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Abstract. In this report, we consider pseudo-umbilical CR-submanifolds in
a locally conformal Kaehler space form and we mainly get a relation of the
scalar curvature and the coefficient functions of the shape operator of a pseudo-
umbilical CR-submanifold in a locally conformal Kaehler space form.
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§1. Introduction

As a special CR-submanifold of an almost Hermitian manifold, the notion of
a pseudo-umbilical CR-submanifold was introduced by A. Bejancu and gave
a lot of interesting properties of this submanifold in a Kaehler manifold ([1]).

We consider this submanifold in a locally conformal Kaehler space form
which is a generalization of a complex space form and we prove some properties
of this submanifold (See Theorems 5.1 and 6.3).

§2. Preliminaries

A Hermitian manifold M̃ with structure (J, g̃) is called a locally conformal
Kaehler (an l.c.K.) manifold if each point x ∈ M̃ has an open neighbourhood U
with differentiable function ρ : U → R such that g̃∗ = e−2ρg̃|U is a Kaehlerian
metric on U , that is, ∇∗J = 0, where J is the almost complex structure, g̃
is the Hermitian metric, ∇∗ is the covariant differentiation with respect to g̃∗

and R is a real number space ([7]). Then we know
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Proposition 2.1([5]). A Hermitian manifold M̃ with structure (J, g̃) is l.c.K.-
if and only if there exists a global 1-form α which is called the Lee form satis-
fying

(2.1) dα = 0 (α : closed),

(2.2) (∇̃XJ)Y = −g̃(α], Y )JX + g̃(X,Y )β] + g̃(JX, Y )α] − g̃(β], Y )X

for any X,Y ∈ ΓTM̃ , where ∇̃ denotes the covariant differentiation with
respect to g̃, α] is the dual vector field of α which is called the Lee vector field,
the 1 form β is defined by β(X) = −α(JX), β] is the dual vector field of β
and ΓTM̃ means the set of all differentiable vector fields on M̃ .

An l.c.K.-manifold M̃(J, g̃, α) is called an l.c.K.-space form if it has a con-
stant holomorphic sectional curvature. We know that the Riemannian curva-
ture tensor R̃ of an l.c.K.-space form with the constant holomorphic sectional
curvature c is given by ([5])

(2.3) 4R̃(X,Y, Z,W ) = c{g̃(X,W )g̃(Y,Z) − g̃(X,Z)g̃(Y,W )
+g̃(JX,W )g̃(JY, Z) − g̃(JX,Z)g̃(JY,W )
−2g̃(JX, Y )g̃(JZ,W )} + 3{P (X,W )g̃(Y,Z)
−P (X,Z)g̃(Y,W ) + g̃(X,W )P (Y,Z)
−g̃(X,Z)P (Y,W )} − P̃ (X,W )g̃(JY, Z)
+P̃ (X,Z)g̃(JY,W ) − g̃(JX,W )P̃ (Y,Z)
+g̃(JX,Z)P̃ (Y,W ) + 2{P̃ (X,Y )g̃(JZ,W )
+g̃(JX, Y )P̃ (Z,W )}

for any X,Y, Z,W ∈ ΓTM̃ , where P and P̃ are respectively defined by

(2.4)


P (X,Y ) = −(∇̃Xα)Y − α(X)α(Y ) + 1

2‖α‖
2g̃(X,Y ),

P̃ (X,Y ) = P (JX, Y )

for any X,Y ∈ ΓTM̃ , where ‖α‖ is the length of the Lee form α.

Remark. To get (2.3), we have to assume that the symmetric (0,2)-tensor P
defined by (2.4) is hybrid or equivalently P̃ is skew-symmetric. This means
the Ricci tensor R̃1 is hybrid.

We write an l.c.K.-space form with the constant holomorphic sectional cur-
vature c by M̃(c)
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§3. CR-submanifolds in an l.c.K.-manifold

In generally, between a Riemannian manifold (M̃, g̃) and its submanifold, we
know the Gauss and Weingarten formulas

(3.1) ∇̃XY = ∇XY + σ(X,Y ),

(3.2) ∇̃Xξ = −AξX + ∇⊥
Xξ

for any X,Y ∈ ΓTM and ξ ∈ ΓT⊥M , where σ is the second fundamental form
and Aξ is the shape operator with respect to ξ. Moreover, we know the Gauss
equation

(3.3) R(X,Y, Z,W ) = R̃(X,Y, Z,W ) + g̃(σ(X,W ), σ(Y,Z))
−g̃(σ(X,Z), σ(Y,W ))

for any X,Y, Z,W ∈ ΓTM , where R̃ (resp. R) denotes the Riemannian cur-
vature tensor with respect to g̃ (resp. the induced metric) ([3]).

A submanifold M in an l.c.K.-manifold M̃ is called a CR-submanifold if
there exists a differentiable distribution D : x → Dx ⊂ TxM on M satisfying
the following conditions;

(i) D is holomorphic, i.e., JDx = Dx for each x ∈ M and
(ii) the complementary orthogonal distribution D⊥ : x → D⊥

x ⊂ TxM is
totally real, i.e., JD⊥

x ⊂ T⊥
x M for each x ∈ M , where TxM (resp. T⊥

x M)
denotes the tangent (resp. normal) vector space at x of M ([1],[4], [6], etc.).

If dimD⊥
x = 0 (resp. dimDx = 0) for each x ∈ M , then the CR-

submanifold is holomorphic (resp. totally real). A CR-submanifold M is said
to be anti-holomorphic if JD⊥

x = T⊥
x M for any x ∈ M .

In [6], we proved that

Proposition 3.1([6]). In a CR-submanifold M in an l.c.K.-manifold M̃ , we
have

(i) the distribution D⊥ is integrable,
(ii) the distribution D is integrable if and only if

(3.4) g̃(σ(X,JY ) − σ(Y, JX) + 2g̃(JX, Y )α], JZ) = 0

for any X,Y ∈ D and Z ∈ D⊥.

A CR-submanifold is said to be proper if it is neither holomorphic nor
totally real.

In a CR-submanifold M in an l.c.K.-manifold M̃ , we know the following
formulas ([6]);

(3.5) g̃(∇UZ,X) = g̃(JAJZU,X) + g̃(α], Z)g̃(U,X)
+g̃(U,Z)g̃(α], X) − g̃(β], Z)g̃(JU,X),
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(3.6) AJZW = AJW Z + g̃(β], Z)W − g̃(β],W )Z

for any U ∈ ΓTM , X ∈ D and Z,W ∈ D⊥.
A CR-submanifold is said to be mixed geodesic if the second fundamental

form σ satisfies σ(D,D⊥) = {0} and to be D-geodesic if the second fundamen-
tal form σ satisfies σ(D,D) = {0}.

For a CR-submanifold M of an almost Hermitian manifold M̃ , we denote
by ν the complementary orthogonal subbundle of JD⊥ in the normal bundle
T⊥M . Then we have the following direct sum decomposition

(3.7) T⊥M = JD⊥ ⊕ ν, JD⊥⊥ν.

Remark 3.1. By the definition of ν, a CR-submanifold is anti-holomorphic
if νx = {0} for any x ∈ M .

Since the distribution D⊥ is integrable, we consider a maximal integral
submanifold M⊥ of the distribution. Let us cosider a necessary and sufficient
condition that M⊥ is totally geodesic in M , that is, ∇ZW ∈ D⊥ for any
Z,W ∈ D⊥. This condition is equivalent to g̃(J∇ZW,ΓTM) = {0}. The
condition means (i) g̃(J∇ZW,X) = 0 and (ii) g̃(J∇ZW,V ) = 0 for any X ∈ D
and Z,W, V ∈ D⊥. But, the case (ii) is trivial. So, we only consider the case
(i).

Using (2.2), we have

g̃(J∇ZW,X) = g̃(∇ZJW,X) − g̃((∇ZJ)W,X)
= g̃(σ(X,Z), JW ) − g̃(Z,W )β̃], X)
= −{g̃(σ(X,Z) − g̃(α], JX)JZ, JW )}

Thus we have

Proposition 3.2. In a CR-submanifold M of an l.c.K.-manifold M̃ , a max-
imal integral submanifold M⊥ of the distribution D⊥ is totally geodesic in M
if and only if

(3.8) σ(X,Z) − g̃(α], JX)JZ ∈ ν

for any X ∈ D and Z,W ∈ D⊥.

Corollary 3.3. Under the same assumption of the above proposition, if the
Lee vector field α] is orthogonal to D, then M⊥ is totally geodesic in M if and
only if σ(D,D) ⊂ ν.

Remark 3.2. The above corollary is the same with a Kaehlerian case ([2]).
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§4. Pseudo-umbilical CR-submanifolds in an l.c.K.-manifold

Now, we put dim M̃ = m, dimM = n, dimD = 2p, dimD⊥ = q (2p + q = n)
and dim ν = 2s. Let {e1, ..., ep, e

∗
1, ..., e

∗
p}, {e2p+1, ..., e2p+q}, {e∗2p+1, ..., e

∗
2p+q}

and {en+q+1, ..., en+q+2s} (n + q + 2s = m) be a local orthonormal basis of D,
D⊥, JD⊥ and ν, respectively, where e∗i = Jei for i ∈ {1, ..., p} and e∗2p+a =
Je2p+a for a ∈ {1, ..., q}. We call such local basis an adapted frame of M̃ .

Remark 4.1. It is known that the dimensions of the distributions D and ν
are even and they have an almost complex tructure, respectively.

A CR-submanifold M in an l.c.K.-manifold M̃ is said to be pseudo-umbilical
if the shape operator A satisfies, with respect to the adapted frame,

(4.1)



Ae∗2p+a
X = a2p+aX + b2p+ag̃(X, e2p+a)e2p+a,

Aen+q+αX = an+q+αX +
q∑

a=1

b2p+a
n+q+αg̃(X, e2p+a)e2p+a,

Ae∗n+q+α
X = a(n+q+α)∗X +

q∑
a=1

b2p+a
(n+q+α)∗ g̃(X, e2p+a)e2p+a

for any X ∈ ΓTM , where a2p+a, an+q+α, a(n+q+α)∗ , b2p+a, b
2p+a
n+q+α and b2p+a

(n+q+α)∗

are differentiable functions on M for any a ∈ {1, 2, ..., q} and α ∈ {1, 2..., s}
([1]).

Now, we proved that

Proposition 4.1([6]). Let M be a pseudo-umbilical CR-submanifold in an
l.c.K.-manifold M̃ . If dimDx > 1 at each point x ∈ M , then the func-
tions a2p+a, an+q+α and a(n+q+α)∗ are vanish for each a ∈ {1, ..., q} and α ∈
{1, 2, ..., s}.

By virtue of Proposition 4.1, the equation (4.1) can be written as

(4.2)



Ae∗2p+a
X = b2p+ag̃(X, e2p+a)e2p+a,

Aen+q+αX =
q∑

a=1

b2p+a
n+q+αg̃(X, e2p+a)e2p+a,

Ae∗n+q+α
X =

q∑
a=1

b2p+a
(n+q+α)∗ g̃(X, e2p+a)e2p+a

for any X ∈ ΓTM .
The equation (4.2) teaches us

Proposition 4.2. A pseudo-umbilical CR-submanifold M in an l.c.K.-manifold
M̃ is D-geodesic, that is, σ(D,D) = {0}.
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Next, we prove

Proposition 4.3. A pseudo-umbilical CR-submanifold M in an l.c.K.-manifold
M̃ is a mixed geodesic, that is, σ(D,D⊥) = {0}.

Proof. It is enough to show g̃(σ(X,Z), N) = 0 for any X ∈ D, Z ∈ D⊥ and
N ∈ ΓT⊥M .

We solve the above equation into three cases;
Case 1.

g̃(σ(ei, e2p+a), Je2p+b) = g̃(Ae∗
2p+b

ei, e2p+a)

= b2p+bg̃(ei, e2p+b)g̃(e2p+b, e2p+a) = 0

for any i ∈ {1, 2, ..., 2p} and a, b ∈ {1, 2, ..., q}.
Case 2.

g̃(σ(ei, e2p+a), en+q+α) = g̃(Aen+q+αei, e2p+a)

=
q∑

b=1

b2p+b
n+q+αg̃(ei, e2p+b)g̃(e2p+b, e2p+a) = 0

for any i ∈ {1, 2, ..., 2p}, a ∈ {1, 2, ..., q} and α ∈ {1, 2, ..., s}.
Case 3.

g̃(σ(ei, e2p+a), e∗n+q+α) = g̃(Ae∗n+q+α
ei, e2p+a)

=
q∑

b=1

b2p+b
(n+q+α)∗ g̃(ei, e2p+b)g̃(e2p+b, e2p+a) = 0

for any i ∈ {1, 2, ..., 2p}, a ∈ {1, 2, ..., q} and α ∈ {1, 2, ..., s}.
The proof is complete. 2

By virtue of Propositions 3.2 and 4.3, we have

Proposition 4.4. In a pseudo-umbilical CR-submanifold M in an l.c.K.-
manifold M̃ , if the Lee vector field α] is not orthogonal to D, the maximal
integral submanifold M⊥ of the distribution D⊥ is never totally geodesic in M.

By virtue of Propositions 3.1 and 4.4, we have

Proposition 4.5. In a pseudo-unbilical CR-submanifold M in an l.c.K.-
manifold M̃ , the distribution D is integrable if and only if g̃(α], JZ) = 0
for any Z ∈ D⊥, that is, the Lee vector field α] is orthogonal to JD⊥, or
equivalently, the vector field β] is orthogonal to D⊥.
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§5. The length of the second fundamental form and the mean
curvature

In this section, we consider the length of the second fundamental form and
the mean curvature in a pseudo-umbilical CR-submanifold M in an l.c.K.-
manifold M̃ .

Let M be an n-dimensional pseudo-umbilical CR-submanifold in an m-
dimensional l.c.K.-manifold M̃ . The equation (4.2) implies

(5.1) σ(U, V ) =
q∑

a=1

b2p+ag̃(U, e2p+a)g̃(V, e2p+a)e∗2p+a

+
q∑

a=1

s∑
α=1

{b2p+a
n+q+αg̃(U, e2p+a)g̃(V, e2p+a)en+q+α

+b2p+a
(n+q+α)∗ g̃(U, e2p+a)g̃(V, e2p+a)e∗n+q+α}

for any U, V ∈ ΓTM .
Next, using (5.1), we calculate the length ‖σ‖ of the second fundamental

form σ and the length ‖H‖ (the mean curvature) of the mean curvature vector
field H, where the mean curvature vector field H is given by

(5.2) H =
1
n

n∑
µ=1

σ(eµ, eµ)

for an adapted frame {e1, e2, ..., en}.
The length ‖σ‖ of the second fundamental form σ is defined by

(5.3) ‖σ‖2 =
n∑

µ,λ=1

g̃(σ(eµ, eλ), σ(eµ, eλ)).

And it is separated to

(5.3)′ ‖σ‖2 =
n∑

µ,λ=1

{
q∑

a=1

g̃(σ(eµ, eλ), e∗2p+a)
2

+
s∑

α=1

g̃(σ(eµ, eλ), en+q+α)2 +
s∑

α=1

g̃(σ(eµ, eλ), e∗n+q+α)2}.

The mean curvature ‖H‖ is defined

(5.4) ‖H‖2 =
1
n2

n∑
µ,λ=1

g̃(σ(eµ, eµ), σ(eλ, eλ)).
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By virtue of Propositions 4.1, 4.2 and 4.3, the nontrivial components of σ are

(5.5) σ(e2p+c, e2p+b) =
q∑

a=1

b2p+ag̃(e2p+c, e2p+a)g̃(e2p+b, e2p+a)e∗2p+a

+
q∑

a=1

s∑
α=1

{b2p+a
n+q+αg̃(e2p+c, e2p+a)g̃(e2p+b, e2p+a)en+q+α

+b2p+a
(n+q+α)∗ g̃(e2p+c, e2p+a)g̃(e2p+b, e2p+a)e∗n+q+α}

=
q∑

a=1

b2p+aδcaδabe
∗
2p+a +

q∑
a=1

s∑
α=1

{b2p+a
n+q+αδcaδbaen+q+α

+b2p+a
(n+q+α)∗δcaδbae

∗
n+q+α}.

Using (5.5), the equation (5.3) is written as

‖σ‖2 =
q∑

c,b,a=1

g̃(σ(e2p+c, e2p+b), e∗2p+a)
2 +

q∑
c,b=1

s∑
β=1

{g̃(σ(e2p+c, e2p+b), en+q+β)2

+g̃(σ(e2p+c, e2p+b), e∗n+q+β)2}

=
q∑

c,b,a=1

(b2p+bδcbδba)2 +
q∑

c,b=1

s∑
β,α=1

{(b2p+b
n+q+αδcbδβα)2

+(b2p+b
(n+q+α)∗δcbδβα)2}

=
q∑

a=1

(b2p+a)2 +
q∑

b=1

s∑
α=1

{(b2p+b
n+q+α)2 + (b2p+b

(n+q+α)∗)
2}.

Hence, we get

(5.6) ‖σ‖2 =
q∑

a=1

[(b2p+a)2 +
s∑

α=1

{(b2p+a
n+q+α)2 + (b2p+a

(n+q+α)∗)
2}].

Moreover, we have from (5.5)

(5.7) σ(e2p+b, e2p+b) = b2p+be
∗
2p+b +

s∑
α=1

{b2p+b
n+q+αen+q+α + b2p+b

(n+q+α)∗e
∗
n+q+α}.

By virtue of (5.4) and (5.7), we obtain

(5.8) n2‖H‖2 =
q∑

b,a=1

g̃(σ(e2p+b, e2p+b), σ(e2p+a, e2p+a))

=
q∑

a=1

(b2p+a)2 +
q∑

a=1

s∑
α=1

{(b2p+a
n+q+α)2 + (b2p+a

(n+q+α)∗)
2}

+
q∑

b6=a=1

s∑
α=1

(b2p+b
n+q+αb2p+a

n+q+α + b2p+b
(n+q+α)∗b

2p+a
(n+q+α)∗).
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Thus we have from (5.6) and (5.8)

(5.9) n2‖H‖2 = ‖σ‖2 +
q∑

b6=a=1

s∑
α=1

(b2p+b
n+q+αb2p+a

n+q+α + b2p+b
(n+q+α)∗b

2p+a
(n+q+α)∗).

The equation (5.9) means

Theorem 5.1. If an n-dimensional pseudo-umbilical CR-submanifold M in
an l.c.K.-manifold M̃ is anti-holomorhpic, then the submanifold M is totally
geodesic or the length ‖ σ ‖ of the second fundamental form σ and the mean
curvature ‖H‖ have the relation ‖σ‖ = n‖H‖.

§6. Pseudo-umbilical CR-submanifolds in an l.c.K.-space form

Let M̃(c) be an l.c.K-space form with the constant holomorphic sectional
curvature c. Then, by virtue of (3.3), we have

(6.1) Rµλλµ = R̃µλλµ + g̃(σµµ, σλλ) − g̃(σµλ, σµλ),

where Rωνµλ and σµλ are respectively the componernt of R and σ with respect
to the adapted frame, that is,

(6.2) Rωνµλ = R(eω, eν , eµ, eλ), σµλ = σ(eµ, eλ).

From (6.1), we have

(6.3) r =
n∑

µ,λ=1

R̃µλλµ + n2‖H‖2 − ‖σ‖2,

where r is the scalar curvature with respect to the induced metric.

Next, we calculate
n∑

µλ=1

R̃µλλµ in an l.c.K.space form M̃(c).

We can separate it as

n∑
µ,λ=1

R̃µλλµ =
2p∑

j,i=1

R̃jiij + 2
p∑

j=1

q∑
a=1

{R̃j(2p+a)(2p+a)j

+R̃j∗(2p+a)(2p+a)j∗} +
q∑

b,a=1

R̃(2p+b)(2p+a)(2p+a)(2p+b)

=
p∑

j,i=1

{R̃jiij + 2R̃ji∗i∗j + R̃j∗i∗i∗j∗}

+4
p∑

j=1

q∑
a=1

R̃j(2p+a)(2p+a)j +
q∑

b,a=1

R̃(2p+b)(2p+a)(2p+a)(2p+b).
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Since we know R̃j∗i∗i∗j∗ = R̃jiij and R̃j∗(2p+a)(2p+a)j∗ = R̃j(2p+a)(2p+a)j , the
above equation is

(6.4)
n∑

µ,λ=1

R̃µλλµ = 2
p∑

j,i=1

(R̃jiij + R̃ji∗i∗j) + 4
p∑

j=1

q∑
a=1

R̃j(2p+a)(2p+a)j

+
q∑

b,a=1

R̃(2p+b)(2p+a)(2p+a)(2p+b).

Thus using (6.4), (6.3) is written as

(6.5) r = 2
p∑

j,i=1

(R̃jiij + R̃ji∗i∗j) + 4
p∑

j=1

q∑
a=1

R̃j(2p+a)(2p+a)j

+
q∑

b,a=1

R̃(2p+b)(2p+a)(2p+a)(2p+b) + n2‖H‖2 − ‖σ‖2.

We have from (2.3)

4R̃jiij = c(δjjδii − δjiδji) + 3(δiiPjj − δjiPji + δjjPii − δjiPij).

So, we obtain

(6.6) 4
p∑

j,i=1

R̃jiij = (p − 1)(pc + 6
p∑

i=1

Pii).

Similarly, we have from (2.3)

4R̃ji∗i∗j = c(δjjδii − δjiδji) + 3(δiiPjj − δjiPji).

So, we have

(6.7) 4
p∑

j,i=1

R̃ji∗i∗j = (p − 1)(pc + 3
p∑

i=1

Pii).

Moreover, we have from (2.3)

4R̃j(2p+a)(2p+a)j = cδjjδaa + 3(Pjjδaa + δjjP(2p+a)(2p+a)).

Thus we get

(6.8) 4
p∑

j=1

q∑
a=1

R̃j(2p+a)(2p+a)j = pqc + 3{q
p∑

j=1

Pjj + p
q∑

a=1

P(2p+a)(2p+a)}.
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Finally, since we get

4R̃(2p+b)(2p+a)(2p+a)(2p+b) = c(δbbδaa − δbaδba) + 3(δaaP(2p+b)(2p+b)

−δbaP(2p+b)(2p+a) + δbbP(2p+a)(2p+a)

−δbaP(2p+a)(2p+a)),

we obtain

(6.9) 4
q∑

b,a=1

R̃(2p+b)(2p+a)(2p+a)(2p+b) = (q − 1)(qc + 6
q∑

b=1

P(2p+b)(2p+b)).

Substituting (6.6), (6.7), (6.8) and (6.9) into (6.5), we obtain

(6.10) 4r = (n2 − n − 2p)c + 6(2n − 3 − p)
p∑

j=1

Pjj

+6(n − 1)
q∑

a=1

P(2p+a)(2p+a) + 4n2‖H‖2 − 4‖σ‖2.

From (5.3), we have

Theorem 6.1. In an n-dimensional pseudo-umbilical CR-submanifold M in
an l.c.K.-space form M̃(c), the mean curvature ‖H‖ satisfies the following
inequality.

(6.11) ‖H‖2 ≥ 1
4n2

{4r − (n2 − n − 2p)c − 6(2n − 3 − p)
p∑

j=1

Pjj

−6(n − 1)
q∑

a=1

P(2p+a)(2p+a)}.

In particular, in the equality case of (6.11), we have from (6.10) and (6.11),
the submanifold M is totally geodesic and the scalar curvature r with respect
to the induced metric satisfies

(6.12) 4r = (n2 −n− 2p)c+6(2n− 3− p)
p∑

j=1

Pjj +6(n− 1)
q∑

a=1

P(2p+a)(2p+a).

Corollary 6.2. In an n-dimensional pseudo-umbilical CR-submanifold M in
a complex space form M̃(c), the mean curvature ‖H‖ satisfies the following
inequality.

(6.13) ‖H‖2 ≥ 1
4n2

{4r − (n2 − n − 2p)c}.
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In particular, in the equality case of (6.13), we have from (6.10) and (6.11),
the submanifold M is totally geodesic and the scalar curvature r with respect
to the induced metric satisfies

(6.14) 4r = (n2 − n − 2p)c.

Substituting (5.9) into (6.10), we obtain

(6.15) 4r = (n2 − n− 2p)c + 6(2n− 3− p)
p∑

j=1

Pjj + 6(n− 1)
q∑

a=1

P(2p+a)(2p+a)

+4
q∑

b6=a=1

s∑
α=1

(b2p+b
n+q+αb2p+a

n+q+α + b2p+b
(n+q+α)∗b

2p+a
(n+q+α)∗).

Thus we have

Proposition 6.3. In a pseudo-umbilical CR-submanifold M in an l.c.K.-space
form M̃(c), the scalar curvature r with respect to the induced metric is given
by (6.15).

Corollary 6.4. In a pseudo-umbilical CR-submanifold M in a complex space
form M̃(c), the scalar curvature r with respect to the induce metric is given by

(6.16) 4r = (n2 − n − 2p)c + 4
q∑

b 6=a=1

s∑
α=1

(b2p+b
n+q+αb2p+a

n+q+α

+b2p+b
(n+q+α)∗b

2p+a
(n+q+α)∗).
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