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Abstract. A simple graph G = (V, E) admits an H-covering if every edge
in E belongs to a subgraph of G isomorphic to H. We say that G is H-magic
if there is a total labeling f : VUE — {1,2,3,...,|V]| + |E|} such that for
each subgraph H' = (V', E’) of G isomorphic to H, Y .\ f(v) + > . cp f(e)
is constant. When f(V) = {1,2,...,|V|}, then G is said to be H-supermagic.
In this paper we show that a chain of any 2-connected simple graph H is H-
supermagic.
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8§1. Introduction

The concept of H-magic graphs was introduced in [2]. An edge-covering of a
graph G is a family of different subgraphs Hy, Hs, ..., Hy such that each edge
of E belongs to at least one of the subgraphs H;, 1 < ¢ < k. Then, it is said
that G admits an (Hy, Ha, ..., Hy)-edge covering. If every H; is isomorphic to
a given graph H, then we say that G admits an H-covering.

Suppose that G = (V, E) admits an H-covering. We say that a bijective
function f : VUE — {1,2,3,...,|V| + |E|} is an H-magic labeling of G if
there is a positive integer m(f), which we call magic sum, such that for each
subgraph H' = (V', E') of G isomorphic to H, we have, f(H') = > o/ f(v)+
Y ecr f(€) =m(f). In this case we say that the graph G is H-magic. When
f(V) = {1,2,...,|V|}, we say that G is H-supermagic and we denote its
supermagic-sum by s(f).

We use the following notations. For any two integers n < m, we denote by
[n, m], the set of all consecutive integers from n to m. For any set I C N we
write ) I = Y°__;z and for any integers k, [+ k = {z + %k : € I}. Thus
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k + [n,m] is the set of consecutive integers from k + n to k + m. It can be
easily verified that > (I + k) = > I+ k|I|. Finally, given a graph G = (V, E)
and a total labeling f on it we denote by f(G) =>_ f(V)+ > f(E).

In [2], A. Gutierrez, and A. Llado studied the families of complete and
complete bipartite graphs with respect to the star-magic and star-supermagic
properties and proved the following results.

e The star K1, is K p-supermagic for any 1< h < n.
e Let G be a d-regular graph. Then G is not K j-magic for any 1 < h < d.

e (a) The complete graph K, is not K p-magic for any 1 < h <n — 1.
(b) The complete bipartite graph K, , is not K jp-magic for any 1 <
h <n.

e The complete bipartite graph K, , is K ,-magic for n > 1.

e The complete bipartite graph K, ,, is not K1 ,-supermagic for any integer
n > 1.

e For any pair of integers 1 < r < s, the complete bipartite graph K, ; is
K p-supermagic if and only if h = s.

The following results regarding path-magic and path-supermagic coverings
are also proved in [2].

e The path P, is Py-supermagic for any integer 2 < h < n.

e Let G be a P,-magic graph, h > 2. Then G is Cp-free.

e The complete graph K, is not Pp-magic for any 2 < h < n.

e The cycle C), is Pp-supermagic for any integer 2 < h < n such that
ged (ny,h(h —1)) = 1.

Also in [2], the authors constructed some families of H-magic graphs for a
given graph H by proving the following results.

e Let H be any graph with |V (H)|+|E(H)| even. Then the disjoint union
G = kH of k copies of H is H-magic.

Let G and H be two graphs and e € F(H) a distinguished edge in H. We
denote by G * eH the graph obtained from G by gluing a copy of H to each
edge of G by the distinguished edge e € E(H).

e Let H be a 2-connected graph and G an H-free supermagic graph. Let k
be the size of G and h = |V (H)|+ |E(H)|. Assume that h and k are not

both even. Then, for each edge e € E(H), the graph G «eH is H-magic.
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In [3], P. Selvagopal and P. Jeyanthi proved that for any positive integer n,
k- polygonal snake of length n is Cx-supermagic.

In this paper we construct a chain graph Hn of 2-connected graph H of
length n, and prove that a chain graph Hn is H-supermagic.

§2. Preliminary Results

Let P = {X1, Xy,..., Xi} be partition set of a set X of integers. When all sets
have the same cardinality we say then P is a k-equipartition of X. We denote
the set of subsets sums of the parts of P by >~ P = {>_ X1, Xo,...,> Xi}.
The following lemmas are proved in [2].

Lemma 1. Let h and k be two positive integers and let n = hk. For each
integer 0 <t < L%J there is a k-equipartition P of [1,n] such that > P is an
arithmetic progression of difference d = h — 2t.

Lemma 2. Let h and k be two positive integers and let n = hk. In the two
following cases there exists a k-equipartition P of a set X such that Y P is a
set of comsecutive integers.

(i) h or k are not both even and X = [1, hk]
(i) h =2 and k is even and X = [1,hk +1] — {& + 1}.
We have the following four results from the above two lemmas.

(a) If h is odd, then there exists a k-equipartition P = {X3, Xo,..., Xy} of

X = [1,hk] such that ) P is a set of consecutive integers and ) P =
(h—l)(hk+k+1) + [1 k]
2 2 1o

(b) If h is even, then there exists a k-equipartition P = {X;, Xo,..., Xi} of

X =[1, hk| such that subsets sum are equal and is equal to w

(c) If h is even and k is odd, then there exists a k-equipartition
P ={X1,Xo,..., X} of X =[1, hk] such that > P is a set of consecutive

. _h(hk+1 k=1 k-1
integers and > P = f) + [-52, &.

(d) If h = 2 and k is even, and X = [1,2k + 1] — {£ + 1} then there exists
a k-equipartition P = {X3, Xa,..., Xy} of X such that > P is a set of
consecutive integers and » , P = [% +3, 2% 4 2].

We generalise the second part of Lemma 2.

Corollary 1. Let h and k be two even positive integers and h > 4. If X =
[1,hk + 1] — {% + 1}, there ezists a k-equipartition P of X such that Y P is
a set of consecutive integers.
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Proof. Let Y = [1,2k + 1] — {£ + 1} and Z = (2k + 1) + [1, (h — 2)k]. Then
X =Y UZ. By (d), there exists a k-equipartition P; = {Y1,Ys,...,Ys} of ¥

such that 2 -
P =|— — 4+ 2].
Z 1 [ 5 + 3, 5 + ]

As h—2 is even, by (b) there exists a k-equipartition Py = {Z], 25, ..., Z,}
of [1, (h — 2)k] such that

Zpé:{(h—z)(h/;—zkﬂ)}

Hence, there exists a k-equipartition Py = {Z1, Zs, ..., Zy} of Z such that

Y = {(h—2)(2k+1)+ (h_Q)(h];_%H)}.

Let X; = Y;UZ; for 1 < i < k. Then P = {X;,Xs,...,Xi} is a k-
equipartition of X such that ) P is a set of consecutive integers and
(h—2)(hk — 2k +1) n [3]{: 5k ]

— —+2].
5 24—372-1—

Y P=(h—2)(2k+1)+

83. Chain of an arbitrary simple connected graph

Let Hq, Ho,...,H, be copies of a graph H. Let u; and v; be two distinct
vertices of H; for i = 1,2,...,n. We construct a chain graph Hn of H of
length n by identifying two vertices u; and v;41 for i = 1,2,...,n — 1. See
Figures 1 and 2.

84. Main Result

Theorem 1. Let H be a 2-connected (p,q) simple graph. Then Hn is H-
supermagic if any one of the following conditions is satisfied.

(i) p+q is even
(ii) p+ g+ n is even

Proof. Let G = (V, E) be a chain of n copies of H. Let us denote the i** copy
of H in Hn by H; = (V;, E;). Note that |V| = np —n+ 1 and |E| = ng.
Moreover, we remark that by H is a 2-connected graph, Hn does not contain
a subgraph H other than H;.
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Let v; be the vertex in common with H; and H;y; for 1 <i <n —1. Let
vy and v, be any two vertices in H; and H, respectively so that vg # v; and
Up, # Up—1. Let V! =V, —{v;_1,v;} for 1 <i < n.

Case (i): p+ ¢ is even

Suppose p and ¢q are odd. As p — 2 is odd, by (a) there exists an n-

equipartition P| = {X7{, X},..., X/} of [1,n(p — 2)] such that

(p—3)(np—n+1)
> P = 5 +[1,7].

Adding n+1 to [1,n(p — 2)], we get an n-equipartition P, = {X1, Xo,..., X}
of [n+ 2,np —n + 1] such that

(p—3)(np—n+1)
2

ZPl (p—2)(n+1)+ + [1,n]

Similarly, since ¢ is odd there exists an n-equipartition P» = {Y1,Ya,...,Y,}
of (np —n + 1) + [1, ng] such that

(g—1)(ng+n+1)
2

Y Py=qnp—n+1)+ +[1,n]

Define a total labeling f: VUE — {1,2,3,...,np+ng —n + 1} as follows:
(i) flv;)) =i+1for0<i<n.
(i) f(V/))=Xy—iq1 for 1 <i<n.

Then for 1 <i < n,

FUH) = flvima) + foi) + D FV) + > F(E:

= f(vi—1) + f(v;) + Z Xn—it1+ Z Yi—it1

np+q)*+3(p+q) —2n(p+q)+2n—2
n 2

As H; 2 H for 1 < i <mn, Hn is H-supermagic.

Suppose both p and ¢ are even. As p is even, by Lemma 1, there exists
an n-equipartition P; = {X{,X%,..., X/} of [1,n(p — 2)] such that > P| is
arithmetic progression of difference 2 and

2 =2|4+p—4
Z‘Pl { (p - )2 ] P +2T:1§T§n}.
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Adding n+1 to [1,n(p — 2)], we get an n-equipartition P, = {X1, Xo,..., X, }
of [n+ 2,np —n + 1] such that

ZPlz{(p—2)(n+1)+n[(p_2)2_2]+p_4+2z’:1§z’§n}

2
As q is even, by (b), there exists an n-equipartition Py = {Y{,Yy,... Y/}
of [1,ngq] such that Y Py = {w

Adding np —n + 1 to [1, ng] there exists an n-equipartition
P, ={%1,Y2,...,Y,} of (np —n+ 1) + [1,ng] such that

> P= {q(np—n+1)+q(”q2+1)}

Define a total labeling f: VUE — {1,2,3,...,np+ ng — n + 1} as follows:
(i) flv;)) =i+1for0<i<n.
(i) f(V/))=Xp—iq1 for 1 <i<n.

(iii) f(E;) = Yyp—iy1 for 1 < i <n.

Then for 1 <i < n,

FOH) = foia) + fo) + > FVD+D> f(Ei

= fi) + f) + D Xnip1+ Y Yoin
n(p+4q)* +3(p+4q) —2n(p+q) +2n — 2
B 2
As H; 2 H for 1 <i <n, Hn is H-supermagic.
Case (ii): p + ¢ + n is even: Suppose p is odd, ¢ is even and n is odd.

Since p is odd as in proof of Case (i), there exists an n-equipartition P, =
{X1,Xo,..., X} of [n+2,np—n+ 1] such that

Y Pi=(p-2) n+1)+(p_3)(n127—n+1)

Since ¢ is even and n is odd, by (c) there exists an n-equipartition Py =
Y/, Y, ...,Y'} of [1,ng] such that
1)»+2 n

nq+ 1) n—1n-1
Py = - .
Z 2= +[ 2 7 9

Adding np—n+1 to [1, ng| there exists an n-equipartition P» = {Y1,Y>s,..., Y, }
of (np —n+ 1) 4 [1, ng| such that

+ [1,n]

ZPZ—Q(np—n+1)+€W+1>+[_n—1 n—l}

2 2 72
Define a total labeling f: VUE — {1,2,3,...,np+ng — n + 1} as follows:
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(i) flv;)) =i+ 1for0<i<n.
(11) f(‘/;/) = Xn—i—l—l for 1 S ) S n.
(111) f(Ez) = Yn—i—l—l for 1 S ) S n.

Then for 1 <i < n,
FUH) = flvic) + fo) + D FV) + > F(E)

= fic) + f) + > Xnis1+ Y Yoina
_n(p+q)*+3(p+q) —2n(p+q) +2n -2
B 2
As H; 2 H for 1 < i <n, Hn is H-supermagic.
Suppose p is even, ¢ is odd and n is odd. Since p — 2 is even and n is odd, by
(c) there exists an n-equipartition P = {X], X}, ..., X, } of [1,n(p — 2)] such
that

ZP,: (p—2)[n(p—2)+1] N n—1n-1
! 2 2 72 |
Adding n+1 to [1,n(p — 2)], we get an n-equipartition P; = {X1, Xo,..., X, }
of [n+ 2,np —n + 1] such that such that

(p—2)[n(p—2)+1] n—1n-1
e

d Pi=(p-2)(n+1)+
Since ¢ is odd, as in Case (i) there exists an n-equipartition P, = {Y7,Y5,...,Y,}
of (np —n+ 1) + [1, ng] such that

(g—1)(ng+n+1)
2

Define a total labeling f: VUFE — {1,2,3,...,np+ng —n + 1} as follows:
(i) f(vi) =i+ 1for 0<i<n.

Y Py=qnp-n+1)+ +[1,n]

(11) f(V;’) = Xn—i—l—l for 1 S ) S n.
(111) f(Ez) = Yn—i—l—l for 1 S ) S n.
Then for 1 <i < n,
FUH:) = f(oimn) + fo) + Y FVD) + D F(E)

= fic) + f) + D> Xnoip1+ > Yoint

_nlp+q)?+3(p+q) —2n(p+q)+2n—2
- 2

As H; 2 H for 1 <i <mn, Hn is H-supermagic. O




30 P. JEYANTHI AND P. SELVAGOPAL

§5. Illustrations

A chain of a 2-connected (5, 7) simple graph H of length 5 is shown in Figure
1 and a chain of a 2-connected (6,9) simple graph H of length 3 is shown in
Figure 2.

Figure 2. p =6, ¢ =09, s(f) = 317.
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