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On super mean labeling of some graphs
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Abstract. Let G be a (p,q)-graph and f: V(G) —» {k,k+ 1, k+2,k+3,...,
p+ g+ k — 1} be an injection. For each edge e = uv, let f*(e) = [w .
Then f is called a k-super mean labeling if f(V) U {f*(e) : e € E(G)} =
{k,k+1,k+2,...,p+q+k—1}. A graph that admits a k-super mean labeling
is called k-super mean graph. In this paper, we present k-super mean labeling
of Caon(n # 2) and super mean labeling of Double cycle C(m,n), Dumb bell
graph D(m,n) and Quadrilateral snake Q.
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81. Introduction

By a graph we mean a finite, simple and undirected one. The vertex set and
the edge set of a graph G are denoted by V(G) and E(G) respectively. The
disjoint union of two graphs G and G is the graph G1UG9 with V(G1UG3) =
V(G1) UV (G2) and E(G1 UGe) = E(G1) U E(Gs).

Let Cy, and C), be two disjoint cycles with u € V(C,,) and v € V(C},). The
double cycle, denoted by C(m,n), is the graph obtained by identifying u and
v. The dumb bell graph D(m,n) is obtained by joining the two vertices u and
v with an edge.

The antiprism graph G on 2n vertices has the vertex set {u;,v; : 1 <i <n}
and the edge set {u;uit1,vvi41, UrUn, V10y 1 1 < i <n—1}U{uw; 11 <i<
n} U {viti—1,v1up : 2 < i < n}.

Any quadrilateral snake @), is obtained from a path ujusus . .. u, by joining
u; and w;+1 to new vertices v; and w;(1 < i < n — 1) respectively and joining
v; to wi(1 < i <n—1). That is, every edge of the path is replaced by the cycle
Cy. [z] denotes the smallest integer greater than or equal to x. For notations
and terminology we follow [2].
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§2. Preliminary Results

The concept of super mean labeling was introduced in [6] and further discussed
in [3, 4, 5]. B. Gayathri et al. extended the notion of k-super mean labeling of
graphs [1]. Let G be a (p,q)-graph and f: V(G) — {k,k+1,k+2,k+3,...,
p+q+ k — 1} be an injection. For each edge e = uv, let f*(e) = [w—‘
Then f is called a k-super mean labeling if f(V) U {f*(e) : e € E(G)} =
{k,k+1,k+2,....,p+q+ k — 1}. A graph that admits a k-super mean
labeling is called k-super mean graph. We use the following results in the
subsequent theorems.

Theorem 2.1. [6] Any path P, is a super mean graph.

Theorem 2.2. [6] Let G1 = (p1,q1) and G2 = (p2,q2) be two super mean
graphs with super mean labeling f and g respectively. Let f(u) = p1 + q1 and
g(v) = 1. Then the graph (G1)s*(G2)4 obtained from G and G2 by identifying
the vertices u and v is also a super mean graph.

Theorem 2.3. [6] Any odd cycle Copt1 s a super mean graph.

Remark 2.4. [6] Cy is not a super mean graph.

83. k-Super Mean Graph

In this section we establish k-super mean labeling of the graphs such as even
cycle (except Cy), antiprism on 2n vertices (n > 4), the generalized prism
Cp X Pp, (n is odd) and the grid P, x P, with one random crossing edge in
every square.

Theorem 3.1. Any even cycle Cop(n # 2) is a k-super mean graph.

Proof. Let V(Cay,) = {u1,uz2,us, ..., um}.
For n # 2, define f : V(Cq,) — {k,k+ 1,k+2,k+3,....p+q+k—1=
dn+k — 1} by
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Then f(V) = {k,k+2,k+5,k+6,k+8, k+11,k+12, k+15,k+16, ..., k+4n—
9, k+4n—8,k+4n—5,k+4n—4,k+4n—1} and {f*(e) : e € E(Cop)} = {k+
1, k+3,k+4,k+7,k+9,k+13,k+14, ... k+4n—"7,k+4n—6, ..., k+4n—3, k+
4dn—2}. Clearly f(V)U{f*(e) : e € E(Cap)} = {k,k+1,k+2,..., k+4n—1}. So
f is a k-super mean labeling. Hence Cy,(n # 2) is a k-super mean graph. [

Example 3.2. The 5-super mean labeling of Cg is given in Figure 1.

10 13 17
Figure 1

Theorem 3.3. An antiprism G on 2n wvertices (n > 4) is a k-super mean
graph.

Proof. Let {u;,v; : 1 <1i < n} be the 2n vertices of the antiprism graph G.
Case (i) n is odd. Take n = 2s + 1.
Define f: V(G) — {k,k+1,k+2,k+3,...,p+q+k—1=6n+k—1} by

flur) =k;
flug) =k +
(u2+z):k+5—|—4zfor1<z<s—1
flus2) =k +4s — 2;
flusyori) =k+4s—2—4difor 1 <i<s—1;
f(v1) =k +8s+4;
flve) =k +8s+09;
fvagi) =k +8s+9+4ifor1<i<s—1;
Fvsia) =k + 125 +2;
f(Vsyori) =k+12s+2—4difor 1 <i<s—1.

It can be verified that f is a k-super mean labeling of G.

Case (ii) n is even. Take n = 2s.
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Define f: V(G) — {k,k+1,k+2,k+3,...,p+q+k—1=6n+k—1} by

flur) = k;
flug) =k +2;
flus) =k +6;
flug) = k+11;
fluaps)) =k +11+4ifor 1 <i<s—3
flus42) =k +4s—4
fusqoyi) =k+4s—4—4ifor1<i<s—3
fugs) =k +5;
fv1))=k+8s+5
flvg) =k + 8s;
flus) =k+8s+2
flvg)) =k+8s+6
f(vs) =k+8s+11;
flvsyi) =k +8s+11+4ifor1 <i<s—3;
f(vsys) = k + 12s — 4
fsysti) =k+12s —4 —4ifor 1 <i<s-—3.

Clearly the induced edge labels are distinct. Therefore f is a k-super mean
labeling of G. Hence G is a k-super mean graph. O

Example 3.4. The 3-super mean labeling of antiprism on 12 vertices is given
i Figure 2.

33

VARV

35

27

32
Figure 2
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Theorem 3.5. The graph C, x P, is a k-super mean graph where n is an
odd integer and m is any integer.

Proof. Let {u; :1 <7 <n,1 <i<m} be the vertices of C,, x P,,. Take
n=2s+1.

Define f : V(C, x Py) — {k,k+ 1,k+2k+3,....p+q+k—-1=
n(3m —1)+k —1} by

f(ujl-):k+2j—2f0r1§j§8+1;
flugpo) =k +2s+3;
flubior;) =k+2s+3+2jfor 1<j<s—1;
f(u?) = k4 8s + 3;
ful;) =k+8s+4+2jfor1<j<s;
f(u,) =k +65+3;
)=k

+6s+3+2jforl <j<s—1.

For m > 2, f(u]') = f(u;”*Q) + 6n for 1 < j < n. One can prove that f is a
k-super mean labeling of C}, x P,,. Hence the theorem. O

Example 3.6. The 4-super mean labeling of C7 x Py is give in Figure 3.

15 17 4 6 3
13 ® 10
7 29 B1 4 36
25 ¢ ® 38
— |
\
57 9 16 18 50
55 52
—
\
67 L4 80
69 71 73 76 78
Figure 3

Theorem 3.7. The grid P,, x P, with one random crossing edge in every
square is a k-super mean graph.

Proof. Let {uﬁ :1 < j <m,1<i<n} be the vertices of P, x P,. Define f as
follows: f(ul) = k+2j—2+(2i—2)(2m—1) forall1 < j <m,1 <4 < n. Hence
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the edges ugugﬂ will get the label k£ +2j — 2+ (2¢ — 1)(2m — 1) and the edge
u{uf“ will get the label k+2j — 1+ (2i —2)(2m —1). A crossing edge is either

ufufill or uj+1ug+1 and both will get the label k425 — 1+ (2i — 1)(2m — 1).
Clearly f is a k-super mean labeling. Hence the grid P, x P,, with one random

crossing edge in every square is a k-super mean graph. O

Example 3.8. The 2-super mean labeling obtained from Ps X Py is given in
Figure 4.

2 12 22 3'2
14 24
4 34
6' 16 -26 36
Figure 4

Note 3.9. The k-super mean labeling of the graph G is the generalization of
super mean labeling of G.

84. Super Mean Graph

Theorem 4.1. Let G1(p1,q1) and Ga(p2,q2) be two super mean graphs with
u € V(G1) has the label p1 +q1 and v € V(G2) has the label 1. Then the graph
G which is obtained by joining u to v by any path P, is a super mean graph.

Proof. Let f and h be the super mean labelings of G; and G» respectively.
Let wy,uo,us,...,u, be vertices of path P,. By Theorem 2.1, P, is a super
mean graph. Let g be the super mean labeling of P, as follows.

1 3 5 7 9 2n -5 2n -3 2n -1

Then g(u1) = 1 and g(u,) = 2n — 1. By Theorem 2.2, (G1)s * (Pn)y = G3
(say) is a super mean graph. Let k be the super mean labeling of G3. Again
by Theorem 2.2, (G3),*(G2), = G is a super mean graph. Hence G is a super
mean graph. O

Theorem 4.2. The double cycle C(m,n) is a super mean graph for allm >3
andn > 3.
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Proof. Case (i) m # 4 and n # 4.

Since all cycles except Cy4 are super mean graphs, by Theorem 2.2, C(m,n)
is a super mean graph.

Case (ii) At least one of m,n is 4. Assume m = 4.

Let uq,us9,us,us be the vertices of Cy and V(C),) =
Identify uy and v;. Then V(C(m,n)) = {u;,v; : 1 < i <
ug = v1}.

Subcase (i) n is odd. Take n = 2s + 1.
A super mean labeling of C'(4,3) is given by

3 5 7

[

1 13
11

For n > 3, define f : V(C(4,n)) — {1,2,3,...,p+q¢=2n+7=4s+ 9} by

flur) =15

fluz) = 3;

flus) =5;

fua) = fvr) =115

flv2) =T,

f(v3) = 12;

f(7)4) :4S+9

f(vagi) =2(2s —i)+9for 1 <i<s—2;
f(vsg24i) =24 —i)+n+3for1 <i<s—1

It can be established that f is a super mean labeling.
Subcase (ii) n is even. Take n = 2s.
Define f: V(C(4,n)) — {1,2,3,...,p+q=2n+T7=4s+ 7} by
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(u1
(u2
(us
(u4
(
f(

[y
J(Vsy144) =

-
I
gt W o=

S~

~
I
kh

(v1) = 11;

~

U2

)

7
V3 12;
12—1—22f0r1<z<s—2
2s+2i+9for1 <i<s—1.

NN NG N N NG N NI



60 P. JEYANTHI, D. RAMYA AND P. THANGAVELU

It can be verified that f is a super mean labeling. Hence the double cycles
C(m,n) are super mean graphs for all m > 3 and n > 3. O

Example 4.3. The super mean labeling of C(4,8) is given in Figure 5.

Figure 5

Theorem 4.4. The dumb bell graph D(m,n) is a super mean graph for all
m >3 and n > 3.

Proof. We consider the following two cases.
Case (i) m # 4 and n # 4.

The proof follows from fact that all cycles except C4 are super mean graphs
and by Theorem 4.1.

Case (ii) At least one of m,n is 4. Let m = 4.
Let V(Cp) = {u; 11 =1,2,3,4} and V(Cp,) = {v; : 1 <i < n}.
Subcase (i) n is odd. Take n = 2s + 1.

Join wz and vs by an edge. Then V(D(m,n)) = V(C,) U V(C),) and
E(D(m,n)) = E(Cy,) U E(Cy,) U {usvs}. A super mean labeling of D(4,3) is
given below:

3 3 9

=

1 10 13
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For n > 3, define f : V(D(m,n)) — {1,2,3,...,p+q=2n+9=4s+ 11} by

flur) =1;

fluz) = 3;

f(uz) =5;

f(ug) = 105

f(vy) = 15;

fvg) =12;

flvs) =9;

f(v4) = 16;
flogri) =16+2i for 1 <i<s—2;
f(vs+3) =25+ 15,

flusqssi) =2s+154+2ifor 1 <i<s—2.

One can verify that f is a super mean labeling.
Subcase (ii) n is even. Take n = 2s.
Join u3 and vy with an edge. Then V(D(m,n)) = V(Cy,) U V(C,) and

E(D(m,n)) = E(Cy,) U E(Cy,) U {ugva}. For n = 4, a super mean labeling of
D(4,n) is given by

1 10 13 17

For n > 4, define f : V(D(m,n)) — {1,2,3,....p+q¢=2n+9=4s+ 9} by

flur) =1;
flug) =3;
f(usg) = 5;
f(U4) = 10;
f(vl) = 13;
fv2) =9
f(v3) = 14;
flospi) =14+ 2ifor 1 <i<s—2;
f(vsyo) = 25+ 13;
f(vsio4i) =25+ 13+ 2ifor 1 <i<s—2.
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It can be established that f is a super mean labeling. Hence the dumb bell
graphs D(m,n) are super mean graphs for all m > 3 and n > 3. O

Example 4.5. The super mean labeling of D(4,7) is given in Figure 6.

3 ) 16 18 ?1
9
J
1 10 12 15 23
Figure 6

Theorem 4.6. Let Cp(n > 3) be an odd cycle. Consider n copies of an odd
cycle Cpp(m > 3). If G is a graph obtained by identifying a vertex of each
cycle Cp, with a vertex of the cycle Cy, is a super mean graph.

Proof. Let ui,ug,us, ..., u, be the vertices of the cycle Cy,. Let w1, uaj, usj, . . .,
unj, 1 < j < m, be the vertices of the cycles CT(,P,CT(,%),C,(Q), .. .,C,(ﬁ’) respec-
tively, identified at each vertex of C), such that u; = w1, us = uoi,us =
U3my - -+ Up—1 = Up—1,1 aNd Up = Up,;, Which means that wi,,, u21, usm, ua1, - - -,
Un—1,1, Unm are the vertices of the cycle C),.

Take n =2s+1 and m = 2t + 1.

Define f: V(G) — {1,2,3,...,(2m + 1)n = 8st + 6s + 4t + 3} as follows:

. 2j—1 for1<j<t+1
For the cycle Cﬁw),f(ulj) :{ 2; fort+2]<j <m.

For the cycle C,gf), where 2 < k <s+1,

Flug;) = 2k —1)m+2(j —1)+k forl <j<t+1
YT 2k —)m 42— 1) +k+1  fort+2<j<m.

For the cycle CT(,’f), where s +2 < k < n.

Flug;) = 2k —1)m+2G -1 +k+1 for1<j<t+1
FOT 2k —D)m+2( 1) +k+2  fort+2<j<m.

Now we have U {f(V(CE) U (ECEN)} = {1,2,3,..., 2m}U{2m+2, 2m+
=1

i=
3,...,dm+1}U{dm+3,4m+4,...,6m~+2}U---U{(2m+1)s+1,(2m+1)s+
2,...,2m+1)s+2m}u{(2m+1)(s+1)+2, 2m+1)(s+1)+3,...,(2m+1)(s+
DU U{(@2m+1)(n—1)+2,...,(2m+1)n}. Clearly these labels are all dis-
tinct. Further the labels of the edges ujug, ugus, usg, - . ., Usy1Ust2, Us42Ust3, - - -
unuy of the cycle Cy, are 2m+1,4m+2,6m—+3,...,(2m+1)(s+1)+1,(2m+
D(s+2)+1...(2m + 1)(s + 1) respectively. It can be easily verified that
FV)U{f*(e):e€ E(G)} ={1,2,3,...,n(2m+1)}. Hence G is a super mean
graph. O
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Corollary 4.7. The graph Ca,+1 © Ko is a super mean graph for all n.

Example 4.8. The super mean labeling of G obtained from C3 by identifying
a vertex of the cycle Cs with each vertex of the cycle Cs s given in Figure 7.

Figure 7

The graph Q2 is Cy, and hence it is not a super mean graph [6]. Next we
prove ), is a super mean graph for all odd values of n.

Theorem 4.9. The quadrilateral snake Q,, where n is odd, is a super mean
graph.

Proof. Let V(Qn) = {us, vi, wi,up : 1 <1 <n—1}.
Define f: V(Qn) — {1,2,3,...,7n — 6} by

f(u)

<u2z

L
f(ugi—1) +10 for 1 <i <'s;
flug;) +4for 1 <i<s;

3;
flugim)+4for 1 <i<s;
fvg) +10 for 1 <i<s—1;
9;

flw))+T7for1 <i<n-—1.

)
J(u2it1)
f(v)
S (v2:)
)
)
)

(U21+1
flwr

(wz-i-l

Clearly f(V)U{f*(e) : e € E(Qn)} ={1,2,3,...,7n — 6}. Hence, @Q,, where
n is odd, is a super mean graph. ]

Example 4.10. The super mean labelig of Qs is given in Figure 8.

3 5 7 12 17 19 21 26
1 11 15 25 29

Figure 8
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Theorem 4.11. Let C), : ujugus . .. uzui(n is odd) be a cycle. Let G be the
graph with V(G) = V(Cp) U{v; : 1 <i < n}, E(G) = E(Cy) U {uv;, ujt1v; :
1<i<n—1}U{upvn,uiv,}. Then G is a super mean graph.

Proof. Take n = 2s+ 1. Define f : V(G) — {1,2,3,...,p+ ¢ = 5n} by

Clearly the vertex labels, the induced edge labels are distinct and f(V') U
{f*(e) :e€ E(G)} ={1,2,3,...,5n}. Hence G is a super mean graph. O

Theorem 4.12. Let C,, : ujugus ... upuy (n is odd) be a cycle. Let G be the
graph obtained from C,, by joining the vertices u; and u;y1 by the path P! (m
is odd) 1 < i <mn—1 and joining the vertices u, and uy by the path P}. Then
G is a super mean graph.

Proof. By Theorem 4.11, the theorem is true when m = 3. We prove the
theorem for m > 3. Let v{,v%,vg, - .,vfn for 1 < j < m be the vertices of
the path P¢ (1 < i < n) such that v, = U{H =ujyr for 1 <j<n—-1and
v = vl =uy. Take n =25+ 1 and m = 2t + 1.

Define f: V(G) — {1,2,3,...,p+q¢=n(2m —1)} by

flo})=2i—1for1<i<t+1;
f(v}) =2ifor t +2 <i <2t 4 1;
fw)y=fw ™) +2m—1for1<i<2t+1land2<j<s;
Fi™) = f(op,) = 1+ (2m — 1)s;
f(U§+1) =44 (2m —1)s;
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f(”gif}):4+(2m—1)s+2ifor1§z’§t—2;
foith) =2t(2s +1) + 5+ 4;
FPfl) =2t2s +1) + s+ 442 for 1 <i < t;
Fit?) =dt(s+ 1) +s+2+2ifor 1 <i<t+1;
fFT) =4t(s+1)+s+3+2ifort +2 <4 <2t + 1
f(vg):f(yg—l)—i—Qm—lfor1§i§2t+1ands+3§j§28;
Fith) = f(uE) +2ifor 1 <i <2t —1.

It can be verified that f is a super mean labeling of G. Hence G is a super
mean graph. O

Example 4.13. The super mean labeling of G with m =5 and n =7 is given
in Figure 9.

Figure 9
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