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Abstract. Let (R,m) be a regular local ring of prime characteristic p and R’
a Noetherian subring of R such that R? C R’. In the previous paper Furuya
and Niitsuma [1], introducing the concept of m-adic p-basis, the first and the
second authors proved the following theorem: The regular local ring R has an
m-adic p-basis over the subring R’ if and only if R’ is a regular local ring. In
this paper, we generalize this result to semi-local rings.

AMS 2000 Mathematics Subject Classification. Primary 13H05, 13N05, 13A35,
13H99.

Key words and phrases. Regular semi-local ring, m-adic p-basis, module of dif-
ferentials.

§1. Introduction

Let (R, m) be a regular local ring of prime characteristic p and R’ a Noetherian
subring of R such that R ¢ R’. In Kimura and Niitsuma [3], T. Kimura
and the second author proved the following theorem, which had been called
Kunz’s conjecture. Under the assumption that R is finite as an R’-module,
the following two conditions are equivalent: (1) The regular local ring R has
a p-basis over the subring R’. (2) R’ is a regular local ring. In the previous
paper Furuya and Niitsuma [1], introducing the concept of m-adic p-basis, the
first and the second authors generalized this result to the non-finite situations
as follows. The following two conditions are equivalent: (1) The regular local
ring R has an m-adic p-basis over the subring R’. (2) R’ is a regular local ring.

In this paper, we generalize the result just above to the case of semi-local
rings by introducing the concept of having locally adic p-bases ( see Definition
3.1 ) and of property (P) ( see Definition 3.2 ).

Let R be a Noetherian semi-local ring of prime characteristic p and R’ a
Noetherian subring of R such that R? C R’. Let n be the Jacobson radical of
R. We show that if a semi-local ring R has an n-adic p-basis over R’, R has
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locally adic p-bases over R’ which have the same cardinal number (Theorem
3.4), and the converse statement holds (Theorem 3.5).

Finally, using these theorems, we prove the following main theorem.

Theorem 3.7. Let R be a regular semi-local ring of prime characteristic p
and R’ a Noetherian subring of R such that R? C R’. Let n be the Jacobson
radical of R. Then the following conditions are equivalent:

(1) R/R’ has an n-adic p-basis.

(2) R’ is regular and R/R’ satisfies property (P).

§2. Preliminaries

All rings in this paper are commutative rings with identity elements. We
always denote by p a prime number and denote by |X| the cardinal number
of a set X.

Let P be a ring and R a P-algebra with char(R) = p. Let a be an ideal of
R. Let RP denote the subring {z? | € R} of R, a® the ideal {z? | z € a}
of RP, and P[RP] the subring of R generated by the set {az? | a € P,x € R}.

Let (2p(R),dg/p) be the module of differentials of R over P. For a subset
W of R, we denote by dr/p(W) the set {dp/p(w) | w € W}. If an R-module
M is generated by a subset B of M, then we write M := R(B).

Definition 2.1 ([1], Definition 2.1). A subset W of R is called an a-adic
p-basis of R/ P if the following conditions are satisfied :

(1) W is p-independent over P[RP].

(2) R is the closure of the subring T' := P[RP][W] in R for the a-adic
topology, that is, R = (2 ,(T +a").

(3) " NT = (ar)" for every r > 1, where ar :=an7T.

Definition 2.2 ([2], Definition 2.2). Let M be an R-module. We call M an
a-adic free R-module if there exists an R-submodule N of M such that:

(1) N is a free R-module.

(2) M is the closure of N in M for the a-adic topology, that is, M =
(N +a"M).

(3) a" M NN =a"N for every r > 1.

In this case, we call a free basis of N an a-adic free basis of M.

Let (R,m, L) be a Noetherian local ring with char(R) = char(L) = p, and
R’ a subring of R such that R? € R’. Then R’ is a local ring with the maximal
ideal m’ := m N R’. Putting L' := R'/m’, then we have that L D L' D LP.
Furthermore, let g : R — R/m = L be the canonical mapping. Then we have
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the following:

Lemma 2.3. Suppose that R/R’ has an m-adic p-basis W. Then there are
two subsets Wy and Wy of W such that W = W1 UWs, WiNWs = 0, g(Ws) (g :
Wy — g(Ws) is bijective ) is a p-basis of L/L’ and |[W;| = dim; m/(m?+m'R).
More precisely, W7 is expressed as {y1+z21, ..., yr+ 2}, where z; € R'[W3] (i =
1,...,r) and {y1,...,y,} C msuch that {g1,...,%} (4 ==y + (m* + W'R))
is a basis of the L-vector space m/(m?+m’'R). Furthermore, {y1,. ..,y }UWs
is an m-adic p-basis of R/R’.

Proof. Putting R” := R'[W], then R” is a local ring with the maximal ideal
m” := m N R"”. Since W is an m-adic p-basis of R/R’, we have that L =
R/m = R"/m" = L'[¢(W)]. It follows that there exists a subset Wy of W such
that g(W3) is a p-basis of L/L’, where g : Wy — g(W5) is bijective. We set
Wy :=W — Ws, and Wy := {w; | i € I'}. For each w;, there exists z; € R'[Ws]
such that g(w;) = g(z;), and hence w; — z; := y; € m. Therefore, we have that
Wi ={yi+ 2z |ie€I}. Since R" = R'[Ws|[{yi}], we see that Y :={y; |i € I}
is a p-basis of R”/R'[W3]. Consequently, Y UW5 is an m-adic p-basis of R/R’.

The canonical injection R” — R induces an R”-module homomorphism  :
Qr/(R") — Qr/(R) such that podpy g = dp/pr|rr- 1t follows that there exists
an R-module homomorphism 7 : R @ gr Qr/(R") — Qg/(R) such that n(a ®
w) = ap(w) (a € R,w € Qp/(R")). Furthermore this induces an L-module
homomorphism 77 : R ®@pgr Qr/(R")/m(R @prr Qr/(R")) — Qr/(R)/mQp (R).
We claim that 77 is an isomorphism. Since Qg (R/m?) = Qp/(R)/Rdp,pm?,
we have R/m@rQp (R/m?) =2 R/m®pQp (R). Similarily, we have R” /m” & gy
QR/(R”/m”Q) ~ R"/m"@piQr (R"). Tt follows from R”/m’” = R/mi (1=1,2)
that R/m @ Qp (R/m2) = R/m @ v Qp (R” /m”?). Hence we get R/m @y
Qr(R") =2 R/m®rQr (R) and so we have the following commutative diagram
of isomorphisms:

3|

R/m®R” QR/(R”) R/m®RQR/(R)

\/

R/m®p QR/(R/m2)

Since Y U Ws is a p-basis of R”/R’, Qr/(R") is a free R”-module with a
basis {dR///R/(:E) | x € Y UWs}. Thus R ®pr Qr/(R")/m(R Qg Qr/(R")) =
(R/m) ®@prr Qr/(R") is a free L-module with a basis {1 ® dg/p(z) |z € Y U
Ws}, and hence Qr/(R)/mQp (R) is a free L-module with a basis {dg/p () |
r € Y UW}, where dg/p(z) := dg/p (v) + mQp(R). By Kunz ([4], (6.7)),

there is a canonical exact sequence

0 — m/(m? +m'R) % Qp(R)/mQp (R) — Qp/(L) — 0.
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Denote by N the L-module Qg (R)/mQg (R), and denote by N1 and Ny the
submodules of N generated by dg,/ g/ (Y) and dg/r/ (W2) respectively. Then we
see that N = N1 @ Na. Let m: N — N/Nj be the canonical mapping, and put
@ :=moa. Then it is easy to check that ¢ is an isomorphism. It follows that
Y| = dimy m/(m? + m'R) := r < oo, and we may put Y = {yi,...,y.}. Thus
we see that m/(m? + m'R) is a vector space over L with a basis {#1,...,%},
where 7; := y; + (m? + m'R). O

Let (R,p1,-..,pr) be a Noetherian semi-local ring with char(R) = p, where
{p1,...,p,} are the maximal ideals of R. Let R’ be a Noetherian subring of
R such that RP C R/, and let f; : R — Ry, (1 = 1,...,7) be the canonical
mappings. Put p, :=p; "R’ (i = 1,...,7) and denote by L/ the residue field
of the local ring R, for each i(i = 1,...,7). Let g; : Ry, — L; (i =1,...,7)
be the canonical malppings and set h; := g; o f;. Then the following statement
is essentially the same as Lemma 2.1 of Ono [6], so we omit the proof.

Lemma 2.4. If W is a subset of R such that W is p-independent over R’
and h;(W) is p-independent over L/ for each i(i = 1,...,r), then R'[W] is
Noetherian.

Let R be a ring with char(R) = p and W a subset of R. From now on,
denote by m(W) the set of all monomials wi* ---wg", where wy,...,w, are

distinct elements of W and 0 <e; <p—1(i=1,...,n).

Lemma 2.5. Let (R, m, L) be a Noetherian local ring with char(R) = p, R" a
Noetherian subring of R such that RP C R’, and let W be a subset of R. Put
m’ :=m N R’. Then the following conditions are equivalent:

(1) W is an m-adic p-basis of R/R’.

(2) m(W) is an m’-adic free basis of R as an R’-module.

If these conditions are satisfied, then R'[W] is Noetherian and R is faithfully
flat over R'[W].

Proof. (1) = (2). Suppose that W is an m-adic p-basis of R/R’. We use
the same notations as those of Lemma 2.3. Then R'[W3] is Noetherian by
Lemma 2.4. Since W is a finite set, R” := R'[W] = R'[W3][W1] is Noetherian.
Furthermore we have that m/(m? 4+ m/R) is a vector space over L with a basis
{41, -, 9r}, where 7; = y; + (m? + m'R). Thus we see that m = m"R,
where m” := m N R”. Since R/m"R = R"/m"" for every n > 1 by (2) and
(3) of Definition 2.1, the m-adic completion lim 2/m" is faithfully flat over
both R and R” by Theorem 8.14 of Matsumura [5]. Hence R is faithfully
flat over R”. It follows that m" RN R" = m"R" for every n > 1. Since
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R" = R'[W], R" is a free R’-module with a basis m(W). Furthermore we see
that R = (02, (R” + m""R) because m" C mP)R C m'R for sufficiently large
n. Consequently, m(W) is an m’-adic free basis of R as an R’-module.

(2) = (1). Suppose that m (W) is an m’-adic free basis of R as an R’-module.
Then m(W) is linearly independent over R’. Hence we see immediately that
W is p-independent over R’. Further we see that R = R”" + m" (n =1,2,...)
and m = m”R, where R” := R'[W] and m” := m N R”. Since R"/m'R" =
R/m'R, R"/m'R" is Noetherian. The canonical injection R” — R induces
an isomorphism R”/m” — R/m = L. Therefore (R”/m'R", m”/m'R" L) is a
Noetherian local ring. Thus we have that dimz, m”/(m”? + m'R") < co.

Let g : R — R/m be the canonical mapping. Then we have g(R") =
L'[g(W)] = L. Hence there exists a subset Wy of W such that g(Ws) is a
p-basis of L/L'. We set W := W — Wa. Again, by Kunz([4], (6.7)), there is a

canonical exact sequence
0— m”/(m”2 +m'R") — Qr/(R")/m"Qp/(R") — Qp, (L) — 0.

Since W = W1 U Wy is a p-basis of R”/R', Qr/(R") is a free R”-module with
a basis dpi/p (W). In the same way as the proof of Lemma 2.3, we see that
[W1| = dimzr m”/(m"? + m'R") < co. By Lemma 2.4, R'[W] is Noetherian,
and R” = R'[Ws][Wi] is also Noetherian. By a similar argument as that in
the proof of (1) = (2) in Lemma 2.5, we can show that R is faithfully flat over
R". Therefore we have that m" N R’ = m""RN R" = m"" for every n > 1.
Thus we see that W is an m-adic p-basis of R/R’. O

83. n-adic p-basis

In this section we use the following notations: Let (R,p1,...,p,) be a Noethe-
rian semi-local ring with char(R) = p and R’ a Noetherian subring of R such
that RP C R’. Then R’ is a Noetherian semi-local ring with the maximal ideals
{p},...,p.}, where p, :==p, "R (i =1,...,7). Weset R; := Ry,, R} := R;m
m; = p;R;, m, :=p.R,, L; = R;/m; and L := R/m/. Then we may assume
that R; D R, D RY = (Rp)p(p) and L; D L} D L? for every i(i = 1,...,7).
Furthermore, we set n := ﬂ:zzl pi (the Jacobson radical of R) and v’ := (;_, p!
(the Jacobson radical of R’). Let f;: R— R;and ¢g; : R; — L; (i =1,...,r)
be the canonical mappings.

Definition 3.1. We say that R/R’ has locally adic p-bases when R;/R);
has an m;-adic p-basis W@ for every i(i = 1,...,7). Additionally when
W@, W) have the same cardinal number, we say that R/R’ has locally
adic p-bases which have the same cardinal number.
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Definition 3.2. We say that R/R’ satisfies property (P) when one of the
following conditions is satisfied:

(1) p-deg(L;/L}) = oo(i = 1,...,r) and L;/L} has a p-basis D; (i =
1,...,r) such that Dq,..., D, have the same cardinal number.

2) p-deg(L;/L}) < 0o (i = 1,...,7) and dimp, m;/(mZ+m/R;)+p-deg(L;/L})
(i =1,...,r) have the same value.

With the notations stated above, now we can prove the following state-
ments.

Proposition 3.3. The following conditions are equivalent:
(1) R/R’ has locally adic p-bases which have the same cardinal number.
(2) R/R’ has locally adic p-bases and R/R’ satisfies property (P).

Proof. (1) = (2). Let W® be an mj-adic p-basis of R;/R;(i = 1,...,7).
Then WO, ..., W) have the same cardinal number ¢. By Lemma 2.3, there
are the two subsets Wl(i) and WQ(i) of W such that Wl(i) is a finite set and
D, = gi(WQ(i)) is a p-basis of L;/L} for every i (i = 1,...,r). If ¢ is infinite,
then p-deg(L;/L}) = oo and |Dy| = W] = (W0 — W = (WO = ¢,
and hence Dy, ..., D, have the same cardinal number. If ¢ is finite, then p-
deg(Li/L}) = |D;| = [W| and [W?| = dimp, m;/(m2 + w/;R))(i = 1,...,7).
Therefore it holds that p-deg(L;/L})+dimg, m;/(m?4+m/R;)) =c(i =1,...,7).
(2) = (1). Let W@ be an mj-adic p-basis of R;/R} (i = 1,...,r). By
Lemma 2.3, there are the two subsets Wl(i) and WQ(i) of W@ such that W =
Wl(i)UWQ(i), gi(WQi)) is a p-basis of L; /L and |W1i)| = dimg, m;/(m?+m}R;) <
(i =1,...,7). If p-deg(L;/L) = oo for any i (i = 1,...,r), then property
(P) implies that all WQ(i) have the same cardinal number. On the other hand,
if p-deg(L;/L}) < oo for any i(i = 1,...,r), then [W®| = [W| + WV =
dimp, m;/(m?+m!R;)+p-deg(L;/L}) so that [WM)| = ... = [W)| by property
(P). Hence, all W have the same cardinal number in either case. O

Theorem 3.4. If R/R’ has an n-adic p-basis W, then f;(W) is an m;-adic p-
basis of R;/R. (i =1,...,r)and W, fi(W),..., fr(W) have the same cardinal

number.

Proof. Putting R” := R/[W], then R” is a semi-local ring with the maximal
ideals {p{,...,p/}, where p/ = p;, N R"(i = 1,...,7r). We set n” = p/ N
-~ Np!. Under the assumption, we see that R”/n"" = R/n" for every n > 1.
Putting R} := R;’Q,, m/ = p/R! and L} := RJ/m!, then we may assume
that R; D R/ D R} D R and L; D L} D L}, D LY (i = 1,...,r). We put
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W@ .= (W), then we have that R/ = R{[W®] and L” = L[g;(W®)] (i =
1,...,7r). It is known that W@ is p-independent over R]. Hence we see
that [W| = [W®|( = 1,...,r). Since R; = U;'R(U; := R? — p'?)) and
R =R"+n"(n > 1), we see that R; = R +m[ (n > 1). This means that R;
is the closure of R} in R; with the m;-adic topology for every i(i = 1,...,r).
It is easy to check that L; = L. Thus there are subsets Wl(i) and WQ(i) of
W@ such that gi(WQ(i)) is a p-basis of L; /L., g; : WQ(i) — gi(WQ(i)) is bijective,
W = Wl(i) U WQ(i) and Wl(i) N WQ(i) = ). As the same way in the proof of
Lemma 2.5, we see that |W1(Z)\ = dimg, m;/(m? + mlR;) < o0 (i = 1,...,7).
We set Wl(i) = {w@, . ,wgi)}. Lemma 2.3 says that there exists a subset B(®)
of m; such that RY = R/[B®), WQ(Z)] and the image of B® in m;/(m? + m/R;)
forms a basis for this L;-vector space. Hence m; = R;(B®) + m/R; = m/R;.

Now we shall show that R'[IW] is Noetherian. There are subsets W;; of W
such that W = £;(Wi;) and f; : Wiy — W is bijective (i = 1,...,7). We
set Wi =W UWo U---UW, and Wy := W — W;. By Lemma 2.4, we see
that R'[Ws] is Noetherian, and thus R'[W] = R'[Ws][W1] is Noetherian, since
W7 is a finite set.

By a similar argument as that in the proof of (1) = (2) in Lemma 2.5, we
can show that R is faithfully flat over R”.

Lastly we shall show that m? N R/ = m/" (n > 1). Since R is faithfully
flat over R”, R; is also faithfully flat over R!. It follows that m? N R =
m/"R;NR! =m"} (n > 1). Thererfore W is an m;-adic p-basis of R;/R} (i =
1,...,7). O

Theorem 3.5. If R/R’ has locally adic p-bases which have the same cardinal
number, then R/R’ has an n-adic p-basis.

Proof. Let W be an m;-adic p-basis of R;/R} (i = 1,...,r) and let W (i =
1,...,r) have the same cardinal number. By the assumption, W@ is expressed
as {wj(-i) | 7 € J} with J a set of suffixes for every i (i = 1,...,7). Since
R, = Rpgp>, we may assume that there is a set A; := {a;; € R | j € J} such
that fi(a;j) = wj(-i). Since pgp) (1 =1,...,r) are the distinct maximal ideals of
RP, there exist elements b; (i = 1,...,7) of RP such that b; & pl(p) and b; €

ﬂj#ipg'p)' Put z; :=bray; + -+~ + bpay;, X :={x; | j € J}, xéi) = fi(z;) and
X = {z{"| j € J}. By Lemma 2.5, R} := Ri{(m(W®)) is a free Rj-module
with a basis m(W®). Then R/ /m/R! = L' (m(W®)) is a free L}-module with
a basis m(W®), where m(W®) := {z+m/R! | + € m(W®)}. We remark that
R = R/[W®], and so R is a subring of R;. Since R/ /m/R! = R; /m/R;, we see
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that R;/m/R; is a free L/-module with a basis {z +m/R; | z € m(W®)}. Tt is
5-2) —I—ngi = uiwg-z) —I—ngi in Rz/ngZ, where u; := fz(bz) is
an unit in (R;)P. Hence we have that R;/m,R; = Li(m(W®)) = LI(m(X®)),
where m(X®) := {z+m/R; | + € m(X®)}. Thus R;/m/R; is a free L’-module
with a basis m(X ®). Tt follows from Suzuki ([7], Theorem 1) that m(X ®) is
an m/-adic free basis of the R/-module R;. Therefore X is an m;-adic p-basis
of R;/R, by Lemma 2.5. We set T := R'[X], q; := p; N T, and T; = Ty,.
Then (T,q1,...,q,) is a semi-local ring. We may assume that R; D T; D R).
Furthermore, we see that T; = R[X (i)]. Since X@ is p-independent over R}
for every i (i =1,...,r), X is p-independent over R’. Furthermore, since X Q)
is an m;-adic p-basis of R;/R}, then R; is faithfully flat over T; for every ¢ (i =
1,...,r) by Lemma 2.5, and hence R is faithfully flat over T'. For any a € R,
since R; = T;+mR;, there are elements t; € T', s; € p,Rand u; € Rp—pgp) such
that w;a = s;+t; (i =1,...,7). Since p; (¢ = 1,...,r) are the distinct maximal
ideals of R’, there exist elements ¢; (i = 1,...,r) of R’ such that ¢; & p} and
ci € ﬂj#p;. Putting g := cyui+- - ~+c¢pu,., then we see that ¢ is a unit of R’. For
anya € R,a=g 'ga =g Y151+ - -+crs) g Heti+. . . +cpty) € TH0R.
This implies that R = T + n’R. Therefore we have that R =T +n" (n > 1).
We set a := q1N---Nq, (the Jacobson radical of 7). Then we see that n = aR.
Furthermore, since R is faithfully flat over T', it holds that n”NT = a” (n > 1).
Consequently, X is an n-adic p-basis of R/R’'. O

easy to check that z

Corollary 3.6. The following two conditions are equivalent;:
(1) R/R' has an n-adic p-basis.
(2) R/R’ has locally adic p-bases which have the same cardinal number.

Now we shall prove the generalization of Theorem 3.4 of Furuya and Niit-
suma [1]. Before the proof, we notice that a regular semi-local ring is Noethe-
rian.

Theorem 3.7. Let R be a regular semi-local ring with char(R) = p, R' a
Noetherian subring of R such that R? C R’ and let n be the Jacobson radical
of R. Then the following two conditions are equivalent:

(1) R/R’ has an n-adic p-basis.

(2) R’ is regular and R/R’ satisfies property (P).

Proof. (1) =-(2). Since R/R’ has an n-adic p-basis, R;/R, has an m;-adic
p-basis by Theorem 3.4. It follows from Furuya and Niitsuma ([1], Theorem
3.4) that R/ is regular. Therefore R’ is regular.

(2) = (1). Since R’ is regular, R} is a regular local ring. Hence R;/R) has
an m;-adic p-basis by Theorem 3.4 of [1]. Thus R/R’ has locally adic p-bases
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which have the same cardinal number by Proposition 3.3. Therefore R/R’ has
an n-adic p-basis by Theorem 3.5. |
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