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Abstract. In the present paper, the authors derive differential sandwich the-
orems involving convolution product for certain subclasses of multivalent nor-
malized analytic functions in the open unit disk. The results in this paper
generalize many earlier results in the literature.
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§1. Introduction and Motivations

Let H = H(A) be the space of all analytic functions in the open unit
disk A := {z: |z| < 1}. For n a positive integer and a € C, let H|a,n| be the
subclass of H consisting of functions of the form

f(z)=a+ayz" + 12" 4

With a view to recalling the principle of subordination between analytic
functions, let the functions f and g be analytic in A. Then we say that f is
subordinate to g if there exists a Schwarz function w, analytic in A with

w0)=0 and |w(z)]<1l (z€A),

such that
f(z) = g(w(z)) (z€A).
We denote this subordination by

f=<g or f(z)<g(2) (z€A).

43



44 OM P. AHUJA, G. MURUGUSUNDARAMOORTHY AND S. SIVASUBRAMANIAN

In particular, if the function ¢ is univalent in A, the above subordination is
equivalent to

f(0)=9(0) and f(A)Cg(A).
Let p, h € Handlet ¢(r,s,t;2) : C3xA — C. If pand ¢(p(2), 2p'(2), 220" (2);
are univalent and if p satisfies the second order subordination

(1.1) o(p(2), 20 (2), 2°D" (2); 2) < h(2)

then p is a solution of the differential subordination (1.1). Similarly, if p
and ¢(p(2), 2p'(z), 2%p"(2); 2) are univalent and if p satisfies the second order
superordination

(1.2) h(z) < ¢(p(2), 20 (), 2°p"(2); 2),

then p is a solution of the differential superordination (1.2). (If f is subordinate
to F, then F is called to be superordinate to f.) Also, an analytic function
¢1 is a dominant if p < ¢ for all p satisfying (1.1)and an analytic function ¢
is called a subordinant if ¢ < p for all p satisfying (1.2) and . An univalent
dominant ¢; that satisfies ¢ < ¢ for all dominant ¢ of (1.1) is said to be
the best dominant and an univalent subordinant ¢ that satisfies ¢ < ¢ for all
subordinants g of (1.2) is said to be the best subordinant. Recently Miller
and Mocanu [6] obtained conditions on h, g and ¢ for which the following
implication holds:

h(z) < é(p(2), 2/ (2), 2°D"(2); 2) = a(2) < p(2).

Using the results of Miller and Mocanu [6], Bulboaca [2] considered certain
classes of first order differential superordinations as well as superordination-
preserving integral operators [1]. Shanmugam et al. [14] obtained sufficient
conditions for a normalized analytic functions f(z) to satisfy

f(z) 2 f'(2)
2f'(2) {£(=)}*
where ¢; and ¢ are given univalent functions in A with ¢;(0) = 1 and

¢2(0) = 1. On the other hand, Obradovi¢ and Owa [7] obtained subordina-
f)\"

tion results for the quantity | —— | . A detailed investigation of starlike
z

@1(z) < < q2(2) and ¢ (z) < < q2(2),

functions of complex order and convex functions of complex order using Briot—
Bouquet differential subordination technique has been studied very recently
by Srivastava and Lashin [20].

Let A, denote the class of all analytic and p-valent functions f of the form

(1.3) f)=2"+ ) anz" (z€A),

n=p+1

2)
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and A := A;, where p € N:={1,2,3,---}. For any two analytic functions f
given by (1.3) and g given by

)
g(z) =2+ Z bnzny
n=p+1

their Hadamard product (or convolution) is the function f * g defined by

(1.4) (f*xg)(z) =2+ Z anbpz",

n=p+1

we choose g as a fixed function in A, such that (f * g)(z) exist for any f(z) €
A,. For various choices of b, we get different linear operators which has been
studied in recent past.

For example, if the coefficient of b, in (1.4) are chosen as

A k
(ZiA) (A>0; keZ),

then the convolution (1.4) yields the operator J,(A, k)f := A, — A, called
the multiplier transformation(see also [3]), and when A = 0 it is interesting to

note that it lead to the the p-valent Sdlagean operator D;f f(z) introduced by
Shenan et al. [18]. Further, if

> ()pn—p---()p—p 2" .
= P
g(z) = 2P + n:ip“ B)nep - By (=) then the convolution (1.4)

gives the Dziok and Srivastava operator [4]

Mo, az, - ap; B1, B2, Bms 2) f(2) = Hf f(2) = (f % 9)(2);

where a1, a9, -, 81,82, ..., Bn are complex parameters,

B; ¢{0,—-1,-2,---} for j=1,2,--- ;m, l <m+1,1l,m € NU{0} . Here (a),
denotes the well-known Pochhammer symbol (or shifted factorial). Special
cases of Dziok and Srivastava operator [4] includes the Hohlov linear operator,
Carlson-Shaffer operator Ly (a, ¢), p-valent Ruscheweyh operator D P=1[9] as
well as its generalized version, the Bernardi-Libera-Livingston operator and
Srivastava-Owa fractional derivative operator.

In an earlier investigation, a sequence of results using differential sub-
ordination with convolution for the univalent case has been studied by Shan-
mugam [13]. A systematic study of the subordination and superordination
using certain operators under the univalent case has also been studied by
Shanmugam et al. [15, 16].

The main object of the present sequel to the aforementioned works is to
apply a method based on the differential subordination in order to derive sev-
eral subordination results for the p—valent functions involving the Hadamard
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product. Furthermore, as special cases, we also obtain corresponding results of
Obradovi¢ and Tuneski [8], Ponnusamy and Rajasekaran [10], Ravichandran
[11], Ravichandran and Darus [12], Shanmugam et al. [14, 17], Singh [19] and
Tuneski [21].

§2. Main Results

In order to investigate our subordination and superordination results, we recall
the following known results.

Definition 2.1. [6, Definition 2, p. 817] Denote by @, the set of all functions
f that are analytic and injective on A — E(f), where

B(f) = {¢ €08 m (=) = oc},

and are such that f'(¢) # 0 for € A — E(f).

Theorem A [5, Theorem 3.4h, p. 132] Let ¢ be an univalent function in A
and let 0 and ¢ be analytic in a domain D containing ¢(A) with ¢(w) # 0

when w € ¢(A). Set Q(2) = 2q'(2)d(q(2)), h(2) = 0 (q(2)) + Q(2). Suppose
that

1. Q is starlike univalent in A, and

zh'(2) 0'(q(2) | 2Q'(2)
23?(@(2)) %<¢(q(z))+ Q(Z)>>OforalleA.
If 4 is analytic in A, with (0) = ¢(0), ¥(A) C D and

0 ((2)) + 20" (2)6(1(2)) < 6 (a(2)) + 2¢'(2)¢(q(2)),  then ¥(2) < q(z) and ¢
is the best dominant.

Theorem B [2] Let the function g be univalent in the unit disk A and ¥ and
¢ be analytic in a domain D containing ¢(A). Suppose that

P (a(2))
" Lom(z))

2. Q(z)= z¢'(2)p(q(z)) is starlike univalent in A.

If p € H[g(0),1] N Q, with p(A) C D, and 9(p(2)) + 2p'(2)¢(p(2)) is univalent
in A, and

]>0forallz€A,

0 (q(2)) + 24 (2)p(q(2)) < 9 (p(2)) + 20" (2)p(p(2)),

then ¢(z) < p(z) and ¢ is the best subordinant.
We now prove the following result involving differential subordination be-
tween analytic functions.
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Theorem 2.2. Let the function q be analytic and univalent in A such that
q(z) # 0. Let z € A, o, 6, &, 71, 01,02, 03 € C and suppose at least one of
01,02, 03 € C is non-zero. Suppose q satisfies

(2.1)

- (1 N <£q2(2) +20¢°(2) —%) _2d(2) (M d2q(2) + 205 > N ZQ”(Z)> >0

01¢2(2) + 02q(2) + 93 q(2) 2(z) + b2q(z) + 03 7 (z)
and
2q"(2) B 2q'(2) d2q(z) + 283
22) v (1055 - 0 (et e ) >
Let
(2.3)

2(frg)'(2)
0‘+f( f*g)(Z))
fx9)"(2) p(fx9)(2) \*
+0 (p(f*g)(Z)> tm <Z(f*g)/(2))
2(fx9)"(2) _ 2(fx9)'(2) 2(fx9) () M
th {H Fa) )~ (Fa)() ] {52+61{p(f*g)(Z)} }

2(fx0)"(2) _ 2(fx0)(2) ]| [ pUf*a)(2) \*
+3p {” Fa) )~ (Fa)(2) } (Z(f*g)’(2)>

\I/(f7guu7£a6a 63 71a61753) =

for some p € C\ {0}. If f € A, satisfies the following subordination
(2.4)

B g0 8.70,01.80) < @ 0(2) 002+ T ()46 L 10y T
then

L) ()
25) (p (f*9)(2) ) =)

and q 1s the best dominant.

Proof. Define the function v by
1 Z(f*g)’(2)>”
2.6 = -
20 o= (s
so that, by a straightforward computation, we have
z'(2) _ y [1 L Ax9)"(2) Z(f*g)’(Z)]
¥(z) (f+9)'(z)  (f*x9)(z)
which, in light of hypothesis (2.4) yields

a+E(z) + 0(y(2))? +m+5lzw( z) + 02

W) | ()
o) )

" 2q(2) | o 2q(2)
<@+ €a() + a2+ s+ e () + B B
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By setting

5 0
w)i=a+fw+dw®+ L and  Gw) =6+ 2+ 2
w w  w

we obtain
0(v(2)) + 20" (2)o(1(2)) < 0(a(2)) + 2¢'(2)d(q(2)).
It can be easily observed that 6 and ¢ are analytic in C \ {0} and that
pw) #0 (weC\{0}).
Also, by letting

2q'(2)

(q(2))?

Q(2) = 2¢'(2)(q(2)) = 612¢'(2) + 62 z2q'(2)

q(z) o

and

_ e 2) = a P 2))2 N i (2 Zq,(Z) Zq/(z
h(z) = 0(a(2))+Q(z) = at8a(z)+(a(2)*+ o3 +0120 () 4027 P4 0ap .

we find from (2.2) that @ is starlike univalent in A and that

2(ow) - 2 Gebracs)

Caq(2) [ baglz) + 26, 2q"(2)
4(2) {m?(z) T oaa(2) + 53} e } 0

(Z € A7 «, 6) 57 71, 517627 63 S (C)

by the hypothesis (2.1) and (2.2). The assertion (2.5) now follows by an application
of Theorem A. O

For the choices p = 1, u = 1, g(z) = 1zz,a:71:52:53:0,

&E=1-9,6 =6, and assuming 0 < § < 1, in rEheorem 2.2, we have

Corollary 2.3. [11, Theorem 3, p. 44] If q is convex univalent and 0 < § < 1,

5 <15 +29(2) + (1 + Zq”(z))) >0

§ q'(2)
e F) | 2)
z z z V4 o - 2 . - ’ 5
B +9 ) < (1=68)q(z) +0q°(2) + 62q (2),
then ,
J{(()) a(2)

and q is the best dominant
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For the choices p =1, g(z) = : ,a=0 =20y =03 =7 =0, in Theorem

1—-=2
2.2, we get the following corollary.

Corollary 2.4. Let £,01 € C and p # 0 € C. Let q be univalent in A and
satisfies
)7 () o)
1+ >max< —R([=],0,.
( 7 (2) o1
If fe A, and

(F5) (w5 [+ 75 5] +) <msaer

(i) =

and the dominant q is the best dominant.

then

We remark here that Corollary 2.4 is an improvement of the corresponding
result obtained by Singh [19].

A
Remark 2.5. For q(z) = 1+ T+ £z and 61 = 1, in Corollary 2.4, we get the

result obtained by Singh [19, Theorem 1 (iii), p.571] and by setting ¢(z) =

1

1 — Aztt

/ 7zdt and £ = 1 in Corollary 2.4, we obtain another recent result of
o 14 Azté

Singh [19, Theorem 3, p.573].
For the choices p =1, g(z) = %,azél =0=03=m=0,u=1, and
—z
& =1 in Theorem 2.2, we get the following result obtained by Ravichandran

and Darus [12].

Corollary 2.6. Let 63 # 0 be a complex number. Let q(z) # 0 be univalent
in A and let

and  h(z):=q(z) + Q(z).

Suppose that either (i) h(z) is convex, or (ii) Q(z) is starlike univalent in A.
Further assume that

q(2) 2q"(z)  2q'(2)

If

) Y )
=07y T (” ) ) <@+ 07 o

then Z}CES) < q(z) and q(z) is the best dominant.
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By taking ¢(z) := 1 + z, we observe that the function ¢ is non vanishing

and the function 2¢'(2)/q(z) = 1_7_ is starlike. Also, letting the function
z

]
h(z) = 1+z+i, we have
1+2

zh!(2) 1+z2 1
R = R
Q(z) { o1 +*Z}
1 1 1
> 4+ R|— -
T2 [52 \52|]
> 0

provided
1 1 1
R|l—— —| <=
[|52! 52] 2
Forpzl,g(z):%,azél:5:53:71:0,£zl,u:1and
-z
¢(z) =1+ z in Theorem 2.2, we have the following corollary.

Corollary 2.7. Let 62 € C satisfies

1 1 1
“[wzraz] <3
If ! 1!
(1_52>Z]{(S> 6 <1+ J{f;) DR ffz,
then f’( )
z z
) _1‘“'

The following result of Ponnusamy and Rajasekaran [10] follows from our
corollary 2.7.

Corollary 2.8. (Ponnusamy and Rajasekaran [10]) If f € A satisfies

g8 () v B o
then )
L —-1‘<< 1.
f(z)
The function
2(1—2)

(2.7) q(z) == 5

maps A onto the convex region |q(z) —2/3| < 2/3 and satisfies the conditions
of Theorem 2.2. Hence our Theorem 2.2, for the function ¢(z) given by (2.7),
reduces to the following:
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Corollary 2.9. Let d2 > 0. If

21'(2) < Zf”(2)> 2= (44 6p)z +227
1-6 +0 1+
S T I ST 1-22-2)
then )
) 2| _2
f(z) 3] 3
2 — (4+ 02)z + 222 ) 0
L = . For 2 <1 hz=¢ <
et h(z) A—22-2 or 2/3 <9y <1, withz=¢€" 0<6<
12 4+ 269 — 12cos0 _ 369 .
- > 272 3
27, we have Rh(z) 10— Scosd >~ Thus h(A) contains the half:

plane Rh(z) < 3d2/2. In this case, our Corollary 2.9 gives the following result
of Ponnusamy and Rajasekaran [10]:

Corollary 2.10. Let 2/3 < 62 < 1. If f € A satisfies

R [(1 oL, (1 " Zf"(z>>] 3%

f(2) f'(2) 2’
then
zf'(z) 2] 2
--l< =
flz) 3] 3
Remark 2.11. For the choices p = 1, g(z) = I i o= E=01=0 =08y =

1+ A
m=0,pu=1¢q(z) = 1:::7';, (-1 < B< A<1)in Theorem 2.2, we get the
z

result obtained by Tuneski [21].

Forthechoicesp:1,g(z):1i,a:§:51:5:52:71:O,uzl
-z

1
q(z) = ] + z, in Theorem 2.2, we get the result obtained by Obradovi¢ and
—2z
Tuneski [8].

Corollary 2.12. If f € A satisfies

O

7(2) 2z
I 2N S
='(2) 1 2
) (1+2)
then
2f'(2) 14z

f(2) = 1—2z
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Theorem 2.13. Let g be analytic and univalent in A such that q(z) # 0.
Let z € A, «, 9, &, v1, 01,02, 03 € C and suppose at least one of 41,082, d3 is
non—zero. Let q satisfies (2.1)and (2.2). Let

(2.8)

p(fx9)(z) \*
a+§ (Z(f*g)’(Z))

2u , w
p(f+9)(2) =(fr9)' ()
+4 <Z(f*g)’(Z)) m ( P(F*9)(2) )

2(fx9)(2) _ 1 _ 2(f*9)"(2) p(fxg)(z)
ﬂ‘{ Fom 1 o } {52 +01 {Z(f*g)’(Z)} }

+63H[2(f*9)’(z) 1 Z(f*g)”(Z)} (z<f*g>'<z>>“

(Fx)(x) — ~ (fx9)' () p(f*g)(2)

\Ill(fag7/”'a§7ﬂ75a ’71761353) =

If f € A, satisfies the following subordination

(2.9)
R RN &) B ()
“Ijl(fvg7/~"u€7 57 '717517 53) = +§q( )+6(Q( )) + q(z) +51 q ( )+62 q(z) +53 (q(z))g
for some p € C\ {0}, then
)\

(210 () <o
and q is the best dominant.
Proof. Let the function i be defined by

_ (P(f*g)(2) )“
@11 0= (R
Evidently,

2'(z) _ y {Z(f*g)’(Z) q_ Z(f*g)”(Z)]
¥(2) (fx9)(2) (fxg)'(2)
which, in light of hypothesis (2.9) yields
2, M / 2 (2) 2y’ (2)

a+&Y(z) +0(¥(2)” + W + 5120 (2) + 92 e + 03 ()

2, M / 2q'(2) 2q'(2)

<a+&q(2) +0(q(2))" + " 6124 (2) + b2 o T d3 W)
Letting
O(w) :za—f—&cu—i—éuﬂ—i—ﬂ and P(w) == 51+5—2+5—2
w woow

and following the steps of Theorem 2.2, the assertions (2.1)and (2.2), the result
follows by an application of Theorem A. O
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Remark 2.14. For the choices g(z) = IL’ a=0§=7 =0 =003 =0,
—z

Theorem 2.2 coincides with the result obtained by Shanmugam et al. [14].

Remark 2.15. For the choices g(z) = %, a=0=0=08=7 =0,
—z

z and 01 = 1 in Theorem 2.2, we get the result obtained by

— 14
q(z) T ¢
Singh [19, Theorem 1 (iii), p.571].

Next, by appealing to Theorem B we prove Theorem 2.16 and Theorem
2.17 below.

Theorem 2.16. Let g be analytic and univalent in A such that q(z) # 0. Let
z €A, 0, & v, 61,02, 03 € C and p € C\ {0}. Suppose that q satisfies (2.2)
and

20(q(2))* +£(g(2)) —m
212 e vera B
Lo(f0) ()" -
IffeA]” <p (f*g)(Z) > EH[Q(0)71]QQ7 d‘ll(f7 g, W, 67 57 717517627 (53)

is univalent in A, where V(f, g, u, &, 9, 71, 01, 92, 03) is as defined in (2.3),
then

2 M (s 2q'(2) o 2q(2)
a+&q(z) +6(q(2))” + () +612¢'(2) + 52 02) + 03 Q)2
< W(f, g, 1, & 6, 71, 61, 02, 93)
implies
2(fxg) (2)\*
219 = ()

and q s the best subordinant .
Proof. Defining ¥ by (2.6), following steps of Theorem 2.2, and by setting

2 . 03
i + 72’
w w

71 o

I(w) == o+ Ew + dw? + " and  p(w) = +

it is easily observed that ¢ and ¢ are analytic in C\ {0} and that

p(w) # 0.

In view of the condition (2.12) and since ¢ is univalent, it is routine to show
that (1) and (2) of Theorem B are satisfied. The assertion (2.13) follows by
an application of Theorem B. ]
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Theorem 2.17. Let q be analytic and univalent in A such that q(z) # 0. Let
z €A, 0, & Y1, 01,02, 63 € C and p € C\ {0}. Suppose that q satisfies (2.12).
w
xq) (2
Iff € Ap7 <5((ffa*5)),((z))> € H[Q(O)a 1]mQ7 and qll(f? g, W, 57 67 Y1, 517 627 53)
is univalent in A where V1(f, g, p, &, 6, 71, 01, 2, 93) is as defined in (2.8),
then

2, M , 2q'(z) 2q'(z)
a+&q(z) +(q(z))” + () +612¢'(2) + 62 ) + I3 @)
= qjl(f? g, [, 67 57 1, 517 527 63)
implies
p(f*9)(2) \*
(244 CNEEE)

and q s the best subordinant.
Proof. Let the function ¢ be defined by v by (2.11). By setting

d3

)
2_+_77
w

I(w) = a—+éw+ow?+ L and @(w) =5 + =2

w w
it is easily observed that the functions ¥ and ¢ are analytic in C \ {0} and
that

p(w) # 0, (we C\{0}).
The assertion (2.14) follows by an application of Theorem B. O

Combining the corresponding subordination and superordination results,
we get the following sandwich theorems.

Theorem 2.18. Let g1 and g2 be univalent in A such that q1 and g2 satisfy
(2.2), qi(z) # 0 and q2(z) # 0. Further, suppose q1 and qa satisfy (2.12)
and (2.1). Let z € A, 6, &, 71, 01,02,03 € C and p € C\ {0}. If f € A,,

<1Z<f *QW))“ € H[q(0),1]0Q and U(f, g, 1, &, 8, Y1, 61, 8o, 0s) defined by

p (fx9)(2)
(2.3) is univalent in A, then
2, M / 2q1(2) 2q1 (2
R I TC B O

= \Il(f’ g, W, Ea 57 1, 61, 527 53)
71

a2(2)

< a+&qa(2)+0(qa(2))*+ +012¢5(2)+02
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implies
Lz(f g)’(Z))“
q1(z) < < < q2(z2)
p (f*9)(2)
and q1 and qo are respectively the best subordinant and best dominant.
Theorem 2.19. Let g1 and g2 be univalent in A such that q1 and g2 satisfy

(2.2), q1(z) # 0 and q2(z) # 0. Further, suppose q1 and qo satisfy (2.12)
and (2.1). Let z € A, 5, &, 7, 01,02,03 € C and p € C\ {0}. If f € A,

(p(f*g)(Z) )H S H[Q(O), 1] N Q and \I’l(fv g, K, 57 67 1, 61, 527 53) deﬁned by

z(f*g)'(2)
(2.8) is univalent in A, then
2, M / 2q,(2) 2¢1(2)
R TTE R A TE I )
= \Ijl(fu g, K, 57 67 71, 517 627 53)
2, M / 25(2) | o 2q5(2)
< a+£q2(2)+0(q2(2)) +q2(z) +012q5(2)+d2 o) +93 (@)’
implies ( @)
p(f*9) )\
no) < (Hriy) <m0

and q1 and qs are respectively the best subordinant and best dominant.

Acknowledgements: The authors would like to thank the referee and the
editor for their valuable suggestions.
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