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8§1. Introduction

In this paper, we consider only finite, simple, undirected graphs with no loops
and no multiple edges.

A graph G is called 3-connected if |V(G)| > 4 and G — S is connected for
any subset S of V(G) having cardinality 2. An edge e of a 3-connected graph
G is called contractible if the graph which we obtain from G by contracting e
(and replacing each of the resulting pairs of parallel edges by a simple edge)
is 3-connected; otherwise e is called noncontractible. In [7], Tutte proved
that all 3-connected graphs other than K4 have a contractible edge. In [2],
Dean, Hemminger and Ota proved that every longest cycle in a 3-connected
graph other than K4 or Ko X K3 contains at least three contractible edges. In
[3], Ellingham, Hemminger and Johnson proved that every longest cycle in a
nonhamiltonian 3-connected graph has at least six contractible edges. In view
of these results, it is likely and desirable that one should obtain a complete
classification of those pairs (G,C) of a 3-connected graph G and a longest
cycle C of G such that C contains at most five contractible edges. In fact, the
case where C' contains precisely three contractible edges was settled by Aldred,
Hemminger and Ota in [1], and by Ota in [6]. Further in [4], Fujita classified
all pairs (G, C) of a 3-connected graph G and a longest cycle C of G such that
C' contains precisely four contractible edges of GG, under the assumption that
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G has order at least 13. In this paper, we completely classify such pairs (G, C)
without any assumption on the order of G.

Main Theorem. Let G be a 3-connected graph, and let C be a longest cycle
of G. Suppose that C contains precisely four contractible edges of G. Then the
pair (G,C) belongs to one of the eight types, Types 1 through 8, which are
defined in Section 2.

In passing, we remarked that in [5], Fujita and Kotani classified all pairs
(G,C) of a 3-connected graph G of order at least 16 and a longest cycle C' of
G such that C contains precisely five contractible edges of G.

The organization of this paper is as follows. In Section 2, we define the
type of a pair (G,C) satisfying the assumptions of the Main Theorem. Sec-
tion 3 contains fundamental results concerning noncontractible edges lying on
a hamiltonian cycle of a 3-connected graph. In Section 4, we derive basic
properties of a pair (G,C) satisfying the assumptions of the Main Theorem,
and we complete the proof of the Main Theorem in Section 5.

Our notation and terminology are standard except possibly for the follow-
ing. Let G be a graph. For U C V(G), we let (U) = (U)g denote the graph
induced by U in G. For U, V C V(G), we let E(U, V') denote the set of edges
of G which join a vertex in U and a vertex in V; if U = {u} (v € V(G)),
we write E(u,V) for E({u},V). A subset S of V(G) is called a cutset if
G — S is disconnected; thus G is 3-connected if and only if |V(G)| > 4 and
G has no cutset of cardinality 2. Now assume that G is 3-connected, and let
e=uv € E(G). We let K(e) = K(u,v) denote the set of vertices x of G such
that {u,v,x} is a cutset; thus e is contractible if and only if K(e) = ¢. If e is
noncontractible, then for each = € K(e), {u,v,z} is called a cutset associated
with e.

§2. Definition of the Type of a Pair (G, C)

In this section, we define the type of a pair (G, C) of a 3-connected graph G
and a hamiltonian cycle C of G such that C' contains precisely four contractible
edges of G. Throughout this section, we let ng,n1,ns and ng be nonnegative
integers, and let G denote a graph of order ng + ny + no + ns + 4 with vertex
set

such that G contains C' = agay - - - anyboby - - - by, coc1 -+~ Cnydody - - - dpsap as a
hamiltonian cycle. In the definition of each type, it is easy to verify that if
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G satisfies the required conditions, then G is 3-connected, and ay,bg, by, co,
cnydo, dnyao are the only contractible edges of G that are on C.

Type 1. Let ng=0o0r 2, n; > 1, no =0 or 2, and ng > 1. Let r be an integer
with

(2-1) 1 <r <min{ny + 1,n3},
and let ki, ko,..., kyr, kry1 and Uy, lo,. .., I, l,+1 be integers satisfying

(22) 0:k1<k2<---<k,~_1<k7«§kr+1:n1
andn3:l1>l2>--->lT>lr+1:0.

Let

r+1 r
X = (U{bz‘bz‘+2 [ ki <6< ke — 2}> u (U{djdj—Q 1> > iy + 2}) ,
t=2 t=1
Y, = {{bkt+1dlt+1+l |1<t<r} (if k. < np)

{bkt+1dlt+l+1 | I1<t<r-— 1} (if kr = nl)v
Yo = {bg,—1dj,—1 |2 <t <r},

Y; = U{bktdj |l >j > 11},

t=1

r+1
Yy = ({bidy, | by < < kil

t=2
Fl _ {aodns,l} (if nog = 0)

{apaz, a1dy,—1}  (if no = 2),

o) (if ng = 0)
{a1bo, a1dp,} (if no = 2),

F {
{cobp,-1} (if kr < mny and ng = 0)
{coca, c1bn,—1}  (if kr < np and ng = 2)
{cod; } (if k, = nq and ng = 0)
( )

{Cocg, Cldl} if kr = N1 and ng = 2 y

® (if ng = 0)
{bmcl, Cldg} (if nog = 2),
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Hy - {Y3 (if ng = 0)
Y3 U {aibo} (if ng = 2),

B {Y4 (if ng = 0)

P Mau{ado} (ifna=2).

Now G is said to be of Type 1, if there exists r satisfying (2-1) and there
exist ki1, ko,. .., k41 and Iy, lo,. .. l,41 satisfying (2-2), such that if we define
X, Y1, Yo, Y3, Yy, Fi, F|, F», F, Hy, Hy as above, then G satisfies the
following three conditions:

e FMURUXUY1UYs C E(G)—E(C) C FiUFUXUY UYaUY3UY,UF]UFY;
e ifny =1, r=1and ng =0, then H; N E(G) # ¢;
e if n3 =1 and ng = 0, then Hy N E(G) # ¢.
Type 2. Let ng=0o0r 2, ny =0o0r 2, ny > 1, and ng > 1. Let
X ={cn,—1d1} U{ciciya | 0 <i <ng — 2} U{djdj12 | 0 < j < nz— 2},
X' = {cn,—1do, cnydr },
o {{aodng_l} (if ng = 0)

{aoag, ardys—1}  (if no = 2),
o (if np = 0)
{ardn,}  (if no = 2),
{bocl} (if ny = O)
{bobz, blcl} (lf ny = 2),
p_f  @m=0
{blco} (lf ny = 2),
0] (if n1 =2 or ng > 2)
{en,d1} (if ng =0 and ny = 1),

0] (if np =2 or ng > 2)

Y, =
{anfldo} (lf nog = 0 and ng = 1)

Under this notation, G is said to be of Type 2 if GG satisfies

FFURUXUYZWUY, CEG) -EC)CFHURUXUF UFUX'.
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Type 3. Let ng =0o0r 2, ny =0, ng =0 or 2, and ng > 1. Let

X ={djdj2|0<j <ng—2},
X' = {bod; | 0 < j < ns},
P = {aodn3_1} (lf nog = 0)
1=

{aoaz, ardn, -1} (if no = 2),
) {¢ (if ng = 0)
Fl .
{aldnS, albo} (lf ng = 2),

} (if ng = 0)

Fy =
{CQCQ, Cldl} (if Nno = 2),
, 0] (if ng = 0)
F2 .
{{Cldo, bocl} (lf nog = 2),
Y/ = o) (if ng = 0)
{albo} (lf nog = 2),
yi = o) (if ng = 0)
{bocl} (lf nog = 2),
Z{ _ {bodo} <1f ng = 0
¢ (
7 = {bodns} (if ng =

¢ (
H {b do,Cldo}
J' = {ai1dy,bods}.

)
if ny = 2),
0)

if ng = 2),

Under this notation, G is said to be of Type 3 if G satisfies

FFURUXCEG) -EC)CRURUXUF UF,UX
(X'UY)) = Z1) N E(G) # ¢,
(X' UYY) - Z5) NE(G) # 6,
H' N E(G) # ¢ in the case where ng = 0,n2 = 2 and n3 = 1,
J' N E(G) # ¢ in the case where ng = 2,15 = 0 and n3 = 1.

Type 4. Let ng =0o0r 2, ny =2, no =0or 2, and n3 > 1. Let

X = {bobg} U {djdj+2 | 0<j<ng— 2},
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{aodps-1} (if ng =0)
{apag,ardp,—1} (if ng = 2),
& (if no = 0)
{a1dps}  (if ng = 2),

F2 _ {{Codl} (if Nno = 0)

=

{C()CQ, Cldl} (if no = 2),
o) (if ng = 0)

F- |
{Cldo} (lf no = 2),
’ {bldn3} (if ng = 0)
Zy = .
10) (if ng = 2),
7 {{bldg} (if ny = 0)
2= .
10) (if ny = 2),

X' = {b1dg, brd1}.
In the case where ng > 2, for each 1 < p < ng — 1, define le> by
X, ={bdj | p—1<j<p+1}

Under this notation, G is said to be of Type 4 if either ng = 1 and G
satisfies

FRURBRUXCEG) -EC)CRURUXUF UFUX/,
(X' = 2Z1) N E(G) # ¢,
(X' = Z3) N E(G) # ¢,
or ng > 2 and there exists p with 1 < p < ng — 1 such that G satisfies
FIURUXCEG)-EC)CFRURUXUFUFRUX,,
(X, = Z1)NE(G) # ¢,
(X, — Z3) N E(G) # ¢
Type 5. Let ng =0o0r 2, ny =2, ng =0o0r 2, and ng > 1. Let
X = {bob2} U{d;jdjs2 |0 < j <nz—2},
X' ={bidns—1,b1dn,},
P {{aobl, apdn,—1} (if ng = 0)
{apag,a1bi,a1dp,—1} (if no =2),
. {<z> (it mo = 0)
{a1dn,}  (if ng = 2),
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F _ {Codl} (lf ng = O)
{CQCQ, Cldl} (if ng = 2),

(if ng = 0)
{Cldo} lf ng = 2)

{{bldns} (if ng = 0)

(if ng = 2),
{bldl (if ng = 0)
{aldl, b1d1 (if ng = 2).
Under this notation, G is said to be of Type 5 if G satisfies

FURUXCEG) -E(C)CHURUXUFUFUX'
(X' =Z')NE(G) # ¢,
H' N E(G) # ¢ in the case where ny = 0 and n3 = 1.

Type 6. We say that G is of Type 6 if ng =2 and ny =ng =ng =0 and G
satisfies

E(G) — E(C) = {apaz, a1by, aico, a1dy, bodp }.

Type 7. We say that G is of Type 7 if ng =n; =2 and ng =ng =0 and G
satisfies

{aoaz,bobz,a1b1,a1c0,b1do} C E(G)—E(C) C{apaz,boba,a1bi,a1c0,b1do,a1do,bico}-
Type 8. Let ng =2, n1 =0or 2, ng =2 and n3 =0 or 2. Let

F = {aoag, CQCQ},

F1:{¢ (if ny = 0)
{bobz} (lf ny = 2),

é (if ng = 0)
{dodg} if nsg = 2),

(
Ia {arer}  (if ny # 2 or ng # 2)
¢ (if ny = 2 and n3 = 2).

Fy

—_— —_—
Letp= o0 Am=00 g do (fnz=0) 11
bl (lf ny = ) d1 (lf nsg = 2

F, = {alb, ajcy, ald, bCl, bd, Cld}.
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Under this notation, G is said to be of Type 8 if GG satisfies

FURMURUFCEG)-E(C)CFUFRUFRUF,
bd € E(G) or {aib,bcy, c1d,dar} C E(G),
aicl € E(G) or {albl,blcl,cldl,dlal} C E(G)

in the case where n1 = ng = 2.

83. Preliminaries

In this section, we prove fundamental results concerning noncontractible edges
lying on a hamiltonian cycle of a 3-connected graph. All of the results in this
section are already proved in [4] (and most of them also in Ota [6]), and we
omit their proofs.

Throughout this section, we let G denote a 3-connected graph of order n+1
(n>4), and let C' = vyv; - - - v,v9 denote a hamiltonian cycle of G. Moreover,
throughout this section, we assume that the edge v,vg is noncontractible, and
let {vy,vo,v;} be a cutset associated with it.

Lemma 3.1. Forv;,, 2 < i <n—2. And {vp | 1 < k < i—1}) and
({vg |1 +1 <k <n—1}) are the two components of G — {vy, v, v;}.

Lemma 3.2. (i) No edge of G joins a vertex in {vy |1 <k <i—1} and a
vertex in {vg | i +1<k<n-—1}.

(ii) For some k with 1 <k <1i—1, vyv, € E(G).
Lemma 3.3. If i=2, then E(v1,V(G)) — E(C) = {viv,}.

Lemma 3.4. Suppose that vovy is noncontractible and v; € K(vg,v1). Then
UpU1 € E(G)

Lemma 3.5. Suppose that v;viy1 is noncontractible, and let {v;,v;11,v;} be a
cutset associated with it. Then i+ 3 < j <n (and hence i < n — 3). Further,
if 3 =n, then voviy1 € E(G).

Lemma 3.6. Let 1 < j <i—2. Suppose that vjvj41 is noncontractible, and let
{vj,vjt1,u} be a cutset associated with it, and suppose thati+1 <1 <mn—1.
Thenl = i+1, vyvy is contractible and, unless | = n—1, we have v; € K (vp, vp).

Lemma 3.7. Suppose that vov1 is noncontractible, and let {vo,v1,v;} be a
cutset associated with it, and suppose that i +1 < j < n — 2. Then v; €
K(Un,v()).

Lemma 3.8. Suppose that K (vy,,vo) = {ve}, and that vov; is noncontractible.
Then K (vg,v1) = {vp—1}.
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Lemma 3.9. (i) If i =2, then vivy is contractible.

(i) If i > 2, then there exists j with 0 < j < i — 1 such that vjvj41 is
contractible.

(iii) If i > 3 and there exists only one j with 0 < j < i —1 such that vjvjq1
s contractible, then v;v;41 is contractible.

84. Initial Reduction

Throughout the rest of this paper, we let G and C be as in the Main Theorem,
and write C' = apay -+ - anyboby - - - by, coct - - - cpydody - - - dpgyao, where ay,bo,
bn, o, Cnydo and dp,a¢ are the four contractible edges contained in C'. Note
that C' is a hamiltonian cycle by the result of Ellingham, Hemminger and
Johnson [3] mentioned in Section 1; thus |[V(G)| = ng + n1 + n2 + ng + 4.
Let Cy = {ap,a1,...,an,}, C1 = {bo,b1,...,bn, }, C2 = {co,c1,...,cny} and
Cs3 = {do, di,... ,dn3}.

In this section, we derive some basic properties of (G, C'). All of the results
in this section are already proved in [4], and we omit their proofs.

The first three lemmas are concerned with the structure of K(e), where e
is a noncontractible edge lying on C.

Lemma 4.1. Suppose that n1 = 2. Then one of the following holds:
(i) K(bo,b1) ={co} and K(b1,b2) = {an,}; or
(ii) K (bo,b1) # {co} and K(by,b2) # {an,}-
Lemma 4.2. Suppose that n1 > 1.
(1) If ng # 2, then K(by,b1) C C3U {cp,,a0}.
(ii) If ny = 2, then K(bo,b1) C C3U {co, Cny,a0}-
Lemma 4.3. One of the following holds:
(i) n1 =0;
(ii) n1 =2 and K(by,b1) = {co} and K(b1,b2) = {an,}; or
(iii) n1 > 1 and K(b;,bi+1) N Cs # ¢ for all 0 <i <mnj — 1.

With Lemma 4.3 in mind, we define the terms degenerate and nondegenerate
as follows: for each 0 <[ < 3, (] is said to be nondegenerate if n; > 1 and
K(e) N Ciya # ¢ for all e € E((C)) (we take Cjio = Cj_ if | = 2 or 3);
otherwise C is said to be degenerate. Thus, for example, C] is nondegenerate
if and only if (iii) of Lemma 4.3 holds, and it is degenerate if and only if (i)
or (ii) of Lemma 4.3 holds.
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Lemma 4.4. At most two of the Cy (0 <1< 3) are nondegenerate.
We now turn our attention to the distribution of edges of G.

Lemma 4.5. Suppose that Cy is degenerate and ng = 2. Then the following
hold.

(i) E(ao,V(GQ)) — E(C) = {apaz}, and E(a2,V(G)) — E(C) = {apaz}.
(ii) E({ao, a2}, V(G)) — E(C) = {agaz}.

Lemma 4.6. Suppose that Cy is degenerate, and that Cs is nondegenerate
and by € K(dn3_1,dn3).

(I) If ng = O, then E(Co, V(G)) - E(C): {aodng,l}.
(IT) Suppose that ng = 2. Then the following hold.

(i) {aoaz,a1dns—1} CE(Co, V(G))—E(C)C {apaz, aiby, a1dn,—1, a1dn, }.

(ii) Suppose further that Cy is degenerate, and that either ny = 2, or
ny =0 and ng > 1 and az € K(cg,c1). Then

{aoaz, a1dn,—1} C E(Co, V(G)) — E(C) C {aoaz, a1dns—1, ardpg }-

Lemma 4.7. Suppose that C3 is nondegenerate. Then did; ¢ E(G) for any
i,J with i +3 < j.

85. Proof of the Main Theorem

We continue with the notation of the preceding section, and complete the
proof of the Main Theorem.

By Lemma 4.4 and by symmetry, it suffices to consider the following four
cases:

e (7 and ('3 are nondegenerate, and Cy and Cy are degenerate;
e (5 and ('3 are nondegenerate, and Cy and C are degenerate;
e (5 is nondegenerate, and Cy, C7 and Cs are degenerate; or

e (), C1, Cy and C'5 are degenerate.

We consider these four cases separately in four propositions, Propositions 1
through 4. Propositions 1 and 2 are already proved in [4], and thus we omit
their proofs.
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Proposition 1. Suppose that C1 and Cs are nondegenerate, and Cy and Co
are degenerate. Then (G,C) is of Type 1.

Proposition 2. Suppose that Cs and Cs are nondegenerate, and Cy and Cy
are degenerate. Then (G,C) is of Type 2.

Proposition 3. Suppose that C5 is nondegenerate, and Cy, C1 and Co are
degenerate. Then (G,C) is of Type 3, 4 or 5.

Proof. Note that for each 0 < [ < 2, n; = 0 or 2 because () is degenerate.
Since C5 is nondegenerate,

(5—1) K(dj,dj+1) NCL#¢forall0 < j<n3—1.

We first consider the case where n; = 0. In this case, we have C1 = {bp}.
Set

X" = {bod; | 0 < j < nz},
Yy:{vb Eifnozm

{albo} if ng = 2),
¥ — {¢> (it nz = 0)
{bocl} (lf no = 2).

The following claim is already proved in [4], and we omit the proof.
Claim 5.1. E(by, V(G)) — E(C) C X' UY{ UY].
We now prove the following claim.
Claim 5.2. (i) If ng =0, no = 2 and ng = 1, then {bydy, c1do} N E(G) # ¢.
(ii) If ng =2, ng = 0 and n3 = 1, then {a1dy,bod1 } N E(G) # ¢.

Proof. To prove (i), suppose that ngp = 0, ng = 2 and ng = 1. Sinse djag is
contractible, {d1, agp, c2} is not a cutset, and hence E(C3 — {d1}, {bo} U Ca —
{c2}) # ¢ by the assumption that ng = 0. Since C3 — {d1} = {dp} by the
assumption that ng = 1, this means E(dy, {bp} U Cy — {c2}) # ¢. In view of
Claim 5.1, we obtain {bodo,c1do} N E(G) # ¢ by applying Lemma 4.5 (ii) to
(5. Thus (i) is proved, and (ii) can be verified in a similar way.

Now by Claim 5.2, we can prove (G,C) is of Type 3 by arguing exactly as
in the case where n; = 0 of the proof of Proposition 3 in Section 5 of [4]. This
completes the proof of the proposition for the case where ny = 0.

We henceforth assume that ny = 2. Applying Lemma 4.5 (ii) to C1, we get

(5-2) E({bo, b2}, V(G)) — E(C) = {boba}-
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Claim 5.3. Let 0 < k <ng— 1.
(i) If by € K(dk,dk+1), then by € K(dj,dj+1) for all 0 < 7 <k.
(ii) If by € K (dy, djs1), then by € K(d;, dj1) for all k < j < ng — 1.

Proof. To prove (i), assume that by € K(dg,dk+1), and let 0 < j <k —1. By
(5-1), take b; € K(dj,d;j1) N Ci. We may assume i # 2. But then, applying
Lemma 3.6 or 3.7 according to whether j < k —2 or j = k — 1, we obtain
by € K(dj,djq1). Thus (i) is proved, and (ii) can be verified in a similar way.

Claim 5.4. One of the following holds:

(i) either ng = 1 and by, by € K(dp,d1), or ng > 2 and there exists p with
1 < p < ng—1 such that by € K(dj,dj41) for all 0 < j < p—1 and
by € K(dj,dj+1) for all p <j<ns—1;

(ii) K(dj,dj.H) NnNCi = {bQ} forall 0 < j <mng—1;or
(iii) K(dj,dj_H) NnCy = {bo} forall 0 <j <ng—1.

Proof. Let 0 < j < mnz —1. If by € K(dj,djt1), then since we have a,, €
K (b1,by) from the assumption that C; is degenerate, we get a contradiction
by Lemma 3.5. Thus

(5—3) b1 §f K(dj,djurl) for all 0 S] <nz— 1.

Now suppose that neither (ii) nor (iii) holds. Then there exists [ such that
by € K(d;,d;y1), and hence

(5—4) by € K(do, dl)

by Claim 5.3 (i). Similarly, we get by € K(dns—1,dns). If ng = 1, then
(i) holds, as desired. Thus we may assume ng > 2. Let p =min{l < j <
ng — 1 | by € K(dj,dj+1)}. Then by Claim 5.3 (ii), by € K(dj,d]url) for all
p < j <mnz—1. Also by the minimality of p, it follows from (5-1) and (5-3)
that by € K (dj,dj41) for all 1 < j <p—1, and this together with (5-4) implies
that by € K(d;,dj4+1) for all 0 < j < p—1. Thus (i) holds, as desired.

By symmetry, we may assume that (i) or (ii) of Claim 5.4 holds. We now
divide the proof into two cases according to whether (i) or (ii) of Claim 5.4
holds.

Case 1. Claim 5.4 (i) holds.

Let

{bldo,bldl} (if ng = 1)
{bidj | p—1<j<p+1} (ifng>2),
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where p is as in Claim 5.4 (i). Then we can prove (G,C) is of Type 4 by
arguing exactly as in Case 1 of the proof of Proposition 3 in Section 5 of [4].
Case 2. Claim 5.4 (ii) holds.

Applying Lemma 4.5 (ii) to Cp, we see that

(5—5) if ng = 2, E({ao,az}, V(G)) — E(C) = {aoag}.

For convenience, let a = aq if ng = 2, and let a = ag if ng = 0. Applying
Lemma 3.2 (i) to {dns—1,dns, b2}, we get

(5'6) E({CL, bl}v CaU (03 - {dnsflv dns})) = 9.
Combining (5-6) and (5-5), we obtain
(5—7) E(bl, V(G)) — E(C) Q {bla, bldngfl, bldng},

and combining (5-6) and (5-2), we obtain

{abl, adn371} (if nog = 0)

(5-8) E(a,V(G)) — E(C) C {{abl,adnghadns} (if np = 2).

Set

{aldl, bldl} (lf no = 2)
Claim 5.5. If ng = 0 and n3 = 1, then H' N E(G) # ¢.

i {{bldl} (if no = 0)

Proof. Suppose that no = 0 and ng = 1. Then since cydy is contractible,
{co,do,ap} is not a cutset, and hence E(Cs — {dp}, (Co — {ao}) UC1) # ¢ by
the assumption that ny = 0. Since C3 — {dy} = {d1} by the assumption that
nz = 1, this means E(d;, (Co — {ao}) U C1) # ¢. In view of (5-2), (5-5), (5-7)
and (5-8), we obtain H' N E(G) # ¢, as desired.

Now by Claim 5.5, we can prove (G, () is of Type 5 by arguing exactly as
in Case 2 of the proof of Proposition 3 in Section 5 of [4].

Proposition 4. Suppose that Cy, Cy, Co and Cs are degenerate. Then (G,C')
is of Type 6, 7 or 8.

Proof. Note that for each 0 < [ < 3, n; = 0 or 2 because C} is degenerate.
If np = n1 = na = ng = 0, then |V(G)| = 4, and hence no edge of G is
contractible, a contradiction. Thus at least one of ng, n1, ne and ns is 2. By
symmetry, we may assume that ng = 2. Then by Lemma 4.5 (ii), we have

(5-9) E({ao, a2}, V(G)) — E(C) = {agaz}-

Further by symmetry, it suffices to consider the following three cases:
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® ny =ng =n3=0;

e n1 =2 and ny =ng =0; or

e ny=0o0r2 no =2 and n3 =0 or 2.
We consider these three cases separately.
Case 1. ny =ng =ng = 0.

In this case, we have Cy = {bgo}, Co = {co} and C3 = {dp}. We prove the
following three claims.

Claim 5.6. aiby, a1dy € E(G).

Proof. Since cpdy is contractible by the assumption that no = 0, {co, dp, a2}
is not a cutset, and hence E((Cy — {az2}), {bo}) # ¢ by the assumption that
ny = ng = 0. Consequently a1by € E(G) by (5-9). In view of the symmetry of
the roles of cody and bycy, we similarly obtain aidy € E(G).

Claim 5.7. bydy € E(G).

Proof. Since Cj is degenerate by the assumption of Proposition 4, {a1, as, co} is
not a cutset, and hence E((Co— {a1,a2})U{do}, {bo}) # ¢ by the assumption
of Case 1. In view of (5-9), this implies bpdy € E(G).

Claim 5.8. ajco € E(G).

Proof. Since deg(cg) > 3 by the assumption that G is 3-connected, and since
n1 = n3 = 0, the desired conclusion follows immediately from (5-9).

Now combining (5-9) and Claims 5.6 through 5.8, we see that (G, C) is of
Type 6.

Case 2. n1 =2 and ng =ng = 0.
In this case, we have C1 = {bg, b1,b2}, Co = {co} and C5 = {dp}. Applying
Lemma 4.5 (ii) to C1, we see that

(5-10) E({bo, b2}, V(G)) — E(C) = {boba}.
By (5-10), we get

(5-11) Elay, V(G)) — E(C) C {a1b1, arco, ardo},
and by (5-9), we also get

(5-12) E(by, V(G)) — E(C) C {ab, bico, bido}.

We now prove the following two claims.
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Claim 5.9. a1b; € E(G)

Proof. Since cody is contractible by the assumption that ny = 0, {co,dp, a2}
is not a cutset, and hence E((Co — {a2}), C1) # ¢ by the assumption that
n3 = 0. In view of (5-10) and (5-12), this implies a1b; € E(G).

Claim 5.10. aicg, bidg € E(G)

Proof. Since (1 is degenerate by the assumption of Proposition 4, {b1, b2, dp} is
not a cutset, and hence E(CoU(Cy —{b1,b2}), {co}) # ¢ by the assumption of
Case 2. By (5-9) and (5-10), we obtain aico € E(G). In view of the symmetry
of the roles of C] and Cp, and of C5 and Cs, respectively, we similarly obtain
bidy € E(G)

Now combining (5-9) through (5-12), and Claims 5.9 and 5.10, we see that
(G, Q) is of Type 7.

Case 3. ny =0or 2, ng =2, and ng =0 or 2.
Applying Lemma 4.5 (ii) to Cy, we see that

(5-13) E({co, 2}, V(G)) = E(C) = {coca}-

Further applying Lemma 4.5 (ii) to C; and C3, we also get

(5-14) if n; = 2, then E({bg, bQ}, V(G)) —EC) = {bobg}
and
(5-15) if ny = 2, then E({do, d2}, V(G)) — E(C) = {dods}.
Set

y_ [ (i =0)
by (ifng=2)

and

d = do (lf nsg = 0)
Cldy (if g =2).

Then by (5-9), (5-13), (5-14) and (5-15), we obtain the following claim.
Claim 5.11. (i) E(a1, V(G)) — E(C) C {aib, aic1, ard}.
(i) E(b,V(G)) — E(C) C {aib, bey, bd}.
(iii) E(c1, V(G)) — E(C) C {aser, bey, crd).
(iv) E(d,V(G)) — E(C) C {a1d, bd, c1d}.
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Set H| = {a1b,bd}, H) = {bcy,bd}, Hy = {a1d,bd} and Hj = {bd,c1d}.
Claim 5.12. H/ N E(G) # ¢ for all 1 <i < 4.

Proof. Since Cy is degenerate by the assumption of Proposition 4, {cg, c1, a2}
is not a cutset, and hence E(Cy, (Co — {a2}) U (Ca —{co,c1}) UC3) # ¢. This
together with (5-14) and Claim 5.11 (ii) implies H; N E(G) # ¢. By symmetry,
it can be verified in a similar way that H; N E(G) # ¢ (i = 2, 3 and 4).

Set J{ = {albl,alcl}, Jé = {alcl,aldl}, Jé = {alcl,blcl} and Ji =
{aicy, crdy }.

Claim 5.13. If n; = 2 and ng = 2, then J/ N E(G) # ¢ for all 1 <i < 4.

Proof. Assume that n; = 2 and ng = 2. Then since C5 is degenerate by the
assumption of Proposition 4, {d1, d2, bp} is not a cutset, and hence E(Cy, (Cy —
{bo}) UCa U (C3 — {di1,d2})) # ¢ which, in view of (5-9) and Claim 5.11 (i),
implies J; N E(G) # ¢. By symmetry, it can be verified in a similar way that
JINE(G) # ¢ (i=2, 3 and 4).

Claim 5.14. If n; # 2 or n3g # 2, then a;c; € E(G).

Proof. First assume that n; = ng =0 (so C1 = {bo} and C35 = {dp}). Then by
ng = 0, it follows that dyag is contractible. Thus {dy, ag,bo} is not a cutset,
and hence E((Cy — {ap}), C2) # ¢ by the assumption that ny = 0. In view
of (5-9) and (5-13), this implies ajc; € E(G), as desired. Next assume that
ny = 2 and n3 = 0 (so C1 = {by,b1,b2} and C3 = {dp}). Then since C is
degenerate by the assumption of Proposition 4, {b1, b2, dp} is not a cutset, and
hence E(Cy, CoU (Cy —{b1,b2})) # ¢ by the assumption that ng = 0. In view
of (5-9), (5-13) and (5-14), this implies ajc; € E(G), as desired. In the case
where n; = 0 and ng = 2, we similarly obtain aj¢; € E(G), replacing the roles
of C1 and C5 by each other.

Now combining (5-9), (5-13), (5-14), (5-15), and Claims 5.11 through 5.14,
we see that (G, C) is of Type 8.
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