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Abstract. This paper deals with weakly Ricci-symmetric lightlike hypersur-
faces of indefinite Sasakian manifolds, tangent to the structure vector field.
We prove that, in a weakly Ricci symmetric lightlike 7-Einstein (or Einstein)
hypersurface of an indefinite Sasakian manifold, the associated 1-forms « and
3 satisfy a + 8 = 0 (Theorem 4). Also, we show that there exist no weakly
Ricci symmetric screen locally (or globally) conformal lightlike hypersurfaces of
indefinite Sasakian manifolds with cyclic parallel Ricci tensor if o + § + « is
not everywhere zero (Theorem 5). A particular case of weakly Ricci symmetric
condition is studied and we prove that a special weakly Ricci symmetric screen
locally (or globally) conformal lightlike hypersurface cannot be n-Einstein (or
Einstein) and under certain condition, it cannot be (D L (£), D')-mixed-totally
geodesic (Theorem 7).
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§1. Introduction

The notion of weakly Ricci symmetric manifolds was considered in [10], [9] and
others references therein. A non-flat semi-Riemannian manifold M is called
weakly Ricci-symmetric if the Ricci tensor Ric is non-zero and satisfies the
following condition, for any vector fields X, Y and Z in M,

(VxRic)(Y,Z) = a(X)Ric(Y,Z)+ B(Y)Ric(X,Z)
(1.1) + ~F(Z)Ric(Y,X

where @, 3 and 7 defined respectively by , g(X,p) = a(X), g(X,6) = B(X),
(X, R) = 7(X), are 1-forms called the associated 1-forms which are not zero
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simultaneously and V is the Levi-Civita connection for a semi-Riemannian
metric §. In such case, 5, § and & are called associated vector fields corre-
sponding to the 1-forms @, 3 and 7 respectively. If in (1.1) the 1-form &
is replaced by 2@, then the semi-Riemannian manifold is called a generalized
pseudo Ricci symmetric introduced by Chaky and Koley in [3]. So the defining
condition of weakly Ricci symmetric manifold is weaker than the generalized
pseudo Ricci symmetric manifold. If in (1.1) the 1-form @ is replaced by 2a
and B and 7 are equal to @, then the semi-Riemannian manifold is called a
special weakly Ricci symmetric and investigated by Singh and Kahan [9].

The purpose of this paper is to investigate the effect of weakly Ricci sym-
metric condition on the lightlike geometry of hypersurfaces of an indefinite
Sasakian manifold, tangent to the structure vector field €. Especially, we pay
attention to lightlike hypersurfaces with symmetric Ricci tensor. This, because
of the geometric point of view and also, physically, Ricci tensor symmetric is
essential (see [5] for details and references therein). In the next paragraph,
we summarize basic formulae concerning geometric objects on lightlike hyper-
surfaces, using notations of [4]. In the last part of the paper, we consider a
weakly Ricci symmetric lightlike hypersurface of an indefinite Sasakian man-
ifold. We prove that, in a weakly Ricci symmetric lightlike n-Einstein (or
Einstein) hypersurface of an indefinite Sasakian manifold, the associated 1-
forms « and g satisfy a + 3 = 0. We also prove that there exist no weakly
Ricci symmetric screen locally (or globally) conformal lightlike hypersurfaces
of indefinite Sasakian manifolds with cyclic parallel Ricci tensor if a+ 8+ 7y
is not everywhere zero. Finally, we prove that a special weakly Ricci sym-
metric screen locally (or globally) conformal lightlike hypersurface cannot be
n-Einstein (or Einstein) and if the trace of Ay satisfies the partial differential
equation & - trAy — 7(§)trAxy = 0, it cannot be (D L (£), D')-mixed-totally
geodesic.

§2. Preliminaries

A (2n + 1)-dimensional semi-Riemannian manifold (M,g) is said to be an
indefinite Sasakian manifold if it admits an almost contact structure (¢,&,n),
i.e. ¢ is a tensor field of type (1,1) of rank 2n, & is a vector field, and 7 is a
1-form, satisfying

52 =-T+n®¢, 77(5) =1, 7705:07 _5207
n(X) =76, X), 9(¢X,9Y)=7(X,Y) —n(X)n(Y),
(_YU)V = —5(5 Y7 ?)7 (vfa)V = g(yv ?)§ - U(?)Y,

(2.1) & =—-0(X), VX,Y e T(TM))
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where V is the Levi-Civita connection for a semi-Riemannian metric g.

A plane section o in TPM is called a ¢-section if it is spanned by X and ¢ X,
where X is a unit tangent vector field orthogonal to £. The sectional curvature
of a ¢-section o is called a ¢-sectional curvature. A Sasakian manifold M with
constant ¢-sectional curvature ¢, M is said to be a Sasakian space form and
is denoted by M(c). The curvature tensor R of a Sasakian space form M (c)
is given by [11]

RX.Y)Z =13 7. 2% - 35X, 2)7)

C W)Y~ n(VIn(Z)X + 5K, (T )E ~ 57, Zpn(X)e

Let (M,g) be a (2n + 1)-dimensional semi-Riemannian manifold with index
5,0 < s < 2n+1 and let (M,g) be a hypersurface of M, with g = 9
M is a lightlike hypersurface of M if g is of constant rank 2n — 1 and the
normal bundle TM* is a distribution of rank 1 on M [4]. A complementary
bundle of TM~* in TM is a rank 2n — 1 non-degenerate distribution over M.
It is called a screen distribution and is often denoted by S(T'M). A lightlike
hypersurface endowed with a specific screen distribution is denoted by the
triple (M, g, S(TM)). As TM+ lies in the tangent bundle, the following result
has an important role in studying the geometry of a lightlike hypersurface.

Theorem 1. [4] Let (M,g,S(TM)) be a lightlike hypersurface of a semi-

Riemannian manifold (M,g). Then, there exists a unique vector bundle N (T M)
of rank 1 over M such that for any non-zero section E of TM~* on a coor-

dinate neighborhood U C M, there exist a unique section N of N(TM) on U

satisfying

(2.3) G(N, E) = 1 and §(N,N) = G(N, W) = 0, YW € T(S(TM)|y).

Throughout the paper, all manifolds are supposed to be paracompact and
smooth. We denote I'(E) the smooth sections of the vector bundle E. Also by
1 and @ we denote the orthogonal and nonorthogonal direct sum of two vector
bundles. By Theorem 1 we may write down the following decomposition

(2.4) T™ = S(TM)LTM*,
TM = TM@N(TM)=S(TM) L (TM* & N(TM))

Let V be the Levi-Civita connection on (M,g), then by using the second
decomposition of (2.4), we have Gauss and Weingarten formulae in the form

(2.5) VxY = VxY+h(X,Y), VX,YeD(TM),
(2.6)and VxV = —AyX+VxV, VX e I(TM),V € I(N(TM)),
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where VxY, Ay X € T(TM) and h(X,Y), V%V € T(N(TM)). V is a sym-
metric linear connection on M called an induced linear connection, V= is a
linear connection on the vector bundle N(T'M). h is a T'(N(TM))-valued
symmetric bilinear form and Ay is the shape operator of M concerning V.

Equivalently, consider a normalizing pair {E, N} as in Theorem 1. Then
(2.5) and (2.6) take the form, for any X, Y € I'(T'M|y),

(2.7) VxY =VxY +B(X,Y)N and VxN = —AxyX + 7(X)N.

It is important to mention that the second fundamental form B is independent
of the choice of screen distribution, in fact, from (2.7), we obtain

(2.8) B(X,Y) = g(VxY,E), VX,Y e (TM|y),
(2.9) 7(X) = G(VxN,E), VX e (TM|y).

Let P be the projection morphism of TM on S(T'M) with respect to the
orthogonal decomposition of TM. We have

(2.10) Vx PY = V5 PY + C(X,PY)E and VxE = —ALX — 7(X)E,

where Vi PY and A}, X belong to I'(S(T'M)). C, A}, and V* are called
the local second fundamental form, the local shape operator and the induced
connection on S(T'M). In general, the induced linear connection V is not a
metric connection and we have

(Vxg)(Y, Z2) = B(X,Y)0(Z) + B(X, Z2)0(Y),

where 6 is a differential 1-form locally defined on M by 0(-) := g(N,-). Also,
we have the following identities,

(2.11) g(ApX,PY) = B(X,PY), g(ApX,N) =0, B(X,E) =0.

Finally, using (2.7), R and R are the curvature tensor fields of M and M are
related as

R(X,Y)Z = R(X,Y)Z + B(X,Z)AnY — B(Y, Z)An X
(2.12) + {(VxB)(Y, Z) — (VyB)(X, Z) + 7(X)B(Y, Z) — 7(Y)B(X, Z)} N,
(2.13)where (VxB)(Y,Z) = X.B(Y,Z) — B(VxY,Z) — B(Y,VxZ).

§3. Main Results

Let (M, ¢, £,1,G) be an indefinite Sasakian manifold and (M, g) be its lightlike
hypersurface, tangent to the structure vector field & (6 € TM). If E is a
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local section of TM*, then G(¢E,E) = 0, and ¢F is tangent to M. Thus
G(TM™) is a distribution on M of rank 1 such that ¢(TM+)NTM* = {0}.
This enables us to choose a screen distribution S(7'M) such that it contains
&(T M) as vector subbundle. We consider a local section N of N(T'M). Since
G(pN,E) = —g(N,¢ E) = 0, we deduce that ¢ E is also tangent to M and
belongs to S(T'M). On the other hand, since g(¢ N, N) = 0, we see that the
component of ¢ N with respect to E vanishes. Thus ¢ N € I'(S(T'M)). From
(2.1), we have g(¢ N, pE) = 1. Therefore, ¢(TM*L) ® ¢(N(TM)) (direct sum
but not orthogonal) is a nondegenerate vector subbundle of S(7'M) of rank 2.

It is known [2] that if M is tangent to the structure vector field £, then, £
belongs to S(TM). Using this, and since g(¢E,€) = g(¢N, £) = 0, there exists
a nondegenerate distribution Dg of rank 2n — 4 on M such that

B S@M) = {BTMY) @ GNTM) | L Do L (g),

where (&) is the distribution spanned by ¢, that is, (§) = Span{¢}. It is easy
to check that the distribution Dy is invariant under ¢, i.e. ¢(Dg) = Dy.

Example 1. Let R” be the 7-dimensional real number space. We consider
{x;}; ;<7 as cartesian coordinates on R” and define with respect to the natural

field of frames {Bixi} a tensor field ¢ of type (1,1) by its matrix:

_ 0 0 —_ 0 0 0 - 0 0

¢(3—961)__8—332’ 8—3:2)_8—951+x48—337’ ¢(8—333)__8—x4’

— 0 0 0 - 0 0 - 0 0

¢(8—x4) = Ors +$6a—x7, ¢(a—x5) . ¢(a—x6) = zs’
0

(3.2) ¢(8—x7) = 0.

The differential 1-form 7 is defined by

(3.3) n = dr7 — v4dxy — T6dT3.

The vector field ¢ is defined by ¢ = -2-. It is easy to check (2.1) and thus

- ox7
(¢,€,m) is an almost contact structure on R7. Finally we define metric g on

R” by

g = (23— 1)da? —dod + (23 + 1)do} + dof — da? — dad + da?
—  zydr1 @ dry — x4dx7 @ dry + Tax6dT1 Q dXs + Tax6dT3 @ dTq
(34) — zgdrs ®dry — redrr @ dxs,

with respect to the natural field of frames. It is easy to check that g is a semi-
Riemannian metric and (¢,&,7,9) given by (3.2)-(3.4) is a Sasakian structure
on R”.
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We now define a hypersurface M of (R”,¢,&,n,9) as
(3.5) M= {(a:l,...,aw) eR": x5 :a:4}.

Thus the tangent space T'M is spanned by {U;},<;<4, where Uy = 8%1, Uy =
3%2, Us = 3%3, Uy = 8%4 + 8%5, Us = 8%6’ Us = £ and the 1-dimensional
distribution TM=* of rank 1 is spanned by E, where E = 6%4 + 6%5. It fol-
lows that TML c TM. Then M is a 6-dimensional lightlike hypersurface of

R7. Also, the transversal bundle N(TM) is spanned by N = % (i - i) .

Oxy Oxs
On the other hand, by using the almost contact structure of R’ and also
by taking into account of the decomposition (3.1), the distribution Dg is
spanned by {F, EF}, where F = Uy, ¢F = Up + 24¢ and the distribu-
tions (£), #(TM*) and ¢(N(TM)) are spanned, respectively, by &, ¢F =
Us—Us+x6¢ and ¢pN = %(U3+U5 +26£). Hence M is a lightlike hypersurface
of R7.

Moreover, from (2.4) and (3.1) we obtain the decomposition
(3.6) TM = {E(TML) ® a(N(TM))} 1 Dy L<¢>LTM*,
™ = {E(TMi) ® a(N(TM))} 1 Dy 1< €&>1 (TM* @ N(TM)).
Now, we consider the distributions on M,
(3.7) D:=TM* L $(TM*) L Dy, D' :=¢(N(TM)).
Then D is invariant under ¢ and
(3.8) TM = DaD L{€).

Let us consider the local lightlike vector fields U := —¢ N, V := — ¢ E. Then,
from (3.8), any X € I'(T'M) is written as X = RX + QX +n(X)¢, QX =
u(X) U, where R and @ are the projection morphisms of TM into D and D’,
respectively, and wu is a differential 1-form locally defined on M by u(-) :=
g(V,-). Applying ¢ to X and (2.1) (note that 52 N = —N), we obtain ¢ X =
¢ X +u(X) N, where ¢ is a tensor field of type (1,1) defined on M by ¢ X :=
¢ RX and we also have ¢? X = — X +n(X)¢ +u(X)U, VX € I'(TM). Now
applying ¢ to ¢? X and since ¢U = 0, we obtain ¢> + ¢ = 0, which shows
that ¢ is an f-structure [11] of constant rank. We have the following useful
identities

(3.9) Vx{ = —¢X,

(3.10) B(X.,§) = —u(X),

(3.11) B(X,U) = C(X,V)

(3.12) (Vxu)Y = —B(X,¢Y)—uY)r(X).
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Lemma 1. Let M be a lightlike hypersurface of an indefinite Sasakian mani-
fold M with ¢ € TM. Then, M is (D L (£), D")-mized totally geodesic if and
only if, for any X € T'(D L (£)),

(3.13) ANX e T(¢(TM™Y) L Dy L (€)).

Proof. By the definition, M is (D L (£), D')-mixed totally geodesic if and only
if, for any X € I'(D L (§)), B(X,U) = 0, From (3.11) we obtain u(AnX) =
G(ANX,V)=0.1e. ANX € I'(D L (¢)). Given that AxX has no component
in T(TM%), then AyX € T(¢(TM=*) L Dy L (€)). The converse is obvious
by using (3.11). O
From (3.10), we have B(§,U) = —1. This means that the lightlike hyper-
surface M of an indefinite Sasakian manifold M, with ¢ € TM, cannot be
((¢), D")-mixed totally geodesic.

/‘\

/—\/—\/—\

Lemma 2. Let M be a lightlike hypersurface of an indefinite Sasakian space

M with EeTM. Then, for any X € I'(TM),
2n—4 -
X, oF;
(3.14) VxU=—->" % —0(X)¢+C(X,U)E +1(X)U
P iy L

Proof. From the definition of lightlike hypersurface of an indefinite Sasakian
manifold through the local field of frames {EE,&N, & E, Fi}1<z‘<2n—4 on U C
M, where {F;},;<5, 4 is an orthonormal field of frames of Dy, we have, for
any X € D(TM), VxU = 2" N Fi+-p164+ 92 E+3V +94U. From (2.7) and
(2.10), we obtain \;g(F;, F;) = g(VxU, F;) = —g(ANX, oF;) = —C(X, ¢ F}),
Y1 = Q(VXU,g) - _g(VXQbN)é) = _Q(X)7 P2 = g(VXUvN) = C(X7 U)a
w3 =¢g(VxU,U) =0 and ¢4 = g(VxU,V) = 7(X) which prove (3.14). O

We are now concerned with the structure equations of the immersions of
a lightlike hypersurface in a semi-Riemannian manifold. Let us consider the
pair {E,N} on U C M (see Theorem 1) and by using (2.2) and (2.12), we
have

(VXB)( Z) = (VyB)(X,Z) =7(Y)B(X, Z) — 7(X)B(Y, Z)
(315)  + 1 (3@, Z)u(X) ~ 5@X, Z)u(Y) ~ 25(3X, Y )u(Z)) .
In the sequel, we need the following proposition.

Proposition 3. Let M be a lightlike hypersurface of an indefinite Sasakian
space form M(c) of constant curvature ¢ with & € TM. Then, the Lie deriva-
tive of the second fundamental form B with respect to £ is given by

(3.16) (LeB)(X,Y) = —1()B(X,Y), VX, Y € [(TM).

Moreover, if 7(§) # 0, then & is a Killing vector field with respect to the second
fundamental form B if and only if M is totally geodesic
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Proof. By replacing Z with ¢ into (2.13) and using (3.9), we obtain
(3.17)  (VeB)(X,Y) = (LeB)(X,Y) + BGX,Y) + B(X, 6Y).

Likewise, by replacing Z with X and X with ¢ into (2.13) and also using (3.9)
and (3.10), we have

(3.18) (VxB)(£,Y) = —X.u(Y) + B(¢X,Y) + u(VxY).
Substracting (3.17) and (3.18), and using (3.12) we obtain

(3.19) (VeB)(X,Y) = (VxB)(§Y) = (LeB)(X,Y) —u(Y)7(X).
From (3.15), the left hand side of (3.19) becomes

(3.20) (VeB)(X,Y) = (VxB)(&,Y) = —u(Y)7(X) — 7(§) B(X,Y).

The expressions (3.19) and (3.20) implies (L¢B)(X,Y) = —7({)B(X,Y). If
7(§) # 0, the equivalence follows. O

Note that the 1-form 7 in (2.9) depends on the vector field E and it is easy
to see that if £ = AF with \ a positive smooth function on M, the associated
1-form 7 is related to 7 by

(3.21) 7(X) =7(X) + X(InX), YX € D(TMly).

The induced connection V on the lightlike hypersurface M is not metric in
general and the Ricci tensor associated is not symmetric, contrary to the case
of semi-Riemannian manifolds. However, for n-Einstein (or Einstein) light-
like hypersurfaces, that is, the Ricci tensor Ric tensor satisfies Ric(X,Y) =
k1g(X,Y)+ kon(X)n(Y) (or Ric(X,Y) = kg(X,Y)), due to the symmetric of
the induced degenerate metric g and 7 ® n, the Ricci tensor is symmetric, and
the notion of n-Einstein (respectively Einstein) manifold does not depend on
the choice of the screen distribution S(T'M). Consequently

Proposition 4. On a lightlike n-FEinstein (respectively, Einstein) hypersur-
face, the 1-form 7 in (2.9) is closed.

Proof. Define the Ricci tensor Ric as
Ric(X,Y) = trace(Z — R(X,Y)Z), VX, Y e (T M)

where R is the curvature tensor of the induced connection V.

Consider a local quasi-orthogonal frame field {Xo, N, X;}i=1, . 2n,—1 On M
where {X, X;} is a local frame field on M with respect to the decomposi-
tion (3.7) with N, the unique section of transversal bundle N (T'M) satisfying
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(2.3), and E = Xy. Put Rjs := Ric(Xs, X)) and Rgy := Ric(Xg, Xo). Us-
ing the frame field { Xy, N, X;}, a direct calculation gives locally R;s — Ry =
2d7(X;, Xs) and Rox, — Ry = 2d7(Xo, X). Since the Ricci tensor is symmetric
on M which is n-Einstein (respectively, Einstein), we have dr = 0. O

By definition Ric(X,Y) = trace(Z — R(X,Y)Z), we have, for any X,
Y € (T M),

Ric(X,Y) = Zazg (Fi, X)Y, F)) + G(R(&, X)Y, €) + G(R(E, X)Y, N)

62 + JREE,X)Y,EN) + J(REN, X)Y,3E),

where {Fi};;<q, 4 is an orthogonal basis of Dy and e; = g(F5, F;) # 0, since
the distribution Dy is non-degenerate. From Gauss and Codazzi equations,
we obtain

gR(E, XY, F) =

{529(X Y) —g(X, F)g(Y, Fy)}

" Jn(Y) +5(F, 3V )g(6X, Fy)
+ G(OX,YV)G(oF;, Fy) + 29(¢ X, Fy)g(8Y, F;) }
(3.23) + B(X,Y)C(F;, F;) — B(F;,Y)C(X, F),
G(R(E X)Y,€) = ”3{ n(Y)(X) +5(X, V)
£ Y+ n(X)n(Y)} + BIX, Y))C(, )
(3.24) - BEVICO,
GRE X)YN) = 3500 ¥) + S n(Xn(Y) + u(Y)6(oX)
(3.25) (X))}
GREEX)Y,6N) = 2 (x) + 331} + T a(Xm(Y)
+  2u(@X)v(¢Y)} + B(X,Y)C(¢E, ¢N)
(3.26) — B(E.Y)C(X,8N),
GREN, X)Y,6E) = T2 G Y) —u(X)u(v))
+ Y )u(éX) + 20BX u(6Y)}
(3.27) + B(X,Y)C(¢N,9E) — B(¢pN,Y)C (X, dE).

So substituting (3.23), (3.24), (3.25), (3.26) and (3.27) in (3.22) and by re-
grouping like terms, we have the following result.
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Proposition 5. Let M be a lightlike hypersurface of an indefinite Sasakian
manifold M with € € TM. Then the Ricci tensor Ric is given by, for any X,
Y eT(TM),

Ric(X,Y) = ag(X,Y)—tn(X)n(Y)+ B(X,Y)trAx
(3.28) ~ B(ANX,Y),

(2n+1)£f+3)—8} and b = (2n+li(c—1)

where a = and trace tr is written with

respect to g restricted to S(TM).

By Proposition 5 and using (3.10), we have the following useful identities

(329)  Ric(X,&) = 2(n—1nX) —u(X)trAy +u(AnX),
(3.30)  Ric(&,Y) = 2(n—1nY)—uY)trAy — B(ANEY).

From (3.28), we have
(3.31)  Ric(X,Y) — Ric(Y,X) = B(ANX,Y) — B(ANY, X).

This means that the Ricci tensor of a lightlike hypersurface M of an indefinite
Sasakian space form M(c) is not symmetric in general. So, only some privi-
leged conditions on the local second fundamental form of M may enable the
Ricci tensor to be symmetric. It is easy to check, from (3.28), that the Ricci
tensor of M is symmetric if and only if the shape operator of M is symmetric
with respect to the second fundamental form of M. Also, the Ricci tensor
of the induced connection V of any totally geodesic lightlike hypersurface is
symmetric.

Are there any others, with symmetric induced Ricci tensors, but not neces-
sarily totally geodesic or shape operator symmetric with respect to the second
fundamental form ? Here is one such class. First, we recall the definition of
screen conformal lightlike hypersurfaces of a semi-Riemannian manifold M.

A lightlike hypersurface (M, g, S(T'M)) of a semi-Riemannian manifold is
screen locally conformal if the shape operators Ay and A}, of M and its screen
distribution S(T'M), respectively, are related by [5]

(3.32) Ay =@ A}

where ¢ is a non-vanshing smooth function on & in M. In case Y = M
the screen conformality is said to be global. Such a submanifold has some
important and desirable properties, for instance, the integrability of its screen
distribution (see [5] for details).

Theorem 2. Let (M,g,S(TM)) be a locally (or globally) screen conformal
lightlike hypersurface of an indefinite Sasakian manifold (M (c),q) of constant
curvature ¢ with £ € TM. Then the Ricci tensor of the induced connection V
18 symmetric.
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Proof. From (3.31) and (3.32), we obtain
Ric(X,Y) — Ric(Y,X) = B(AnNX,Y)— B(AnY,X)
= ¢ (B(ApX,Y) - B(4AgY, X))
= ¢y([AR, AplY, X) = 0.
This complete the proof. O
Example 2. Let M be a hypersurface of R7, of Example 1, given by
Ty = T4,

where (21, ..., 7) is a local coordinate system for R”. As explained in Example
1, M is a lightlike hypersurface of R” having a local quasi-orthogonal field of
frames {Uy, U, Us, Uy = E, Us, Ug = £, N} along M. Denote by V the Levi-
Civita connection on R7. Then, by straightforward calculations, we obtain

= 1 1 _ _ _
Vi N = =2l — Z(a:i +1)¢, Vy,N =Vy,N=Vy,N =0,
_ 1 1 _ 1 1
(3.33) VU3N = ——.1‘6U1 - —l‘4$6£, VgN = —U1 + —.1‘45,
4 4 4 4
1 1
Vi, B = =gaalh — 5(333 +1)¢, Vi, E =Vy,E=Vy.E =0,

1 1 1 1
(334) VU3E = —51’6[]1 - 51’4%66, ng = §U1 + 51’46

Using these equations above, the differential 1-form 7 vanishes i.e. 7(X) = 0,
for any X € I'(TM). So, from the Gauss and Weingarten formulae we infer

1 1
ANUy = ~a4Uy + (22 +1)€, AnUy = AUy = AnUs =0,

4 4
(335)  AnUs = 2agUs + Sauze, Ané = — U, — Taue
. NU3 — 4$6 1 4%4%6 ) NG — 4 1 4$4 )
1 1
AUy = Sl + 5(@% + 1), AUy = ApUy = AUs = 0,
1 1 1 1
(3.36) A*EU3 = 5%‘6[]1 + 5%‘41‘65, AEf = —§U1 — 5%‘45

From (3.35) and (3.36), ANX = 245X, for any X € I'(TM) and trAy =0,
i.e. the shape operator Ay is trace-free. Therefore, the hypersurface M of R”
is screen conformal and minimal. So, its screen distribution is integrable. The
non-vanishing components of the second fundamental form B are given by

1 1
(3.37) B(Ul,Ul) = —X4, B(Ul,U3) = —§l‘6, B(Ul,Uﬁ) = 5
From the above equations, it is easy to check that, B(AnU;,U;) = B(AnU;,U;),
for any i # j and 4,5 = 1, ...,6. Consequently, Ricci tensor of the induced con-
nection V on the hypersurface M of R7 is symmetric.
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Also, we have

Theorem 3. Let (M,g,S(TM)) be a totally contact geodesic lightlike hyper-
surface of an indefinite Sasakian manifold (M,q) with € € TM. If the second
fundamental form B of M is parallel, then the Ricci tensor of the induced
connection V is symmetric.

Proof. M is said to be totally contact geodesic lightlike hypersurface of an
indefinite Sasakian manifold (M, g) if the local second fundamental form B of
M satisfies

B(X,Y) =n(X)B(Y,§) +n(Y)B(X, &) = —n(X)u(Y) — n(Y)u(X),
for any X, Y € I'(T'M) and its covariant derivative is given by

(VxB)(Y,Z) = (Y) +9(¢X,Y))u(Z)
+ (Z) + 9(¢X, Z))u(Y)
+ uw(Y) + B(X, ¢Y))n(Z)
(3.38) + ( )
B is parallel if (VzB)(X,Y) =0, for any X, Y, Z € T'(TM). Using (3.38),
we have, for any X € T(TM), 0 = (VxB)(&,U) = 7(X).

Proceed as in the proof of Proposition 4. Consider a local quasi-orthogonal
frame field {Xo, N, X;}i=1,.. 2n—1 On M where {Xg, X;} is a local frame field
on M with respect to the decomposition (3.7) with N, the unique section
of transversal bundle N(T'M) satisfying (2.3), and E = X,. Put R =
Ric(Xs, X;) and Roy, := Ric(Xk, Xo). Using the frame field {Xo, N, X;}, we
have locally Rls — Rsl = 2dT(Xl,X5) = 0 and ROk: — RkO = 2dT(X0,Xk) =0
which complete the proof. O

Example 3. Let (R%,g) be the 5-dimensional semi-Riemmannian manifold,
where the metric g is given, with respect to the cartesian coordinates {z;}; ;<5

on R® and the natural field of frames {%}, by

g = (23 —1)da? — da3 + dod + da? + do? — r3dr; © dus
(339) - .733(1.735 & da:l,

We define with respect to the natural field of frames {6—} a tensor field ¢ of
type (1,1) by its matrix:

o 9 _ 0 9 o _ 0 P
¢a—$1 = o, ¢(8—332) o, T o ¢(8—%)——a—m

(340) 3(-2) =L and 5-2) =0

' 8:754 8:753 . 8335
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The differential 1-form 7 and the vector field £ are defined, respectively, by

(3.41) n = dxs — r3dry and & = 81335

It is easy to check (¢,&,7,7) given by (3.39)-(3.41) is a Sasakian structure on
R®.

Consider a hypersurface (M, g) in R® given by the equation x4 = x5, where
(21, ...,x5) is a local coordinate system for R®. The tangent space TM is
spanned by {Uy,Us,Us,Us}, where Uy = 2=, Uy = 3% + 52, Us =
6%3, Uy = €, and the 1-dimensional distribution TM -+ of rank 1 is spanned

by E with E = 8%2 + 8%4' Also, the transversal bundle N(T'M) is spanned

by N = %(—a% n 8%) It follows that TM+ C TM. Then M is a 4-

dimensional lightlike hypersurface of R® having a local quasi-orthogonal field
of frames {Uy, Uy = E, Uz, Uy = £, N} along M. Denote by V the Levi-Civita
connection on R%. Then, by straightforward calculations, we obtain

VxN =0, VX eI(TM).

Using these equations above, the differential 1-form 7 vanishes i.e. 7(X) =0,
for any X € I'(T'M). So, from the Gauss and Weingarten formulae we have

AyX =0, A5X =0 and VxE =0, VX €T(TM).

Therefore, by Duggal-Bejancu theorems (Theorem 2.2 and Theorem 2.7) in
[4] the lightlike hypersurface M of R is totally geodesic and its distribution is
parallel. Also, from the above equations, it is easy to check that n(X)B(Y, &)+
n(Y)B(X,¢) =0=B(X,Y), forany X,Y € I'(TM). So M is totally contact
geodesic, parallel and admits a symmetric induced Ricci tensor.

On the other hand, by considering again the Example 1, since B(Uy, Ug) =
2 # —n(U)u(Us) — n(Us)u(Uy) = 0, the hypersurface M of R” defined in the
example 1 is not totally contact geodesic.

Based on discussion so far it would be appropriate to say that from the
geometric point of view alone, the induced tensor Ric on M must be symmet-
ric, as without this property one only obtains tensorial relations. Physically,
Ric symmetric is essential. Consequently, as per above note, it is desirable
to assume that only dr vanishes locally (or globally) on M. Luckily, we have
so far seen that there are large classes of hypersurfaces with symmetric Ricci
tensor.

In particular, symmetric induced Ricci tensor has been useful in finding
several good properties of lightlike hypersurfaces [5]. For these reasons, only
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symmetric induced Ricci tensor will be considered in the sequel of this pa-
per. In this case, the weakly Ricci-symmetric notion in lightlike hypersurfaces
becomes valid.

Next, we investigate the effect of weakly Ricci symmetric condition on the
geometry of lightlike hypersurfaces in an indefinite Sasakian manifold.

Suppose that Ricci tensor of a lightlike hypersurface M of an indefinite
Sasakian manifold (M,g) with ¢ € TM is symmetric. A submanifold M is
called a weakly Ricci symmetric if

(VxRic)(Y,Z) = o(X)Ric(Y,Z)+ B(Y)Ric(X, Z)
(3.42) + Y(Z)Ric(Y, X),

where «, § and v are defined respectively by , for any X € I'(T'M), g(X, p) =
a(X), g(X,0) = B(X), g(X,k) = v(X), are 1-forms called the associated 1-
forms which are not zero simultaneously. We denote this kind of 2n-dimensional
submanifold by (W RS)a,.

Note that the covariant derivative of the induced Ricci tensor on M (3.28)
is given by, for any X, Y, Z € I'(T'M),

(VxRic)(Y, Z) = a (B(X,Y)0(Z) + B(X, Z)0(Y))
+b(n(YV)g(0X,2) +1(2)g(X,Y)) + (VxB)(Y, Z)tr An
(3.43) + B(Y, Z)(X.trAy) — (VxB)(AnY, 2).

Also, for a lightlike n-Einstein hypersurface M, that is, the Ricci tensor Ric
tensor satisfies Ric(X,Y) = k1g(X,Y) + kon(X)n(Y), the functions k1 and ko
are not necessarily constant on M. Since M is tangent the structure vector
field € in an indefinite Sasakian manifold, k1 and ks satisfy

(344) k14 ko = 2(7”L — 1)

Theorem 4. Let M be weakly Ricci symmetric lightlike n-FEinstein (or FEin-
stein) hypersurface of an indefinite Sasakian manifold M%—H(n > 1) with

&Ee€TM. Then the 1-forms a and 8 satisfy o+ 3 = 0.

Proof. Suppose that M is a (WRS)s, lightlike n-Einstein hypersurfaces of

an indefinite Sasakian manifold M%H(n > 1) with £ € TM. Since M is

n-Einstein, Ric(Y,Z) = k1g(X,Y) + kan(X)n(Y). So, from (3.42) and using
(2.11), we obtain

by (B(X,Y)0(Z) + B(X, 2)0(Y)) + ks (n(Z2)(V xn)Y +n(Y)(Vx1)Z)
H(Vxk)g(Y. Z) + (Vcko)n(Y)n(Z) = a(X) (kig(Y, Z) + kan(Y)n(2))
(845WB(Y) (k1g(X, Z) + kan(X)n(2)) +1(Z) (krg(¥, X) + kan(¥ In(X)).
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Putting Z = ¢ in (3.45) and using (3.44), we have

—k1u(X)0(Y) + ka(Vxn)Y = (k1 + k2)a(X)n(Y) + (k1 + k2) B(Y)n(X)
(3.46) + (&) (kg(Y, X) + kan(Y)n(X)) .
Again, taking X = ¢ in (3.46) and using the fact that ky + ks #0 (n > 1), we
get a(§)n(Y) + B(Y) +(&)n(Y) = 0, that is,
(3.47) BY) = —(al€) + 1(E)n(Y).

On the other hand, by taking X = V in (3.46), we have ko(Vyn)Y =
(k1 + k2)a(V)n(Y') + k1v(€)u(Y) which implies, by taking ¥ = U, v(£) = 0.
Use this and (3.47) in (3.46), we get —ku(X)0(Y) + ko(Vxn)Y = (k1 +
k) (a(X) — a(§)n(X)) n(Y), that is
—k1u(X)0(Y) + ka(Vxn)Y = (k1 + k2) (a(X) + 5(X)) n(Y)
which implies, for Y = ¢, a(X) = —f(X) and the proof is complete. O
Example 4. Let M be a hypersurface of R® (indefinite Sasakian manifold
defined in the Example 3) given by
T4 = T2, x3 >0,

where (z1,...,25) is a local coordinate system for R®. By proceeding as in
Example 3, M is a totally geodesic lightlike hypersurface of R® having a
local quasi-orthogonal field of frames {U;, Uy = E, Us, &, N}, where U; =
0 _ 0 o) _ 0 _ _0 _ 1
(9_1171’ E_8_$Q+8_1B4’ U3_8_$S7€_8_$5’ N_i( 8$2+8$4>alongM.
Using (3.28), M is n-Einstein. This means that the induced Ricci tensor on
M is symmetric and it is given by Ric(X,Y) = ag(X,Y) —bn(X)n(Y), where
nonzero constants a and b satisfy a — b = 2. The non-vanishing components
of the induced Ricci tensor on M are given by
Ric(Uy,Uy) = ax3 —a, Ric(Us,Us) = a,
(3.48) Ric(&,€) =2, Ric(Uy,€) = —axs.
Using (3.43) and a direct calculation, it is easy to check that, for any X, Y,
Z el(TM),
(VxRic)(Y,Z) = a(X)Ric(Y,Z)+ B(Y)Ric(X,Z)
(3.49) + Y(2)Ric(Y,X),

where the associated 1-forms «, # and v are defined explicitly by

a(§) = B(§) =v(&) =0, a(lh) = B(U1) =~(U1) =0,
b

(3.50)  a(Us) = B(Us) =~(Us) =0, a(E) =—p4(E) = azs’ V(E) = 0.

The associated 1-forms «, 3 and v are not zero simultaneously and a+ 6 = 0.
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Note that a lightlike Finstein hypersurface of a 3-dimensional indefinite
Sasakian manifold, tangent to the structure vector field &, is Ricci flat. So,
that hypersurface cannot be (W RS)s.

A non-zero Ricci tensor Ric of lightlike hypersurface M is said to be cyclic
parallel if CV Ric = 0, namely, for any X, Y, Z € I'(T M),

(3.51)  (VxRio)(Y,Z) + (VyRic)(Z, X) + (VzRic)(X,Y) = 0.

Let M admits a cyclic parallel Ricci tensor. Then, we have

0 = (VxRic)(Y,Z)+ (VyRic)(Z,X) + (VzRic)(X,Y)
— a(X)Ric(Y, Z) + (B(X) + (X)) Ric(Z,Y)
+ a(Y)RidZ, X) + (+(Y) + B(Y))Rie(X, Z)
(3.52) + a(Z)Ric(X,Y)+ (v(Z) + B(Z))Ric(Y, X).

Taking Z = £ in (3.52) and using (3.29) and (3.31)

a(X){2(n — DY) —u(Y)trAy + u(AnY)}
+(B(X) + (X)) {2(n = DY) —uw(Y)trAy — B(ANE,Y)}
+a(Y) {2(n — D)n(X) —uw(X)trAn — B(AnE, X)}
+(v(Y) + B8(Y)) {2(n — Dn(X) — u(X)trAy + u(AnyX)}
(3.53) +a(&)Ric(X,Y) + (7(€) + B(€)) Ric(Y, X) = 0.

Again, taking Y = ¢ in (3.53), using (3.11), (3.29) and (3.31), we have

(2n = 3)(a(X) + B(X) + (X)) + (a(§) + B(E) +7(§) {4(n — 1)n(X)
(3.54)—2u(X)trAy + u(AnX) — B(AnE, X)) = 0.

Putting X = ¢ in (3.54) and using (3.10), we get 3(2n—3)(a(£)+8(&)+7(€)) =
0, that is

(3.55) a(§) + B(&) +~(§) =0.

Using (3.55) in (3.54), we have,

(3.56) a(X) + B(X) + (X)) =0, VX € [(TM).
Therefore, we have

Theorem 5. There exist no weakly Ricci symmetric screen locally (or globally)
conformal lightlike hypersurfaces M of indefinite Sasakian manifolds M ant
with & € TM and cyclic parallel Ricci tensor if o + 3+ v is not everywhere

ZET0.
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By Theorem 4 and definition (WRS)say,, it is easy to see that there are
no weakly Ricci symmetric lightlike Einstein hypersurfaces, tangent to the
structure vector field &, with cyclic parallel Ricci tensor.

If in (3.42) the 1-form « is replaced by 2« and ( and 7 are equal to «, then
we have

(VxRie)(Y,Z) = 2a(X)Ric(Y,Z) + a(Y)Ric(X, Z)
(3.57) + a(Z)Ric(Y,X),

where « is a non-zero 1-form defined by a(X) = ¢(X,p). A submanifold
which satisfies (3.57) is called a special weakly Ricci symmetric submanifold
and denoted by (SWRS)ap,.

Theorem 6. There exist no special weakly Ricci symmetric screen locally (or
globally) conformal (or Einstein) lightlike hypersurfaces M of an indefinite

Sasakian manifold M with & e TM and cyclic parallel Ricci tensor.

Proof. Suppose that M is a special weakly Ricci symmetric screen locally
(or globally) conformal (or Einstein) lightlike hypersurface M of an indefinite
Sasakian manifold 37" with & e TM. If M admits a cyclic parallel Ricci
tensor, then, from (3.56), we have 2a(X) + a(X) + a(X) =0,V X € I'(T'M),
that is a(X) = 0 which contradicts the definition of (SWRS)a,. O
From the differential geometry of lightlike hypersurfaces, we recall the fol-
lowing result. The submanifold M is (D L (£), D')-mixed totally geodesic if
for any X € I'(D L (¢)), Y € I'(D’), B(X,Y) = 0. The Latter reduces to
B(X,U) = 0, since the distribution D is of rank 1 and spanned by U.

Theorem 7. Let M be a special weakly Ricci symmetric screen locally (or glob-
ally) conformal lightlike hypersurface of an indefinite Sasakian space (M 2n—H(c),
n > 1) of constant curvature c, with & € TM. Then, M cannot be n-Einstein
(or Einstein). Moreover, if the trace of Ay satisfies the partial differential
equation & - trAy — T7(§)trAxy = 0, M cannot be (D L (§), D')-mized totally

geodesic.

Proof. Suppose that special weakly Ricci symmetric screen locally (or globally)
conformal lightlike hypersurface M is n-Einstein (or Einstein). Then, from
Theorem 4, for any M € I'(T'M), 2a(X) = —a(X), that is a(X) = 0 which is
inadmissible by the definition of (SW RS)a2,. So M cannot be Einstein.
Suppose now that M is (D L (£), D’)-mixed totally geodesic.Since M is
a special weakly Ricci lightlike hypersurface, so, by the use of of (3.57) we
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obtain

(VxRio)(Y,€) = 2a(X)Ric(Y,€) + a(Y)Ric(X,€) + a(€)Ric(Y, X)
— 2(2n — Da(X)n(Y) + (20 — Da(Y)n(X)
— 2a(X)u(Y) + a(Y)u(X)) trAyx + 2a(X)u(ANY)
(3.58) + a(V)u(AnX) + () Ric(Y, X).

Replacing X with £ and using (3.11), (3.58) becomes

(VeRic)(Y,€) = 2(2n—1)a(@)n(Y) +2(n - 1a(Y)
— 2a(§u(Y)trAn + 2a(§)u(ANY)
a(§) ((2n = n(Y) —u(Y)trAn + u(AnY))
= 32n—1Da(§)nY)+2(n—1Da(Y)
(3.59) — Ba(§u(Y)trAn + 3a(§)u(ANY).

_|_

On the other hand, using ¢¢ = ¢¢ = 0,

(VeRio)(Y,€) = & - Ric(Y, €) — Ric(V¢Y, &) — Rie(Y, Vee)

=2n—1)& - nY) =& uY)trAy —u(Y)E - trAy

+ 5 . U(ANY) — (2n — 1)?7(V§Y) + U(V§Y)tTAN — U(ANV§Y)

=& u(ANY) — g(VeV Y )trAy —uw(Y)E - trAn — u(AnVeY)
(3.60) =wY)(T(trAn — € -trAn) + £ u(AnNY) —u(ANVeY).

From (3.59) and (3.60), we obtain

3(2n = Da(@)n(Y) + 2(n = Da(Y) = 3a(§)u(Y)trAy + 3a(§)u(AnY)
(3.61)=u(Y)(1(&)trAn — & -trAn) + & - u(ANY) —u(AnVeY).

Substituting Y with £ in (3.61), we obtain 8(n — 1)a(§) = 0. Since n > 1, we
have

(3.62) a(€) = 0.
Taking (3.62) in (3.61),

2(n —Da(Y) = w)(7(trAy — & -trAn) +& - u(ANY)
(3.63) — wW(ANVeY).

Since M is a (D L (£), D’)-mixed-totally geodesic, then, by Theorem 1, for
any Y € T'(D), ANY € T'(¢(TM~*) L Dy). Moreover, for any Y € T'(D),
u(Y) = 0 and since the distribution D is invariant under ¢, using (3.10), we
have, g(V¢Y, V) = g(A3E,8Y) = —u(@Y) = 0, that is, VY € T(D L (€)).
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As g(VeY,€) = 0, then V¢Y € T'(D) and AyVeY € T(¢(TM*) L Dy). So
(3.63) becomes 2(n — 1)a(Y') =0, VY € I'(D) and since n > 1,

(3.64) a(Y)=0, VY eI(D).

Next, we compute a(U). Using (3.11) and (3.16), the right hand side of (3.63)
is reduced to

w(Y)(r(§trAn — € -trAn) + & - w(AnNY) —u(ANVeY)

= u(Y)(T(E)trAy — € -trAN) +£-C(Y,V) — C(VeY,V)
=u(Y)(r(é)trAy — € -trAn) + & B(Y,U) — B(V¢Y,U)
= uw(Y)(1(E)trAy — € - trAx) + (L¢ B)(Y,U) + B(¢Y,U) + B(V:U,Y)
(3.65)= u(Y)(7(E)trAx — € - trAy) — 7(€)B(Y,U) + B(¢Y,U) + B(VU,Y).
From Lemma 2, we obtain
2n— 4
C(& oF)
VeU = - Z ) B0+ CE B+ T(OU
2n—4
9(ANE, OF;)
(3.66) = — Z oF. F) DN PV 4 CEU)E + 1(€6)U.

As M is a (D L (£), D’)-mixed totally geodesic, again by Theorem 1, Ay¢ €
D(¢(TM* L Do L (€)). Writing

2n—4

ANE = v(ANEV + > piF; +n(ANE)E,
=1

we haN§_§b4N£7$}Q):?_Mdﬂlﬁ7afg):: O,EﬂHCGZﬂlﬁ,a}%)ZZ _gch%l%) =
—9(F;, oF;), i.e. 2g(F;, ¢oF;) = 0. So (3.66) becomes

(3.67) VeU = C(E,U)E + 1()U

and if the trace trAy satisfies the partial differential equation & - trAy —
T(§)trAny = 0, with the aid of (3.67) and B(E,-) =0, (3.65) becomes

(3.68) 2(n — 1)a(Y) = B(¢Y,U),YY € I(TM).
As n > 1 and since ¢U = 0, so by taking Y = U in (3.68), we obtain
(3.69) a(U) =0,

From (3.62), (3.64) and (3.69), a(Y) = 0, VY € T(TM) which is inadmissi-
ble by the definition of (SW RS)s,. Thus a special weakly Ricci symmetric
lightlike hypersurface M cannot be a (D L (£), D’)-mixed totally geodesic. [
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Some particular cases of lightlike submanifolds of indefinite Sasakian man-
ifolds have been studied by Duggal and Sahin in [6]. They showed that in a
contact screen Cauchy-Riemann (SCR)-lightlike submanifolds or irrotational
screen real lightlike submanifold of an indefinite Sasakian manifold, the min-
imality notion is equivalent to the trace-free of the shape operator Ay with
respect to g restricted to S(T'M). Therefore, there exist lightlike hypersurfaces
of indefinite Sasakian manifolds whose the trace of Ay satisfies the partial dif-
ferential equation above.

Finally, we note that Theorems 5, 6 and 7 are also valid for any lightlike
hypersurface M of an indefinite Sasakian manifold, tangent to the structure
vector field & and whose dr (or 7) vanishes locally (or globally) on M or shape
operator Ay symmetric with respect to its second fundamental form.
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