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Abstract. We discuss exponential families admitting almost complex struc-
tures which are parallel relative to an exponential connection (e-connection)
or mixture connection (m—connection). The multinomial distribution, negative
multinomial distribution and multivariate normal distribution are important
examples of the exponential family. We give almost complex structures which
are parallel relative to the exponential or mixture connection for these expo-
nential families. Also, we prove spaces of the multinomial distribution and
negative multinomial distribution are of constant curvature with respect to the
a—connection.
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8§1. Introduction

Statistical models in information geometry have a Fisher metric as a Rieman-
nian metric, and admit a torsion-free affine connection which is constructed
from expectations of derivatives of a probability density ([1], [2]). This affine
connection is called an a—connection, denoted by V(@) where « is a real num-
ber, and conjugate relative to the Fisher metric is a (—«a)—connection. The
O—connection is a Levi-Civita connection with respect to the Fisher metric.
Particularly, V(Y (resp. V{=1) is said to be an exponential connection (resp.
mixture connection) or e—connection (resp. m-connection) simply and de-
noted by V() (resp. V(™). The statistical model of an exponential family
(resp. mixture family) is 1-flat (resp. (—1)-flat). The e—connection and
m—connection are conjugate with respect to the Fisher metric. The e and
m—connections include important concepts in information geometry.
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If a density function can be expressed in terms of functions C, Fi,..., F,
on the set y and a function ¢ on O the subset of R" as

n
(1.1) pla;0) = exp |Clx) + Y 0°Fy(x) — (0) | ,
s=1
then an n—dimensional statistical model M™ = {p(z;0) | § = (6*,...,6") € O}
is said to be an exponential family, and we say that § = (6%, ..., ") are its nat-
ural parameters. This statistical model M may be viewed as an n—dimensional
Riemannian manifold which has natural parameters (6!,...,0") as a local co-

ordinate system. We denote the Fisher metric and the a—connection by g and
V(@) respectively. Then the triple (M, g, V(®) is a statistical manifold. Also,
the pair (g, V()) is a Hessian structure ([4]). The multinomial distribution or
negative multinomial distribution which are discrete distributions, the multi-
variate normal distribution, Dirichlet distribution or von Mises-Fisher distri-
bution which are continuous distributions, these distributions are important
examples of the exponential family. Especially, the multivariate normal dis-
tribution is important on statistics. In [5], L. T. Skovgaard discussed a space
of a multivariate normal distribution as a Riemannian manifold. In [7], we
treated the statistical submersion with respect to statistical models. Also, we
studied geodesics relative to the a—connection such that special spaces of the
multivariate normal distribution with a covariance matrix diag (vi1,...,vnn)
or diag (¢2,...,0?) in [9].

Also, in [6] we defined a K&hler-like statistical manifold. Let J be an almost
complex structure. Then we can define another almost complex structure J*
relative to the Riemannian metric. Moreover, J is parallel with respect to an
affine connection V if and only if so is J* with respect to a conjugate V*. We
gave examples of statistical models satisfying these properties in [10]. In [§],
we defined an analogy of a Sasakian structure on the statistical manifold.

§2. Statistical manifolds with almost complex structures

Let (M,g) and V be a Riemannian manifold and affine connection, respec-
tively. We define another affine connection V* by

(2.1) Xg(Y,2) =g(VxY,Z)+ g(Y,VXZ)

for vector fields X, Y and Z on M. An affine connection V* is called conjugate
(or dual) of V with respect to g. The triple (M, g, V) is called a statistical
manifold if both V and V* are torsion-free ([3]). Clearly (V*)* = V holds.
It is easy to see that %(V + V*) is a metric connection. We denote by R
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and R* the curvature tensors with respect to the affine connection V and its
conjugate V*, respectively. Then we find for vector fields X, Y, Z and W

(2.2) g(R(X,Y)Z,W)=—g(Z, R*(X,Y)W),

where R(X,Y)Z = [Vx,Vy]Z — V|xy)Z. Thus R vanishes identically if and
only if so is R*. If the curvature tensor R with respect to the affine connection
V satisfies

(2.3) R(X,Y)Z = Kg(Y, 2)X — g(X, Z)Y},

then the statistical manifold (M, g, V) is called a space of constant curvature
k.

An almost complex structure on a manifold M is a tensor field J of type
(1,1) such that J? = —I, where I stands for an identity transformation. An
almost complex manifold is such a manifold with a fixed almost complex struc-
ture. An almost complex manifold is necessarily orientable and must have an
even dimension. If J preserves the metric g, that is,

(2.4) g(JX,JY) = g(X,Y)

for vector fields X and Y on M, then (M, g, J) is an almost Hermitian mani-
fold. Now, we consider the Riemannian manifold (M, g) with an almost com-
plex structure J which has another tensor field J* of type (1,1) satisfying

(2.5) g(JX,Y) +g(X,J*Y) = 0.

Then (M, g, J) is called an almost Hermite-like manifold. We see that (J*)* =
J, (J*)? = —I and

(2.6) g(JX,JY) = g(X,Y).

If J is parallel with respect to the affine connection V, then (M,g,V,J) is
called a Kéhler-like statistical manifold. By virtue of (2.5), we get

(2.7) 9(VzJ)X,Y) + (X, (VZJ)Y) =0

for vector fields X, Y and Z on M. Hence we have ([6])

Lemma A. (M,g,J) is an almost Hermite-like manifold if and only if so is
(M,g,J*). Moreover, (M,g,V,J) is a Kdhler-like statistical manifold if and
only if so is (M, g,V*,J*).

In a Ké&hler-like statistical manifold, we find

(2.8) R(X,Y)JZ = JR(X,Y)Z.
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If M is of constant curvature k, then we find from (2.3) and (2.8)
= k{g(Y, 2)g(JX, W) — g(X, Z)g(JY, W)}.

We assume that & # 0. Then we obtain (n — 1)g(JX, W) + g(X,JW) —
(tr J) g(X, W) = 0, from which g(JX, W) = g(X,JW) if n > 2. Thus we get
ng(JX,W)—(tr J) g(X,W) = 0. Changing X to JX, we find (tr J) g(JX, W)+
ng(X,W) = 0. From these two equations, we find ¢g(X, W) = 0. This is a
contradiction. Hence we have

Theorem 2.1. Let (M", g,V,J) be a Kdhler-like statistical manifold. If
M (n > 4) is of constant curvature, then M is flat.

83. a—connection on the statistical model

Let us consider an n—dimensional Riemannian manifold M as a statistical
model. For a probability density function p(x; 6), the parameter « runs through
a measure space Y with measure dx so that fx p(x;0)dz = 1 for each 6. The
discrete case may be obtained by simply replacing occurrences of the integral
Jy -+ dx with the sum 3, ---. We put £ = {(z;0) = logp(z;0), 0; = 9/0¢"

and we assume that 01/, ...,0¢, are linearly independent. We define compo-
nents of the metric g on M by
(3.1) 9ij = E[9;¢ 0;¢],
where E denotes an expectation relative to p(x; €). This metric is independent
of the choice of coordinates (8!,...,0"), provided it is finite. It is called a
Fisher metric. Since E[0;¢] = 0, it is possible to write g;; as
(3.2) 9ij = —E[9;0;¢].

Also we set functions

]_ _

(3.3) I =E [ (aiaje + Taaiz : @-e) ake] ,

where « is a real number. We define an a—connection V(® by
(3.4) g(Vi)o;,0) =T,

Then the a—connection is torsion-free and V(=% is conjugate of V(® relative
to the Fisher metric. Thus the triple (M, g, V(®) is a statistical manifold.
Also, V() is the Levi-Civita connection with respect to the Fisher metric. We
call a—flat if the curvature tensor with respect to the a—connection vanishes
identically.
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84. Exponential families admitting almost complex structures

In this section, we discuss an exponential family admitting almost complex
structures which are parallel relative to the exponential connection V(1) or
mixture connection V(~1.

The probability density function of the exponential family is given by the
equation (1.1). From the normalization condition fx p(x;0)dx =1, we find

(4.1) exp ¢(0) :/exp dzx.
X

C(z)+ Y 0°Fu()
s=1

We can get 0;¢p - exp p = exp ¢ - E[ F; ], which implies that
(4.2) E[F;] = Oip.

Moreover, from 0;(0;p - expy) = expy - E[FiF;] and O0k{(0;0j¢ + 0Oip -
0jp)exp p} = expp - E[ FiF;F}], it is easy to see that

(4.3)  E[FiF;] = 0;0;0+ 030 - 0,

(4.4) E[FZ’Fij] = 8k8j82-<,o + 8i8jg0 . 8k§0 + 8j8k§0 . 81'Q0 + 8k81g0 . 8jg0
+0;p - ajtp - Opp.

We set
(w3 0) =log p(x;0) = C(x) + > 0°Fy(x) — o(0).
s=1

Owing to (3.2) and 0;0;¢ = —0;0;¢, we have components of the Fisher metric
g as follows:

(4.5) gij = 0i0jp.

Using of (3.3), (4.2), (4.3) and (4.4), we obtain

o 1
(4.6) i = 5 (1= ) dig.

We put g~ = (¢%). Thus we find the a—connection from (3.4)
(@g — Lo gt
(4.7) Vs, 05 = 5 (1 — ) dsgij - g° O

Then the triple (M,g,V(®) is a statistical manifold. Also, the curvature
tensor R(@ relative to the a—connection is rewritten as follows:

(4.8) R)(8;,8;)0 = Cf‘)(ajgks-aig“— igks - 059°)0y,
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where we put ¢(a) = (1 — a)(1 4+ «). S. Amari ([1]) proved that

Theorem B. The curvature tensor field of the exponential family is given by
(4.8). Especially, the exponential family is +1-flat.

For any real number a, let J(® be an almost complex structure on M.
We seek the condition that the almost complex structure J(® is parallel with
respect to the a—connection. Because of

a o a)t 1 a)r S sr 7(a
(Vgl_)J( )>8j = {@Jj( ) + 5(1 — a) (J]( ) @'grs g t_ 8¢ng g Jﬁ ”)}ah
we find V(@ J(@) = is equivalent to following equations

a)k 1 a)r s sr 7(a
(49) 00 + (1= ) (S Digps - g = gy g IOF) =0,

We consider a system of partial differential equations (4.9) satisfying J ](a)k(p)

= j(.a) ¥ for any p € M and any constants CJ(-Q) ¥ such that C](a) rCﬁa) b —5jk.
We shall show that the system is completely integrable. Letting J;, operate
on (4.9), we can easily get

0 (0:7%) + 5 (L= )T (Dhdigrs - 4 + Digra - D10™)
—(OnDigis - §° + Digjs - Ong®) I k}
(= a2 {1 g, 010 + Brg - 009 T
+(0ngjs - Oigtu + 0igjs - 3h9tu)gsrj7£a)t9uk} =0,
which yields
on (01" ) = 01 (0nT")

= — C(a) {J(a)r(aigrs : athk - 8hg7"8 ’ 8i98k)

J

—(Digjs - Ong*" — Ongjs - Dig®") I k}

J
(4.9) is completely integrable. Also, if av # £1, then it is easy to see from (4.8)
that

When o = +1, we find 9y (&-J](a)k) — 0 (8hJ(a)k) = 0. Thus the system of

On (&'Jj(a)k) —0; <8hJ}a)k> = —J;Q)TR%),IC + R;L?]).TJ,SQ)]“,
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where R,(f;g)k are components of the curvature tensor R(®. By virtue of (2.5)

and (2.8), we can get J;a)nggzk - R;LCZ-?TJT(Q)R = 0, which implies that the

system of (4.9) is completely integrable. Hence we have

Theorem 4.1. The system of partial differential equations (4.9) is completely
integrable in the exponential family (M, g, V(O‘)) for any real number a.

Especially, if @ = 1, then we get components of an almost complex structure
J

Wk _ pk
(4.10) J; T =Pk,

where ij are constants satisfying Pj’"Prk = —5jk. It is easy to see from (2.5)
*
that (J(O‘)> = —¢g 1J@g. We put

(4.11) TR = —Pogg™

Hence we have
Theorem 4.2. We find

(1) (M, g, J*Y) are almost Hermite-like manifolds,
(2) (M, g, VED JEDY are Kihler-like statistical manifolds.

If (M, g, V(O‘)) is of constant curvature, then the curvature tensor of V(®
can express from (4.7) and Theorem B

R%’k)e = c(a) A(gjkfs/ — gikéje),

where A is a constant. Because of Theorem 2.1, we have

Theorem 4.3. Let (M", g, V() (n > 4) be of constant curvature satisfying
A #0. In order for M to admit a solution of (3.9) such that (J()% = —1I, it
1s necessary and sufficient that o = +1.

Remark 4.1. We put Gijk = 0;9js - g°*. Then we find from (4.9)
(@) 4 1 (@ G —
oJ +5(1-O¢)[J ,G]—O,

where G = (G-jk) and [J®), G = J@G -G J®,

1
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85. Examples of the exponential family admitting almost complex
structures

We consider examples of the discrete or continuous exponential family. We
verify exponential families admitting almost complex structures which is par-
allel relative to V) or V(=1),

Example 5.1 (THE MULTINOMIAL DISTRIBUTION). The probability function

of a multinomial distribution is given by

N!

T1lao! o

1, T2 Tn+1
WA AR S
n+1-

(5.1) p(z;§) =

where £ = (p1,...,pn), x € {0,1,..., N} such that z1 +zo+ -+ 2zp41 = N,
and pg (> 0) satisfies p1 +pa+- - -+pnr1 = 1. This probability density function
is rewritten as follows:

n+1 n
p(x; &) = exp <logN! — Zlogﬂcs! + sz log pps + N logan) ,
s=1 s=1 n+1

which implies that the multinomial distribution is an exponential family. We
put

n+1
C(x) =log N! — Zlogazsl,

s=1

Fy(z) =x;, 6" =log bi (i=1,2,...,n),
Pn+1

©(0) = —N log pny1

and M™ = {p(xz;0) | 6 = (0',...,0") € R"}. Owing to p; = pps1¢’ and
1 LA
pr+ -+ Py = 1, we get ppyg = W7 where we set w(f) =1 —1—26‘9 ,
w
s=1

which yields that

(5.2) ©(f) = N logw().
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It is clear from (5.2) that

N em
w(®)’

(5.3)  Oip=

D o= N{ D gL
O PR O &

€0i eei eek €9j eek eei eej
5l — 8i; — Sip — —— 5
{w(@) 1%k T00)2 T T ()2 TR T w(g)2 TR

269i€0j€0k
L [

where 0; = 9/060°. From (4.5) and (5.4), S. Amari ([1]) calculated the compo-
nents of the Fisher metric g as follows:

e e e’
(5'6) Gij = N {w(@) 5ij - w(@)g } :

Also, components ¢ of an inverse matrix of ¢ are given by

(5.5) aiajakgo =N

(5.7) g7 = N(ee)i (8s5 +€%).

By virtue of (4.6), (5.5) and (5.7), it is easy to see that
0 0t
(a)k (@) sk 1 € €
, ik _ ple - —(1— Y LS L
68 TG =Ty =500 {5 ST R (m}

(see [1]). Thus we get

o 1 e’ et
(5.9) Vgl)aj = 5(1 — Oé) {(5” 8l — w 82 - ) 8]} .

The space of a multinomial distribution (M, g, V(®)) is a statistical manifold.
Moreover we have the curvature tensor relative to the a—connection
R)(0;,0;)0%
0i 07 0" o o' 0"
_ c(a) e 50 — e’ e o, — e S — e’e o,
4 w(6) w(6)? w() w(6)?

where c¢(a) = (1 — a)(1 + «). Hence we have
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Theorem 5.1. The space of a multinomial distribution is of constant curva-

c(@)
ture aN -

We discuss (M, g, V(O‘)) admits an almost complex structure J(® which is
parallel relative to an a—connection V(@ . By virtue of Theorems 4.3 and 5.1,
we have

Theorem 5.2. Let (M,g,V(®) be a statistical manifold of the multinomial
distribution. In order for M™ (n > 4) to admit almost complexr structures

J@ which are parallel with respect to V(@) | it is necessary and sufficient that
a==*+1.

From (4.10), (4.11), (5.6) and (5.7), we put JWE — pk and

J J
1)k e@j . n 1 n . n
-1 j 0 j 0 0°
ok { (pkue Zprﬂ> ) (pks+e Zprs> . } |
€ r=1 s=1 r=1
where P]k are constants satisfying Perrk = —(5/“ . Hence we have

Theorem 5.3. In the space of a multinomial distribution, we have
(1) (M, g, J*Y) are almost Hermite-like manifolds,
(2) (M™, g, VED | JEDY are Kihler-like statistical manifolds.

Remark 5.1. If an almost complex structure J(® on the space of a multi-
nomial distribution is parallel relative to the a—connection, then we find from
(4.9), (5.6) and (5.7)

09I

o 1 «@ e
3iJJ( = 51 —a) {(%‘ — du) iV F -

(@) k
J w(0) T

ik - (a)r gr

J; .
oy 2
When n = 2 and a = 0, we can get

1
9'+62 2
JI(O)IZ—JQ(O)QZ:I:< e ) 7

1+ et + e
1
o2 _ 1+ e’ ef' +o° :
1 02 1+ et + 0?2 ’

o[

J(o) 1 1+ 691 691+02
2 =+ 691 1+ 691 + 692

Therefore (M?, g,V J©) is a Kéhlerian manifold.
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Remark 5.2. Let y = (u1,...,p,) be a mean vector. From p; = szz)’ , We
get
n
JEVE_ M i e NSy
J M k an+1 ; "
1 & v .
-3 (ps+ LN ps :

Example 5.2 (THE NEGATIVE MULTINOMIAL DISTRIBUTION). The proba-
bility function of a negative multinomial distribution is denoted by

B Fm4z1+-+xn) ) 2

(5.10) p(x; ) PPt - pln,

L(m)xylza! - - xy!
where £ = (p1,...,pn), ['(z) is the gamma function, m is a positive constant,

xr €40,1,2,...} for k =1,2,...,n and pg (> 0) satisfies po+p1+---+pn = 1.
This probability density function is rewritten as follows:

n
p(z;€) = exp {logF(m +az1+ -+ x,) —logl'(m) — Zlogms!
s=1

s=1

n
+szlogps+mlog(l—m—'--—pn)},

which means that the negative multinomial distribution is an exponential fam-
ily. We set

C(xz) =logl'(m +x1 + -+ 4+ x,) — log'(m) — Zlogzs!,
s=1

Fl(x) = —Zy, Qi:—logpi (i:1,2,...,n),

¢(0) = —m log(1 —p1 — -+ —pn)

and M"™ = {p(z:60) | 6 = (8*,...,6™) € (Ry)"}. Because of p; = e~ (i =
1,2,...,n), we find

(5.11) o(0) = —m log7(0),
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n

where we put 7(6) =1 — Z e~ . Therefore we get

(5.12) Oip = —m ———

i —0i 9
(5.13) 0;0j0 = m{ ‘ dij + S } ;

7(0) 7(0)?
eV e~ e t" e
14 i0j0kp = =M § —7+ 0ij0ik + —— 75— 0ij + —— 25— 0;
(5 ) 8816,6@ m{’l’(@) (5](5k—|— T(9)2 534— 7_(0)2 Oik
n et S+ 2e=0" =t 0"
(02 ' (07

where 9; = 0/00°. Owing to (4.5) and (5.13), we have components of the
Fisher metric g as follows:

eV 5 e_me_ej
(5.15) gij =m -0) ij + 7_(9)2 .

Also, components g% of an inverse matrix of g are denoted by

(5.16) g7 = ﬂ(éij —e).

me %

By virtue of (4.6), (5.14) and (5.16), it is clear that following equations hold:

—9J —p?
@k _ (@) sk _ Lo s e ,
(517) Tt =rlg* =-20 a){51351k+7_(9) B+ — 5k}.

Thus we get the following a—connection V(® for any real number «

618 V90— ta-m)laar oS ol
0 %9 =7 EA () I ()i

Therefore the space of a negative multinomial distribution (M, g, V(a)) is a
statistical manifold. Moreover we find

R()(8;,8;)0
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where c(a) = (1 — o)(1 + «). Hence we have

Theorem 5.4. The space of a negative multinomial distribution is of constant

c(a)
curvature — -

Next, we consider (M ,g,V(O‘)) admits an almost complex structure .J(@)
which is parallel relative to an a—connection V(®). From Theorems 4.3 and
5.4, we have

Theorem 5.5. Let (M, g, V(a)) be a statistical manifold of the negative multi-
nomial distribution. In order for M™ (n > 4) to admit almost complex struc-

tures J'®) which are parallel with respect to V(Y | it is necessary and sufficient
that o = £1.

Taking account of (4.10), (4.11), (5.15) and (5.16), we set J;I)k = ij and

n
e r=1

sS=

where P]k are constants such that Pj’”Prk = —5jk. Then we have

Theorem 5.6. In the space of a negative multinomial distribution, we get
(1) (M, g, J&EY) are almost Hermite-like manifolds,
(2) (M, g, VED) JEDY are Kihler-like statistical manifolds.

Remark 5.3. If an almost complex structure J(®) on the space of a negative

multinomial distribution is parallel relative to the a—connection, then it is easy
to see from (4.9), (5.15) and (5.16) that following equations hold

a)k 1 a)k 6—9j a)k 0 = a)r —gr
&Jj() :2(1—a){—((5ij—(5l-k)J() — J() + ZJ]( ) (& 0 }
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When n =2 and a = 0, we can get

1
—9l_p2 2
o1 _ 402 __ €
Jl - J2 _i<1_€_91_€_92> )
1
Jo2_ 1= e\
L 1—e 0" —e0? ’

1
Jo1_ 1= et e 00 ?
2 e=0! 1 —e 0" —e0? '

Thus (M2, g,V©, J) is a Kéhlerian manifold.

2

Remark 5.4. By virtue of y; = %, we obtain

n

n n
1)k sy i Do Mk ;o1 Do [k
S = {Pk]‘mzpr”mz:(&s‘ " ZP*)“S}’
r=1

Pk r=1 s=1

where p; are components of a mean vector.

Example 5.3 (SPECIAL CASES OF THE MULTIVARIATE NORMAL DISTRIBU-
TION). The probability density function of a multivariate normal distribution
is given by

1 1t —1
(\/ﬂ)"\/m exXp _5 (.’IJ-/,L)E (x_ﬂ) )

where x = Y(x1,...,2,) and p = *(u1,. .., un) are vectors of order n and pu
is called a mean vector, X = (0;;) is a covariance matrix (symmetric positive
definite matrix) and & = (1, .-, hn, 011,012, -« - s Tln, 022, - s 0%y -+« s Op) €

p(x;€) =

R>7("+3) The multivariate normal distribution is an exponential family. This
statistical model may be viewed as a %n(n + 3)—dimensional space which has
(11, -+ s Py 0115012+« + s Olny 092, o« 020y - - -, Onyy) as a local coordinate sys-
tem. We shall introduce two special spaces of the multivariate normal distri-
bution with the covariance matrix X = diag (0.4, ..., 0ny) or diag (02,...,0?).

At first, we discuss the space of a multivariate normal distribution with the
covariance matrix diag (o11,...,0p,). Then the probability density function
is denoted by

) = H1 - [_W}
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where £ = (i1, ..., fn, 011, - .., 0nn). This statistical model M may be viewed
as a 2n—dimensional space R™ x (Ry)™ which has (p1,..., tn, 011, -+, 0nn)
as a local coordinate system. The Fisher metric g and a—connection V()
were given by [7] and [11]. Furthermore, we proved that the statistical man-
ifold (M, g, V(@) is Einstein. Also, in order for (M, g, V(®) to admit almost
complex structures J(® which is parallel with respect to the o—connection,
it is necessary and sufficient that a = +1. Therefore (M, g, V&, JED) are
Kahler-like statistical manifolds (see [10]).

Secondly, if the covariance matrix is diag (¢2,...,0?), then the probability
density function of a multivariate normal distribution can be expressed by

p(z;€) = ¥ﬂeXp [—W] ,

(V2ro)™ - 202

where & = (u1,...,un,0). This statistical model L may be viewed as an
(n + 1)—dimensional upper half-space R™ x Ry which has (p1,...,un,0) as
a local coordinate system. The Fisher metric g and a—connection V(® were
given by [7] and [11]. In [9], the pair (L, g) is a doubly warped product space
and the statistical manifold (L, g, V(a)) is of a constant curvature — %, where
cla) = (1-a)(1+a). Also, for (L, g, V(®), in order to admit almost complex
structures J(® which is parallel relative to the a—connection, it is necessary
and sufficient that « = £1. Thus (L, g, vED, J(ﬂ)) are Kahler-like statistical

manifolds in [10].

Example 5.4 (THE DIRICHLET DISTRIBUTION). The probability density
function of the Dirichlet distribution is denoted by

I D

5.19 p(x; T coegnT

( ) ( é) F(Vl)F(Vn) 1 n

where £ = (v1,...,,), 2 (> 0) satisfies 1 + o + -+ -+ 2, = 1 and v > 0 for
k=1,2,...,n. This probability density function is rewritten as follows:

p(w;&) = exp |- Y {logz, — vy logas +logD(vs)} +log D(vy + - + 1) |

s=1

which means that the Dirichlet distribution is an exponential family. We put
n
C(‘T) = Z log Ts,
s=1
Fi(x) = log z;, 0" = u; (i=1,2,...,n),

90(6) = Z log F(l/s) —log F<V1 4+t Vn)
s=1
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and M"™ = {p(z;0) | 6 = (0*,...,0") € (R4)"}. Thus we get

(5.20) p(0) = logT(6°) —log (6" 4 --- +6").
s=1

Because of (5.20), it is easy to see that

(5.21) Oitp = (0°) = (0" + - +0"),
(5.22) 0i0jp = ' (0") 0i5 — /(0" + - +0"),
(5.23) 0;0;0kp = V" (0") 8ij b, — " (0" + - + 0™,

where 9; = 9/00" and (z) = L logI'(z) = l;l((;)) is the digamma function.

From (4.5) and (5.22), we have components of the Fisher metric g as follows:
(5.24) gij = V' (07) 6y — ' (0" +--- + 6™).
Also, components g of an inverse matrix of g are given by

1 L (O )
) {5” RGN D) }

(5.25) g =

where we put

n

1
5.26 T, .0 =10+ + 0" .
(B26) B0 =10 0D
By virtue of (4.6), (5.23) and (5.25), we obtain
@k _ 1, () I & n
(5.27) Ly m = 5 (1 a){éwélk (0 + ) D;(0%,....,6 )},

where we set

@ZJ”(@i)d/(@l—l—---—i—Qn) B ’(7[}//(014—"'4—9”)
WO W(OT, ..., 0m) v, 0m)

(04, ...,0™) =5y

Thus we get the a—connection V(@)

v (0°)
¥'(6°)

(0", ..., 6" L Ds p .
+eal ) 25 }

a 1
(5.28) Vgl)ﬁj = 5(1 - a) {51] 01

3
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Therefore the space of a Dirichlet distribution (M, g, V(a)) is a statistical man-
ifold. Moreover we have

(5.29)  R')(9;,0)0

v (07)
v'(67)

¢//(9k)¢//(91+"'+9n) n 1
W(OR) (0, 0m)2 g (0°)

c(a)

== {@ik(el,...,en) Aj— (0., 0") — 5

+(jk — Oir)

¢/(91+...+0n) n 1
where C(CY) — (1 — a)(l —|—a) and A; = 0; + \11(91,70”> Z ,¢/ 0Os.

Thus we find
Proposition 5.7. The curvature tensor field of the space of a Dirichlet dis-
tribution is given by (5.29).

Also, owing to (4.10), (4.11), (5.24) and (5.25), we put J\* = P,* and

- VO PO 40" s
JEVk _ _pJ 4 e ZPk

koyr(oF)
V(0" + -+ 9” - j) WO+ 4 0") S~
- + Py,
e .o 2= e )
where P]k are constants satisfying Perrk = —5jk . Hence we have

Theorem 5.8. If dim M is even, then we obtain in the space of a Dirichlet
distribution

(1) (M, g, J*Y) are almost Hermite-like manifolds,
(2) (M, g, VED | JEDY are Kihler-like statistical manifolds.

Remark 5.5. If an almost complex structure J(@ on the space of a Dirichlet
distribution is parallel relative to the a—connection, then we get

"(0") (ayk
IR

1 - (a) s 1 n s

where we have used (4.9), (5.24) and (5.25).

0% 2(1—a>{<am )
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Example 5.5 (THE VON MISES-FISHER DISTRIBUTION). Let S~ ! be an
unite sphere of R™. For pn = (pt1,..., ) € S" ' and x = (1,...,2,) € S,
n

we put (u,z) = Z usTs. The probability density function of the von Mises-

s=1
Fisher distribution is denoted by

(5.30) p(a:&) = Culw) exp(r (1n,) ).

where k > 0 and & = (u1,. .., fin, k). This is a probability distribution on the
sphere S"~! and

K;p

(5.31) Cn(k) = W%("QV

where p = (n—2)/2 and I(x) is the modified Bessel function of the first kind.
This probability density function is rewritten as follows:

p(x;§) = exp{r (p, x) +log Cn ()},

which means that the von Mises-Fisher distribution is an exponential family.
We get C(x) =0,

Fi(z) =z, 0" = k (i=1,2,...,n),
p(0) = —log Cn (k)

and M"™ = {p(z;0) | 0 = (6*,...,6™) € R*}. This manifold M™ is a product
of the sphere S"~! and the half line R,. From p € S"~!, we find x = (0, 9>%
Thus we can get

(5.32) ©0(0) =log I, (k) — plog k + (p + 1) log 27.

Because of (5.32), it is easy to see from following equations with respect to
the modified Bessel function of the first kind

1= 0+ ).

2p

TIp(ﬁ)Z p—1(k) — Ipt1(k)
that
(5.33) 00 = Fy(r)0",

F’ o
(5.30) 0050 = Fy() b5 + —2 gigs.

K
F/
(5.35)  0,0;0hp = p}i’”

. . 1 [/ F ro
(5ij9k+5jkez+5kieﬂ)+< p(”)) 0'676",
K
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where 9; = 9/00° and

s
B =

From (4.5) and (5.34), we have components of the Fisher metric g as follows:

Fy(k) . .
(5.36) 9ij = Fp(/ﬁ) (Sij + T 0'6’.

Also, components g of an inverse matrix of g are given by
Lo, Fy(k)

Fyp(k) ™ Kk Fp(k) {r Fp(r)}

By virtue of (4.6), (5.36) and (5.37), we obtain

(5.37) g = 067

(5.38) D = lep {F(r) (81, 0" + 61, 67)
#1510 (1= Gomgap )
o) (F4) 2Ry
T wnmy
Therefore we obtain
(5.39) Vo, = ;F;(:) (EL(5) (6" 0; + 07 &)

+E)(k) (1 {EF > 5ij Zes

FW N o2 n
) (5 ) - 2F(x) o
w{n (0 2%

Thus the space of a von Mises-Fisher distribution (M, g, V(®) is a statistical
manifold. Moreover we have

(5.40) R©)(8;,0;)0%
cla F(k) Fy(k) ; ;
=7 [rﬂF( - pr)}”k“’aj‘w
2k F)(r)?
TR Ry O 0

— () (5360 = 54) Y 9538] |
s=1
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where we put

= {2 } + ) {{258}}
Thus we find

Proposition 5.9. The curvature tensor field of the space of a von Mises-
Fisher distribution is given by (4.39).

Also, by virtue of (4.10), (4.11), (5.36) and (5.37), we put J\"* = P;* and

_ . Fl(r)
gl)k:_Pﬂ_ p 7 P, 508
T 3 meW; 50

FIQ(H) . j Fé(ﬁ) S~ spns r
T BT e’f;{m T E ) GJSZZ;PT 0 }9 ,

where P]k are constants satisfying PjTPTk = —(5jk . Hence we have

Theorem 5.10. If dim M is even, then we obtain in the space of a von
Mises-Fisher distribution

(1) (M, g, J&FY) are almost Hermite-like manifolds,
(2) (M, g, VED | JEDY are Kihler-like statistical manifolds.

Remark 5.6. If an almost complex structure J(® on the space of a von
Mises-Fisher distribution is parallel with respect to V(@) then we can get

k F!(k) - "
Fi(x {1 P } AN AR S Ok
P Gemmy S\ 2
—F!(x) (9]’ T sy J]@SGS)
s=1

+Ky(r) 0 zn:(ekQSJ;“)s - 9j05J§a)’“)] =0,

s=1

11—«
9 T
i T F,(k)

where we put

o = (B0 - oy - vy ().
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