SUT Journal of Mathematics
Vol. 44, No. 1 (2008), 89-99

On N (k)-contact metric manifolds satisfying certain
conditions

Cihan Ozgiir and Sibel Sular

(Received December 1, 2007)

Abstract. We classify N (k)-contact metric manifolds satisfying the conditions
Z(,X) - Co=0,Co(§,X) - Z=0and Cc(&X) - Z =0, where Z,Cy and C.
denote the concircular curvature tensor, the contact conformal curvature tensor
and the extended contact conformal curvature tensor, respectively.
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Introduction

A transformation of an n-dimensional Riemannian manifold M, which trans-
forms every geodesic circle of M into a geodesic circle, is called a concircular
transformation [15]. An invariant of a concircular transformation is the con-
circular curvature tensor Z. It is defined by [15]

(0.1) Z=R- gk

where R is the curvature tensor, r is the scalar curvature and
Ry( X, Y)W =g(Y,W)X —g(X, W)Y, XY, W eTM.

It is easy to see that Riemannian manifolds with vanishing concircular curva-
ture tensor are of constant curvature.

In [4], the classification of N(k)-contact metric manifolds satisfying the
condition Z (£, X) - Z = 0 was given by Blair, Kim and Tripathi (see also [3]).
In [14], Tripathi and Kim studied the concircular curvature tensor of a (k, u)-
contact metric manifold and they classified (k, u)-contact metric manifolds
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satisfying the condition Z (£, X) - S = 0. Contact Riemannian manifolds
satisfying R(§,X) - R = 0 and ¢ € (k, pu)-nullity distribution was studied by
Papantoniou in [5].

In [9], Kitahara, Matsuo and Pak defined a tensor field By on a Hermitian
manifold which is conformally invariant and studied some of its properties.
They called this tensor field the conformal invariant curvature tensor. By
using the Boothby-Wang fibration [7], Jeong, Lee, Oh and Pak constructed a
contact conformal curvature tensor Cy [10] on a Sasakian manifold from the
conformal invariant curvature tensor. In a (2n+1)-dimensional contact metric
manifold (M, ¢, &, 1, g), it is defined by

Co(X,Y)Z = R(X,Y)Z
o {-9(QY, 2)5°X + 9(QX, )Y

+9(0Y, 0Z2)QX — g(0X,0Z)QY
+9(QpX, Z)pY — g(QuY, Z)pX 4 29(QuX,Y)pZ
+9(0X, 2)QY — g(¢Y, Z2)QX + 29(pX,Y)QZ}

(n+2)r
(0.2) +m <2n2 -n—-2+ 2n> %
x{g(pY, Z2) X = g(pX, Z)pY — 29(p X, Y)pZ}
1 (3n + 2)r
_%mw+w(“ﬂ+5”+2‘%/)x

x{n(Y)n(Z2)X —n(X)n(2)Y
+n(X)g(Y, 2)¢ —n(Y)g(X, Z)¢},

where R, @), r are the curvature tensor, the Ricci operator and the scalar cur-
vature, respectively. In [11], Pak and Shin showed that every contact metric
manifold with vanishing contact conformal curvature tensor is a Sasakian space
form. In [8], Kim, Choi, the first author and Tripathi extended the concept of
contact conformal curvature tensor to an extended contact conformal curvature
tensor Ce. It is defined by

(0.3) C(X,Y)Z = Co(X,Y)Z —n(X)Co(§,Y)Z
—n(Y)Co(X,€)Z —n(Z)Co(X,Y)E.

In [8], it was proved that an N(k)-contact metric manifold with vanishing
extended contact conformal curvature tensor is a Sasakian manifold.

Motivated by the studies of the above authors, in this study, we consider
N (k)-contact metric manifolds satisfying the conditions Z(¢,X) - Cy = 0,
Co(§,X)-Z=0and C.(&,X)-Z=0.
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81. Preliminaries

An odd-dimensional differentiable manifold M is called an almost contact man-
ifold [2] if there is an almost contact structure (p,&,n) consisting of a tensor
field ¢ type (1,1), a vector field £, and a 1-form 7 satisfying

(1.1) ?=—-T+n®¢ and (oneof) n(é)=1, e€=0, noyp=0.

If the induced almost complex structure J on the product manifold M?"+! x R

defined b
($) e Y d d
J (X,fdt> = <s0X - ffan(X)dt>

is integrable then the structure (p,&,n) is said to be normal, where X is
tangent to M, ¢ is the coordinate of R and f is a smooth function on M2+ xR.
M becomes an almost contact metric manifold with an almost contact metric
structure (p,&,n,g), if

g(pX,9Y) = g(X,Y) —n(X)n(Y)

or equivalently

9(X,0Y) = —g(0X,Y) and g (X,&) =n(X)

for all X,Y € TM, where g is a Riemannian metric tensor of M.
An almost contact metric structure is called a contact metric structure if

9(X, 9Y) = dn(X,Y)

holds on M for X,Y € T'M.
A normal contact metric manifold is a Sasakian manifold. However an
almost contact metric manifold is Sasakian if and only if

VX‘P:RO<§>X>7 X e TM;

where V is Levi-Civita connection. Also a contact metric manifold M is
Sasakian if and only if the curvature tensor R satisfies

R(Xa Y)é = RO(X7Y)§7 X, Y e TM,

(see [2], Proposition 7.6).

The tangent sphere bundle of a flat Riemannian manifold admits a contact
metric structure satisfying R(X,Y )& = 0 [2]. The (k, p)-nullity condition on a
contact metric manifold is considered as a generalization of both R(X,Y )£ =0
and the Sasakian case. The (k, u)-nullity distribution N(k,pn) [5] of a contact
metric manifold M2+ is defined by

N(k,p) : p— Ny(k,pu) = {W € T,M | R(X,Y)W = (kI + ph)Ro(X, Y)W},
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for all X,Y € TM where (k,u) € R? and the tensor field h is defined by
h = %ng@, here L¢ denotes Lie differentiation in the direction of £. If £
belongs to (k, u)-nullity distribution N (k, ) then a contact metric manifold
M?* s called a (k, p)-contact metric manifold. In particular the condition

R(X,Y)E=k(n(Y)X —n(X)Y) + u(n(Y)hX —n(X)hY)

holds on a (k, u)-contact metric manifold. On a (k,u)-manifold & < 1. If
k = 1, the structure is Sasakian and if £ < 1, the (k,u)-nullity condition
determines the curvature of M?"*!completely [5]. For a (k, ) contact metric
manifold, the conditions of being a Sasakian manifold, a K-contact manifold,
k=1 and h = 0 are all equivalent. Also h and ¢ are related by

h? = (k —1)¢°.

If 4 =0, the (k, p)-nullity distribution N (k, u) is reduced to the k-nullity
distribution N (k) [13], where the k-nullity distribution N (k) of a Riemannian
manifold M is defined by

N(k):p— Ny(k) = {W € T,M | R(X,Y)W = kRo(X,Y)W};

k being a constant. If £ € N(k), then we call a contact metric manifold M
an N (k)-contact metric manifold. If k = 1, an N (k)-contact metric manifold
is Sasakian. If £ < 1, the scalar curvature is r = 2n(2n — 2 4+ k). Also in an
N (k)-contact metric manifold the following conditions hold:

(1.2) S(X,€) =2nkn(X), Q&= 2nk¢,
(1.3) R(X,Y)§ =k(n(Y)X —n(X)Y)
and

(1.4) R(& X)Y = k(9(X,Y)E —n(Y)X),

(see [5]). For an extended contact conformal curvature tensor we find the
following equations in an N (k)-contact metric manifold:

Ce(X,Y)Z = Co(X,Y)Z —2(k - 1){n(X)g(Y,Z) —n(Y)9(X, Z2)}¢
(1.5) —4(k = 1)n(Z){n(Y)X —n(X)Y}
+k{n(X)g(eY, Z) —n(Y)g(pX, Z) — 20(Z)g(0 X, Y)}¢,
Ce(X,Y)E = =2(k = D{n(Y)X —n(X)Y} = =2(k — 1)Ro(X, Y)¢

and

Ce(§, X)Y =2(k — Dn(Y){X —n(X)&} = =2(k — H)n(Y) Ro (&, X)€.
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Consequently we have

(1.6) Co(X,Y)E =2(k = D{n(Y)X —n(X)Y'} + 2kg (X, Y)E,

(L.7) Co(&, X)Y =2(k—1){g(X,Y)E—n(Y)X} —kg(pX,Y){ = —Co(X, )Y

From (1.5), in a Sasakian manifold, the extended contact conformal curva-
ture tensor and the contact conformal curvature tensor are related by

(1.8) Co(X,Y)Z = Co(X,Y)Z+n(X)g(pY,Z)¢
—n(Y)g(eX, Z)§ — 2n(Z2)g(p X, Y )¢,

(see [8]).

The standard contact metric structure on the tangent sphere bundle 77 M
satisfies the (k,pu)-nullity condition if and only if the base manifold M is of
constant curvature. If M has constant curvature ¢, then k& = ¢(2 — ¢) and
w=—2c.

For a given contact metric structure (¢, &, 7, g), D-homothetic deformation
is the structure defined by

_ - 1 _ _
n = an, §=5§, P=¢, g=ag+ala—1)n®mn,

where a is a positive constant. While such a change preserves the state of being
contact metric, K-contact, Sasakian or strongly pseudo-convex C'R, it destroys
a condition like R(X,Y)¢ =0 or R(X,Y)¢ = k(n(Y)X —n(X)Y). However,
the form of the (k,u)-nullity condition is preserved under a D-homothetic

deformation with
— k+a®>-1 _ p+2a-2
k=———————, g=——.

a? a

Given a non-Sasakian (k, u)-manifold M, in [6] an invariant

1-4

1-k

Iy =

was introduced by E. Boeckx. He showed that for two non-Sasakian (k, u)-
manifolds (M;, vi, &, mi, i), @ = 1,2, we have Ip;, = Ipy, if and only if up to a
D-homothetic deformation, the two manifolds are locally isometric as contact
metric manifolds. Hence we know all non-Sasakian (k, 1)-manifolds locally as
soon as we have, for every odd dimension 2n + 1 and for every possible value
of the invariant I, one (k, u)-manifold (M, ¢, &, n, g) with Iy = I. For I > —1
such examples may be found from the standard contact metric structure on
the tangent sphere bundle of a manifold of constant curvature ¢ where we have

I= ﬁta [6]
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Using this invariant, an example of a (2n+1)-dimensional N (1—1)-contact

metric manifold, n > 1, was constructed by Blair, Kim and Tripathi in [4] as
follows:

Example 1. Since the Boeckz invariant for a (1— %, 0)-manifold is \/n > —1,
we consider the tangent sphere bundle of an (n + 1)-dimensional manifold of
constant curvature ¢ so chosen that the resulting D-homothetic deformation
will be a (1 — L,0)-manifold. That is, for k = ¢(2 — ¢) and p = —2¢ we solve

1 k+a®-1 2a — 2
1_f:+a727 Qzﬁia
n a a
for a and c. The result is
+1)?

n—1

and taking ¢ and a to be these values it is obtained an N (1 — %)—contact metric
manifold.

We need the following theorems in Section 2.

Theorem 1. A contact metric manifold M?" 1 satisfying the condition R(X,Y )¢ =
0 is locally isometric to E"t1x S™(4) forn > 1 and flat forn = 1 ([2], Theorem
7.5).

Theorem 2. If a contact metric manifold M?*"+1 is of constant curvature c
and dimension > 5, then ¢ = 1 and the structure is Sasakian ([2], Theorem
7.3).

§2. Main Results

In this section, we give the main results of the study. Now we begin with the
following:

Theorem 3. Let M be a (2n + 1)-dimensional non-Sasakian N (k)-contact
metric manifold. Then M satisfies the condition Z(§,X) - Co = 0 if and only
if either M is locally isometric to the product E"*1 x S™(4) for n > 1 and flat
for n =1 or locally isometric to the Example 1.

Proof. If M is a non-Sasakian N (k)-contact metric manifold then the equation
(0.1) can be written as

(2.1) Z(¢,X) = 2;1 ] <k 14 ;) Ro(€,X),




ON N(K)-CONTACT METRIC MANIFOLDS 95

which implies that

2n

<k 1+ i) Ro(¢, X) - Co.

Therefore Z(&, X) - Cyp = 0 is equivalent to k =1 — % or Rp(§,X)-Cyp=0. If
k=1- %, then M is locally isometric to the Example 1.
If Ro(&,X) - Co =0 we can write

0 = Ro(&§X)Co(Y,V)U = Co(Ro(&, X)Y, V)U
_CO(Ya R0(£7 X)V)U - CO(Y7 V)RO(fa X)U

for all X,Y,V,U € TM. So using the definition of Ry we get

0 = Co(Y, V.U, X)§ = n(Co(Y,V)U)X
—9(X,Y)Co (&, V)U +n(Y)Co(X, V)U
—9(X, V)Co(Y, U +n(V)Co(Y, X)U
—9(X,U)Co(Y, V)€ +n(U)Co(Y, V)X,

(2.2)

where Cy(Y,V,U, X) = g(Co(Y,V)U, X). Putting U = £ in (2.2) and by the
use of (1.6) and (1.7) in (2.2) we obtain

Co(Y,V)X = 2(k—-1[g(X,V)Y —g(X,Y)V]
(2.3) +2k[g(¢Y, V)X —n(Y)g(pX,V)§
—n(V)g(pY, X)¢].

Taking Y = € in (2.3) we find

Co(§, V)X = 2(k = D[g(X,V)§ = n(X)V] + 2kg(pV, X)€.
In view of (1.7), we know that

Co(§, V)X = 2(k = D[g(X,V)§ = n(X)V] = kg(eV, X)E.

Comparing last two equations we find kg(pV, X)¢ = 0. Since g(¢V, X) # 0,
we get kK = 0. Hence from Theorem 1, M is locally isometric to the product
E™ % 8"(4) for n > 1 and flat for dimension 3. The converse statement is
trivial. This completes the proof of the theorem. O

Theorem 4. Let M be a (2n + 1)-dimensional non-Sasakian N (k)-contact
metric manifold. If M satisfies the condition Cy(&,X) - Z = 0 then either it
is locally isometric to the product E"1 x S™(4) for n > 1 and flat for n =1
or locally isometric to the Example 1.
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Proof. Since M satisfies the condition Cy(&, X) - Z = 0, we can write

(2.4) 0 = Col&, X)Z(Y, VU — Z(Co(&, X)Y, V)U
—Z(Y,Co(&§, X)V)U — Z(Y,V)Co (&, X)U

for all X,Y,V,U € TM. So using (1.7) we have

0 = 2k—-D{ZY,V,UX)¢ - Z(Y,V,U, )X
—g(X,Y)Z(EV)U +n(Y)Z(X,V)U
(2.5) —g(X,V)Z(Y, U +n(V)Z(Y, X)U
—9(X>U) (Y, V)E+nU)Z(Y,V)X}
+k{=g(pX, Z(Y,V)U)E + g(pX,Y)Z(E,V)U
+9(p X, V)Z(Y, U + g(p X, U)Z(Y, V)L,

where Z(Y,V,U, X) = g(Z(Y,V)U, X). Taking U = £ in (2.5) we get

0 = 2(k-1{Z2Y,V,§,X)§—g(X,Y)Z(&,V)E
+n(Y)Z(X,V)E — g(X, V) Z(Y,€)¢
+n(V)ZY, X)§ —n(X)Z(Y,V)E+ 2(Y, V)X }
+h{—g(pX, Z(Y,V)E)E + g(p X, Y)Z(E,V)E
+9(pX, V)Z(Y,§)E}

Since M is a non-Sasakian N (k)-contact metric manifold, using (0.1), the
above equation can be written as

sy (=1 1) R0 1) (R, V.6, X0
—9(X,Y)Ro(§, V)§ +n(Y)Ro(X, V)§

—9(X, V)Ro(Y, )€ + n(V)Ro(Y, X)§ — n(X)Ro(Y, V)¢}
+k{=g9(pX, Ro(Y,V)§)E + g(0 X, Y)Ro (&, V)§

+9(p X, V)Ro(Y, )&} +2(k — 1) Z(Y, V) X.

0 =

So by virtue of the definition of Ry we obtain

(k—1DZY, V)X = ( -1+ ) - D{g(X, V)Y
(2.6) VIV + Eg(pX, V)V = g(pX, V)Y }].
Putting ¥ = £ in (2.6) we find

n

2n + 1 <k
(X)V}

(k- DZEVIX = -1 )20 1) gl Ve

— kg(pX, V)]
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Hence in view of (0.1) and the definition of Ry we have
1
k (k -1+ n) g(eX, V)¢ =0.

Since g(¢X,V) # 0 then we obtain either k = 0 or k — 1 + % =0.Ifk=0
from Theorem 1, M is locally isometric to the E"*1 x §"(4) for n > 1 and flat
for dimension 3. If k—1+ % = 0, then M is locally isometric to the Example
1.

Thus the proof of the theorem is completed. O

Theorem 5. Let M be a (2n+ 1)-dimensional N (k)-contact metric manifold,
n > 1. Then M satisfies the condition C.(&,X) - Z = 0 if and only if it is a
Sasakian manifold.

Proof. For all X,Y,V,U € TM, from (0.3) and (1.5), we can write

(Ce(§, X)- 2) (VU = Ce(§, X)Z(Y,VIU = Z(Ce(§, X)Y, V)U
—Z(Y, Ce(§, X)V)U — Z(Y, V) Ce (&, X)U
= 20k =[(X)ZY, V.U, s+ Z(Y,V, U, )X
+n(X)n(Y)Z(E, VU —n(Y)Z(X,V)U
+n(X)n(V)Z(Y, U —n(V)Z(Y, X)U
+n(U)n(X)Z(Y,V)§ =n(U)Z(Y, V) X].

Therefore Ce(¢,X) - Z =0 is equivalent to k =1 or

0 =
(2.7)

(X)ZY, V.U, 8+ Z(Y,V,U, )X +n(X)n(Y)Z(E,V)U
Y)Z(X,V)U +0(X)n(V)Z(Y, U — (V) Z2(Y, X)U
+n(U)n(X)Z(Y, V)E —n(U)Z2(Y, V) X.

-
-n

If £ =1, then M is a Sasakian manifold. Putting U = ¢ in (2.7) we obtain

(2.8) 0 = nX)Y)Z(EV)E-nY)Z(X,V)E
+n(X)Z(Y,V)E— Z(Y,V)X.

Since M is an N (k)-contact metric manifold, using (0.1) in (2.8) we can write

0 = (zf—mﬂ)) (XY Ro(E, V)E — n(Y)Ro(X, V)E

+n(X)n(V)Ro(Y,£)€ —n(V)Ro(Y, X)§ + n(X)Ro(Y, V)] = Z2(Y, V) X.
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So by virtue of the definition of Ry we have

r

(2.9) Z(Y, V)X = (k ~ D)

) n(X)n(V)Y —n(X)n(¥)V].

Then by the use of (0.1), the equation (2.9) can be written as

REVIX = (k= gl ) ORI = (X)n(¥)V]

L {g(X,V)Y —g(Y, X)V}.

(2.10) 2n(2n + 1)

Hence from (2.10), by a contraction, we obtain

(2.11) S(X,V) =

2n+1

X Ik —
9( ’V)+<”k m—+1

) 0w,
From (2.11), by a contraction, we get
r=2nk(2n +1).
Then putting r = 2nk(2n + 1) into (2.10) we obtain
R(Y,V)X = k(g(X, V)Y — g(Y, X)V).

So M is a space of constant curvature k. Since n > 1, hence from Theorem 2,
it is necessarily a Sasakian manifold of constant curvature +1, n > 1. From
(1.8), since C¢(&, X)Y = 0 for all Sasakian manifolds, the converse statement
is trivial. Hence we get the result as required. O
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