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Abstract. In the present investigation, we obtain some subordination and
superordination results involving Hadamard product for certain normalized an-
alytic functions in the open unit disk. Our results extend corresponding previ-
ously known results.
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§1. Introduction

Let ‘H be the class of analytic functions in U := {z : |z| < 1} and H(a,n) be
the subclass of H consisting of functions of the form

_ n ntl
n n .
f(z)=a+apz" + apt12"" +

Let A be the subclass of H consisting of functions of the form
[ee]
f(z)=z+ Z anz".
n=2

Let p, h € Hand let ¢(r,s,t;2) : C3xU — C. If pand ¢(p(2), zp' (2), 22" (2); 2)
are univalent and if p satisfies the second order superordination

(L.1) h(z) < ¢(p(2), 2p'(2), 2°p" (2); 2),

then p is a solution of the differential superordination (1.1). (If f is subordi-
nate to F', then F' is superordinate to f.) An analytic function ¢ is called a
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subordinant if ¢ < p for all p satisfying (1.1). A univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinants ¢ of (1.1) is said to be the best subordinant.
Recently Miller and Mocanu[12] obtained conditions on h, ¢ and ¢ for which
the following implication holds:

h(z) < ¢(p(2), 20’ (2), 2°D" (2); 2) = q(2) < p(2).

For two functions f(z) = z+ > " g anz" and g(z) = z + Y2, by2", the
Hadamard product (or convolution) of f and g is defined by

(Feg)(2) =2+ 3 anbuz" =: (g% f)(2).
n=2

Fora; e C (j=1,2,...,0)and 8; € C\{0,-1,-2,...} (j =1,2,...m), the
generalized hypergeometric function Fp,(aq, ..., 01, -, Bm; 2) is defined by
the infinite series

((<m+1;l,meNy:={0,1,2,...}),
where (a),, is the Pochhammer symbol defined by

_I'la+n) [ 1, (n=0);
(@) .—W—{ ala+1)(a+2)...(a+n—-1), (neN:={1,2,3...}).

Corresponding to the function
h(alw“?al;ﬁlu"wﬁm;z) =z lFm(a17‘”)al;ﬁlw‘wﬁm;z)v

the Dziok-Srivastava operator [6] (see also [7, 20]) H! (a1,... ;81 .., Bm)
is defined by the Hadamard product

H}n(ala"'7al;ﬁ17"'7ﬁm)f(z) = h(alw"aal;ﬁlv"'aﬁm;z)*f(z)

— 5 = (Oél)n,1 s (O[l)nfl anz
(1.2) =2+ B G T

n

n=2

For brevity, we write

Hﬁl[al]f(z) = an(al, ces a3 B1y ey B f(2).

It is easy to verify from (1.2) that

(1.3) 2(Hp ] f(2)) = enHplan + 11f(2) = (1 = ) Hy, [en] f(2)-
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Special cases of the Dziok-Srivastava linear operator includes the Hohlov
linear operator [§8], the Carlson-Shaffer linear operator L(a, ¢) [5], the Ruscheweyh
derivative operator D" [18], the generalized Bernardi-Libera-Livingston linear
integral operator (cf. [2], [9], [10]) and the Srivastava-Owa fractional derivative
operators (cf. [16], [17]).

Using the results of Miller and Mocanu[12], Bulboaca [4] considered certain
classes of first order differential superordinations as well as superordination-
preserving integral operators (see [3]). Recently many authors [1, 13, 14, 19]
have used the results of Bulboaca [4] and shown some sufficient conditions
applying first order differential subordinations and superordinations.

The main object of the present paper is to find sufficient condition for
certain normalized analytic functions f(z) in U such that (f % ¥)(z) # 0 and

f to satisfy
(f +®)(2)
(f +¥)(2)
where ¢1, g2 are given univalent functions in U and ®(z) = z + > A\,2",
n=2

U(z) =z + Z pn2" are analytic functions in U with A, > 0, p, > 0 and

q1(z) < < q2(2),

A > - Further the results are extended to Dziok-Srivastava linear operator.
Also we obtain number of known results as special cases.

§2. Subordination and Superordination Results

For our present investigation, we shall need the following:

Definition 2.1. _[12] Denote by @, the set of all functions f that are analytic
and injective on U — E(f), where

B(f) = {¢ € U : lim f(2) = oo}

and are such that f/(¢) # 0 for ¢ € 9U — E(f).

Lemma 2.2. [11] Let q be univalent in the unit disk U and 0 and ¢ be analytic
in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Set

U(2) = 2q'(2)d(q(2))  and  h(z) = 0(q(2)) + ¥(2).
Suppose that

1. Y(2) is starlike univalent in U and

2. Re{Zh/iz)} >0 forzeU.
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If p is analytic with p(0) = ¢(0), p(U) C D and

(2.1) 0(p(2)) + 2p'(2)6(p(2)) < 0(q(2)) + 2q'(2)$(q(2)),

then
p(2) < q(2)

and q is the best dominant.

Lemma 2.3. [4] Let q be convex univalent in the unit disk U and ¥ and ¢ be
analytic in a domain D containing q(U). Suppose that

1. Re{¥(q(2))/p(q(2)} >0 for z€ U and
2. Y(z) = 2q'(2)p(q(2)) is starlike univalent in U.

If p(z) € H[q(0),1] N Q, with p(U) C D, and 9(p(2)) + 20" (2)¢(p(2)) is univa-
lent in U and

(2.2) 9(q(2)) + 2¢'(2)p(a(2)) < 9(p(2)) + 2p'(2)0(p(2));
then q(z) < p(z) and q is the best subordinant.
Using Lemma 2.2, we first prove the following theorem.

Theorem 2.4. Let &,V € A, v # 0 and «, B be the complexr numbers and
q(2) be convex univalent in U with q(0) = 1. Further assume that

(2.3) Re{ﬂ qy(z) - ZZES) + <1 + Zj,zg))} >0 (zeU).

If f € A satisfies

(2.4) Ti(f, 8,7, a, 8, 7) < a+ Bg(z) + vzjgz),
where
L))
Ti(f @ W, 0 6, 9) = a0 s
(25 MREEDICETEr o

(f*®)(2) #0 and (f x¥)(z) # 0, then

and q is the best dominant.



DIFFERENTIAL SUBORDINATIONS AND SUPERORDINATIONS 241

Proof. Define the function p(z) by
(f = ®)(2)
(f = ¥)(z)

Then the function p(z) is analytic in U and p(0) = 1. Therefore, by making
use of (2.6), we obtain

D)) 29 (W@
a+6(f*\P)(z)+7 F+0)(2)  (f+0)(2) + Bp(z) +v

By using (2.7) in (2.4), we have

(2.6) p(z) = (z€U).

2p'(2)
p(2)

zp'(2) 2q'(2)
(2.7) o+ Bp(z) +7 ) < a+0q(z) +~v )
By setting
~

O(w):=a+ pw and ¢(w):= o

it can be easily observed that 6(w) and ¢(w) are analytic in C — {0} and that
¢(w) # 0. Hence the result now follows by an application of Lemma 2.2. [

. H! *® H! x
Taking p(2) = ‘il and p(2) = gl
obtain the following two theorems.

respectively we

Theorem 2.5. Let &,V € A, v # 0 and «, B be the complexr numbers and
q(z) be convexr univalent in A with q(0) = 1. Further assume that (2.3) holds
true. If f € A satisfies

(2.8) Tao(f, &0, o, §.79) < o+ fa(2) + 73(()) ,

where

TQ(f) q))qlvaa 577) =
Hiylea +1](f+®)(2)

(2.9) @+ B Tl )
HY, [0142](f59)(2) HY, [o1+1](f0)(2)
ty (e + D)o e — Lm0 1] ’

then
Hy[on +1(f + ®)(2)

HiJon](f * ¥)(2)

and q is the best dominant.

< q(2)
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Theorem 2.6. Let &,V € A, v # 0 and «, B be the complex numbers and
q(z) be convexr univalent in A with q(0) = 1. Further assume that (2.3) holds
true. If f € A satisfies

(2.10) T(f, @, o, §.79) < o+ fa(2) + 73(()) ,

where

T3(f7 (I)7 \117 «, ﬁ)’y) =
a4 Tl )

(2.11) T a1 +1](F*¥)(=)
HL [oa+1](F5®)(2) HL, (01 +2](f*7)(2)
Y™ Hi:[;ﬂ(f*q’)(z; _(0‘1+1)Hm31+11<f*m<§> “]’
then

Hj, [oa](f * ®)(2)
HiJon +1](f * ¥)(2)

and q is the best dominant.

< q(2)

When! =2, m =1,a1 = a,ay = 1and #; = cin Theorem 2.5 and Theorem
2.6, we state the following corollaries for Carlson-Shaffer linear operator L(a, c)

[5]-

Corollary 2.7. Let &, ¥ € A, v # 0 and «, B be the compler numbers and
q(z) be convexr univalent in A with q(0) = 1. Further assume that (2.3) holds
true. If f € A satisfies

@12 T 8 a i) < fa(e) 42 2

where

L{at1,0) (F+2)()
( | @+ B e )
T4 f) q),\I]7()[,/8,’}/ =
L@t2,0)(F0)) _  LlatlLo(f+T)(z)
R [(a LR 7o 2% ) e iy A exo T3 T i

(2.13)

then
L(a+1,¢)(f *®)(2)

La, c)(f * ¥)(2)

and q is the best dominant.

< q(2)
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Corollary 2.8. Let ®, ¥ € A, v # 0 and «, B be the complex numbers and
q(z) be convexr univalent in A with q(0) = 1. Further assume that (2.3) holds
true. If f € A satisfies

2q'(2)
q(2)

(214) T5(f7 (1)7\117 «, ﬁafy) <o+ ﬁQ(Z) +

where
Lia.e) (f+0)(2)
O+ B LT T- ()

T5(f7 (I)7\ij «, ﬁv’y) =
Lla+Lo)(fsd)(z) L{at2.0)(f+¥)(2)
+7 [“ L~ (@t D iagmue T 1

)

(2.15)

then
L(a,c)(f » ®)(2)
Tatlof e 1@

and q is the best dominant.

By fixing ®(z) = ﬁ and ¥(z) = 1% in Theorem 2.4, we obtain the

following corollary.

Corollary 2.9. Let v # 0, a, (8 be the compler numbers and q be convex
univalent in U with q(0) =1 and (2.3) holds true. If f € A satisfies

2 SO Lo e o2
wrO-n3f5 oo (10 55 <av s 03
then 70

78 q(2)

and q is the best dominant.

Specializing the values of & = 1, § = 0, ¢(2) = W (b € C —{0}),
= 7, ®(2) = = and ¥(z) = z in Theorem 2.4, we have the following

1-2
corollary as stated in [21].

Corollary 2.10. Let b be a non zero complex number. If f € A and

1 [zf'(2) 1+2
”E[ﬂz) —1}<:,

then

and W 1s the best dominant.
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Similarly for a =1, 3 =10, v = 1, q(z) = W (be C—-{0}), ®(2) =
ﬁ and ¥(z) = z in Theorem 2.4, we have the following corollary as stated
in [21].

Corollary 2.11. Let b be a non zero complex number. If f € A and

1 [2f"(2) 1+2
g [ <
then 1
f@%<aj§§

and ﬁ 1s the best dominant.

Remark 2.12. For the choices ®(z) = ﬁ, U(z) = r‘zz), a=00> -1,
v=1and ¢(z) = k%_z (k > 1) in Theorem 2.4, we get the result obtained by
Obradovic et.al., [15].

By taking Il =2, m =1, a1 =1, as = 1 and f; = 1 in Theorem 2.5 and
Theorem 2.6, we state the following corollaries.

Corollary 2.13. Let &,V € A, v # 0, «a, B be the complex numbers and q be
convex univalent in U with q(0) = 1 and (2.3) holds true. If f € A satisfies

d(f*2)(z) y Afx®)"(z)  2(f*V)'(2)
(f * U)(2) (fx@)(z)  (f=¥)(2)

< a+ Bq(z) +v

(a+9)+p8

2q'(2)

q(z)

with (f *¥)(z) # 0 and (f * ®)'(z) # 0, then
2(f * 2)'(2)
(e <
and q is the best dominant.

Corollary 2.14. Let &,V € A and v # 0, o, 3 be the complex numbers. Let q
be convez univalent in U with ¢(0) =1 and (2.3) holds true. If f € A satisfies
(f *®)(2) 2fx®)(2)  2(f+9)"(2)

=N+ e T e o)

2q'(2)
< a+Bq(z) +~v 0
with (f *®)(z) #0 and (f * V)" (z) # 0, then
ro)E) |
EFRTIE I

and q is the best dominant.
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By fixing ®(z) = 1% and ¥(z) = 1Z; in Theorem 2.5 and Theorem 2.6 we
obtain the following corollaries.

Corollary 2.15. Let v # 0, a, B be the complex numbers and q be convex
univalent in U with ¢(0) =1 and (2.3) holds true. If f € A satisfies

Hilen +1]f(2)

Ol ()
Hplon+21f(2) N Hhloa +1]f(2)
DTG M i)
2q'(z)
<a+ﬁﬂd+vq@),
then

Hj,lon +1]f(2)
H}y o] f(2)

<q(z)
and q is the best dominant.

Corollary 2.16. Let v # 0, a, (8 be the complex numbers and q be convex
univalent in U with q(0) = 1 and (2.3) holds true. If f € A satisfies

Hl [on]f (2)

Hl [oq +1]f(2)

H. [ay +11f(2)
Hl o] f(2)

a+f

Hj[on +2]f(2)

H oo 1 1/(2) |

—(a1—|—1)

+7 |

2q'(2)

<a+ﬁﬂ@+7q@),

then l (@)
H o] f(2
s+ 175 )

and q is the best dominant.

By fixing ®(z) = 1% and ¥(z) = 1Z; in Corollary 2.13, Corollary 2.14 and

alsol=2, m=1,a1 =1, as =1 and f; = 1 in Corollary 2.15, Corollary 2.16
we obtain the following corollaries.

Corollary 2.17. Let v # 0, a, 8 be the complex numbers and q be convex
univalent in U with q(0) =1 and (2.3) holds true. If f € A satisfies

S [0 @]
6 +”[ff(z) f<z>]* *Palz)

2q'(2)
q(z)

(a+7)+8
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then

)

75 q(z)

and q is the best dominant.

Corollary 2.18. Let v # 0, a, 8 be the complex numbers and q be convex
univalent in U with q(0) =1 and (2.3) holds true. If f € A satisfies

) L @) )
e R L T S T B I T
then
SLERty

and q is the best dominant.

Theorem 2.19. Let &,V € A and v # 0, a, B be the complex numbers. Let
q be convex univalent in U with q(0) = 1. Assume that

(2.16) Re {78q(z)} > 0.
Let f € A, 8:38 € H[q(0),1]NQ. Let Y1(f, P, ¥, , 3,7) be univalent in U
and
(2.17) a-+ Ba(2) 4274 <1 (.0,0,06.),
where Y1(f, ®, U, «, 3,7) is given by (2.5) with (f+«P)(z) # 0 and (f*V)(z) #
0, then
(f*2)(2)
1)~ P

and q is the best subordinant.

Proof. Define the function p(z) by

(f + @)(2)
(f*¥)(2)

Simple computation from (2.18), we get,

(2.18) p(z) ==

B 2p'(2)
Ti(f, @, ¥, 0, 8,7) = a+ Bp(z) +v )

then , ,
ot Ba(z) 17722 Lot pp(z) 142 E)

q(z)

p(2)
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By setting ¥(w) = o + fw and ¢(w) = L, it is easily observed that ¥(w) is
analytic in C. Also, ¢(w) is analytic in C — {0} and that ¢(w) # 0.

Since ¢(z) is convex univalent function, it follows that

{7
a { oa(2)

Now Theorem 2.19 follows by applying Lemma 2.3. U

} =R{F6q(2)} >0, zelU.

Theorem 2.20. Let &,V € A. Let v # 0, o and (3 be the complex num-
bers. Let q be conver univalent in U with q(0) = 1. Assume that (2.16) holds

! *
true. Let [ € A, Hgﬁ;ﬁl(];fwi)z()z) € H[q(0),1] N Q. Let To(f, &, ¥, v, 8,7) be

univalent in U and

2q'(2)
q(2)

(219) a+6Q(Z) + < TQ(f7(I)7\II7a>ﬁ>7)7

where To(f, @, ¥, a, 3,7) is given by (2.9), then

Hj,lon +1)(f * 2)(2)
Hfon](f * ¥)(2)

q(z) <

and q is the best subordinant.

Theorem 2.21. Let &,V € A. Let v # 0, a and (3 be the compler num-
bers. Let q be convex univalent in U with q(0) = 1. Assume that (2.16) holds

! (0% * z
true. Let f € A, HIZ—ImTOl[li}l(]f(f(f‘)If()()Z) € H[q(0),1] N Q. Let Ys(f, ®,¥,,3,7) be

univalent in U and

2q'(2)
q(2)

where Ts(f, @, ¥, «, 3,7) is given by (2.11), then

(2.20) a+ Bq(z) + < To(f,®,V,q,5,7),

Hj, o] (f * ®)(2)

W) = Hl o+ 1](F» 0)(2)

and q is the best subordinant.

: _ HpJoa+1](f+®)(2) _ _Hp[aa](f*®)(2)

For the Choices of p(z) = (e 0)(2) and p(z) = A1 (7 0) () the
proofs of Theorem 2.20 and Theorem 2.21 are lines similar to the proof of
Theorem 2.19, so we omitted the proofs of Theorems 2.20 and 2.21.

When !l =2, m =1, a1 = a, as = 1 and #; = ¢ in Theorem 2.20 and

Theorem 2.21, we state the following corollary.
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Corollary 2.22. Let &,V € A. Let v # 0, a and 3 be the complex numbers.
Let q be conver univalent in U with q(0) = 1 and (2.16) holds true. If f € A

and /()
zq'(z
q(z) _< T4(f7 ¢7qj7a76?7)7

where Ty4(f, @, ¥, a, B,7) is given by (2.13), then

L(a+1,¢)(f *®)(z)
L(a,c)(f = ¥)(z)

a+Bq(z) +

q(z) <

and q is the best subordinant.

Corollary 2.23. Let &,V € A. Let v # 0, a and 3 be the complex numbers.
Let q be conver univalent in U with q(0) = 1 and (2.16) holds true. If f € A

and /(2)
z2q'(z
Q(Z) '<T5(f7q)7\117a76>7)7

where Ts(f, @, ¥, a, B,7) is given by (2.15), then

L(a,o)(f = ®)(2)
L(a+1,0)(f x¥)(2)

a+ Bq(z) +v

q(z) <

and q is the best subordinant.

Whenl =2, m =1, a1 =1, as = 1 and ; = 1 in Theorem 2.20 and
Theorem 2.21, we derive the following corollaries.

Corollary 2.24. Let &, W € A. Let v # 0, a and 3 be the complex numbers.
Let q be convex univalent in U with q(0) = 1 and (2.16) holds true. If f € A
and

2q'(2) d(f*2)() | y [+ 2)"(2)  2(fxV)(2)
q(2) (f *)(2) (fx@)(z)  (f+¥)(2)

with (f *W)(z) #0 and (f * ®)'(2) # 0, then

2(f + ®)'(2)
(f * 0)(2)

o+ Bq(z) + v <(a+7)+p

q(z) <

and q is the best subordinant.

Corollary 2.25. Let &, ¥ € A. Let v # 0, a and 3 be the complex numbers.
Let q be convex univalent in U with q(0) = 1 and (2.16) holds true. If f € A
and

2q'(2)
q(2)

(J}* ‘P)(/z) +r Afx®)(2) 2+ 9)'(2)

a+ Bq(2) +v (f *®)(z) (f*¥)(2)
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with (f x®)(2) #0 and (f * ¥)'(2) # 0, then
(f *@)(2)
TR I
and q is the best subordinant.

By Taking l =2, m=1,a; =1, as =1 and 81 = 1 in Theorem 2.20 and
Theorem 2.21 and by fixing ®(z) = ¥(z) = 1% in Corollary 2.24 and 2.25,
we obtain the following corollaries.

Corollary 2.26. Let v # 0, o and 3 be the complex numbers. Let q be convex
uniwvalent in U with q(0) = 1 and (2.16) holds true. If f € A and

(2) G L [ )
kPl F ey X e+ B ”[ff(z) f(Z)}’
then f/( )
q(z) < )

and q is the best subordinant.

Corollary 2.27. Let v # 0, a and 3 be the complexr numbers. Let q be convex
univalent in U with ¢(0) =1 and (2.16) holds true. If f € A and

2 (2) i) [ ) )
R o o os Sl R T R T
then f( )
1 =25

and q is the best subordinant.

We Conclude this paper by stating the following sandwich results.

§3. Sandwich Results

Theorem 3.1. Let g1 and g2 be convex univalent in U, v # 0 and «, (B be

the complex numbers. Let &,V € A. Suppose qo satisfies (2.3) and q1 satisfies
(2.16). Moreover suppose 8::3;;8 € HIL1NQ and T1(f, P, V,«,3,7) is
univalent in U. If f € A satisfies

2q5(2)
q2(2)

2q;(2)
q1(2)

Oé‘i‘ﬁ(h(z)‘i"y KTl(qu)a\IjaO‘a/Bv’Y)'<O[+QQQ(Z)+’V

9
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where Y1(f, ®, U, «, B,7) is given by (2.5) with (f+«®)(z) # 0 and (f*V)(z) #

0, then ( @)
f*x®)(z
w0

and q1, q2 are respectively the best subordinant and best dominant.

By taking q1(z) = %i—g;i (-1 < B < A; < 1) and qo(2) = }iéﬁi (-1<

By < A3 < 1) in Theorem 3.1 we obtain the following result.

Corollary 3.2. Let &, € A. If f € A, g:gg% € H[L,1]NQ and

Yi(f,®, ¥, «, B,7) is univalent in U. Further

1—|—A12’> ’y(Al —Bl)z
1+ Bz (1—|—A12)(1+Blz)
< ’rl(fu(p7 \Ilaaalgufy)

-<oz+ﬁ<

a+ﬁ<

1+A22> ’)/(AQ —BQ)Z
1+ Baz (14 A2)(1 + Bg2)

where T1(f, @, ¥, a, 5,7) is given by (2.5) with (f*®)(z) # 0 and (f*V)(z) #
0, th
o 1+ A1z (f+®)(2) 1+ Asz

1+ Bz (f*x¥)(2) 1+ Bsz

are respectively the best subordinant and best dominant.

1+A12 1+Asz2
1+B1z’ 14+Boz

and

Theorem 3.3. Let g1 and qo be convex univalent in U, v # 0 and «, (3 be
the complex numbers. Let ®,V € A. Suppose qo satisfies (2.3) and q1 satisfies

Hy loa+1](f+®)(2)
(2.16). Moreover suppose W € HIL,1]NQ and Yo f, P, V¥, , 5,7)

is univalent in U. If f € A satisfies

2q1(2)
a1(2)
where To(f, @, ¥, v, 3,7) is given by (2.9), then
Hjlen +1](f * )(2)
H Jea](f * ¥)(2)

and q1, qo are respectively the best subordinant and best dominant.

a+ Bqi(z) +

2q5(z
< To(f, 2, %, 0,8,7) < a+ Bea(2) + q%( )

q1(z) < < q(z2)

Theorem 3.4. Let g1 and g2 be convex univalent in U, v # 0 and «, (B be
the complex numbers. Let &,V € A. Suppose qo satisfies (2.3) and q1 satisfies

H} loa](f+®)(2)
(2.16). Moreover suppose an[af:lrl}(f*‘l/)z(z) € H[1,1]NQ and Ts(f, P, V¥, a, 3,7)

is univalent in U. If f € A satisfies

2q5(2)
q2(2)

2q1(2)

q1(2)

Oé‘i‘ﬁ(Jl(Z)‘i"Y _<T3(f7q)7\11104a/877)'<O[+QQQ(Z)+’V

9



DIFFERENTIAL SUBORDINATIONS AND SUPERORDINATIONS 251

where Ts(f, @, ¥, «, B,7) is given by (2.11), then

L fon](f = 2)(2)
B H o+ g7 ) 2

and q1, qo are respectively the best subordinant and best dominant.
By making use of Corollaries 2.7 and 2.22, we state the following corollary.

Corollary 3.5. Let g1 and ga be convexr univalent in U, v # 0 and «, § be
the complex numbers. Let &,V € A. Suppose qo satisfies (2.3) and q1 satisfies
(2.16). Moreover suppose %JW e H[1,1]NQ and Y4(f, P, ¥, a, B,7)
is univalent in U. If f € A satisfies

ot B (2) 728 (50 w8y < ot Baa(e) + 2R
q1(2) 0(2)

where T4(f, @, ¥, a, B,7) is given by (2.13), then

Lia+1,¢)(f * ®)(2)
L(a,c)(f * V)(z)

and q1, qo are respectively the best subordinant and best dominant.

q1(z) < < q2(2)

By making use of Corollaries 2.8 and 2.23, we state the following corollary.

Corollary 3.6. Let g1 and ga be convexr univalent in U, v # 0 and «, § be

the complex numbers. Let &,V € A. Suppose qo satisfies (2.3) and q1 satisfies
(2.16). Moreover suppose Wm e H[1,1]NQ and T5(f, @, ¥, o, 3,7)
is univalent in U. If f € A satisfies

o+ B01(2) + 7288 LT (50w 0 87) < a + Baae) + 7223
) e

where Ts(f, @, ¥, a, 3,7) is given by (2.15), then

L{a,0)(f * ®)(2)
L{a+Lo)(J » 1)(2)

q1(z) < < q(z2)

and q1, qo are respectively the best subordinant and best dominant.
By making use of Corollaries 2.13 and 2.24, we state the following corollary.

Corollary 3.7. Let g1 and ga be convexr univalent in U, v # 0 and «, § be
the complex numbers. Let &,V € A. Suppose qo satisfies (2.3) and q1 satisfies
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(2.16). Moreover suppose %w e H[1,1]NQ and (a + ) +ﬂz(f*<1> () +

(f+¥)(2)
Y [Z{ffgf/(ij) — Z((}c:é’))(g)] is univalent in U. If f € A satisfies

24 (2)
q1(2)

<(a+v)+p

a+ Bqi(z) +v
2(f*®)(2) oy Afx2)"(z)  2(f*¥)'(2)
(f +¥)(2) (fx®)(z)  (fx¥)(2)
245(2)

02(2)

with (f «*¥)(z) # 0 and (f * ®)'(z) # 0, then

A(f * B (2)
1) = 1))

< a+ Bga(z) +v

< QQ(Z)

and q1, qo are respectively the best subordinant and best dominant.
By making use of Corollaries 2.14 and 2.25, we state the following corollary.

Corollary 3.8. Let g1 and ga be convexr univalent in U, v # 0 and «, (8 be
the complex numbers. Let &,V € A. Suppose qo satisfies (2.3) and q1 satisfies

(2.16). Moreover suppose % € H[1,1]NQ and (o —7) + ﬂz(ﬁ?(z) +

y [sz*i’}(ii) - z{f*i’}(ij)] is univalent in U. If f € A satisfies

@+ n(z) + 740
) (2 | [/ = = 0)'()
SN T e (0
2q5(2)

with (f * ®)(z) #0 and (f * V)" (z) # 0, then

(f = ®)(2)
nE =y <2
and q1, qo are respectively the best subordinant and best dominant.

By making use of Corollaries 2.17 and 2.26, we state the following corollary.

Corollary 3.9. Let q1 and g2 be convex univalent in U, v # 0 and «, 3 be the
complex numbers. Suppose qo satisfies (2.3) and q1 satisfies (2.16). Moreover
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suppose f(()) € H[1,1]NQ and (a—l—’y)—l—ﬂzjf(g +7 [ f((i) - Z]{(g)] is univalent

in U. If f € A satisfies

oot [
<t (o) +o
then /
@ (z) < Z]{(S) < g2(2)

and q1, q2 are respectively the best subordinant and best dominant.
By making use of Corollaries 2.18 and 2.27, we state the following corollary.

Corollary 3.10. Let g1 and qs be convexr univalent in U, v # 0 and «, (8 be the
complex numbers. Suppose qo satisfies (2.3) and q1 satisfies (2.16). Moreover

suppose Z?E()) € H[1,1]NQ and a—I—ﬁZ{fEZ — [1 + Z;/IES) - ZJ{ES)] 1s univalent
in U. If f € A satisfies

R
<t 41505,
then
0 (z) < Zj}sz) )

and q1, q2 are respectively the best subordinant and best dominant.
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