∑
i=1

tifi(z) = z −
∞∑

n=2

( ∞∑
i=1

ti |ain |
)

zn +
∞∑

n=1

( ∞∑
i=1

ti |bin |
)

z n.

Then by (5.3),

∞∑
n=1

[
λn − α

1 − α

∣∣∣∣∣
∞∑
i=1

ti |ain |
∣∣∣∣∣+ μn + α

1 − α

∣∣∣∣∣
∞∑
i=1

ti |bin |
∣∣∣∣∣
]

=
∞∑

n=1

ti

{ ∞∑
n=1

[
λn − α

1 − α
|ain | +

μn + α

1 − α
|bin |

]}

≤ 2
∞∑

n=1

ti = 2

and so by Theorem 2.2, we have
∞∑
i=1

tifi(z) ∈ T SH(Φ, Ψ; α).
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