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Abstract. A simple graph G admits an H -covering if every edge in E(G) be-
longs to a subgraph of G isomorphic to H. The graph G is said to be H-magic if
there exists a bijection f : V(G)UE(G) — {1,2,3,--- ,|V(G)UE(G)|} such that
for every subgraph H’ of G isomorphic to H, Yvevary F0) + Xecmmn f(€)
is constant. Additionally, G is said to be H-supermagic if f(V(G)) =
{1,2,3,--- ,|V(G)|}. In this paper, we study H-supermagic labelings of two
classes of connected graph namely fans and ladders.
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81. Introduction

We consider finite, undirected and simple graphs. The vertex and edge sets of
a graph G are denoted by V(G) and E(G), respectively. Let H be a graph.
An edge-covering of G is a family of subgraphs Hi, ..., H such that each edge
of E(G) belongs to at least one of the subgraphs H;, 1 < i < k. If every H; is
isomorphic to a given graph H then we say that G admits an H-covering.
Suppose G admits an H-covering. A total labeling f : V(G) U E(G) —
{1,2,3,...,|V(G) U E(G)|} is said an H-magic labeling of G if for every
subgraph H' of G isomorphic to H, 3 cyyn f(v) + X ccpmr) fle) is con-
stant. An H-magic labeling f is said an H-supermagic labeling if f(V(G)) =
{1,2,3,...,|V(G)|}. A graph that admits H-(super)magic labeling is called
H -(super)magic. The sum of all vertex labels and all edge labels on H (under
a labeling f) is denoted by > f(H). In Figure 1, we show Cj-magic and
C4-supermagic labelings of Ly.

The H-supermagic labeling was first introduced by Gutiérrez and Lladé [5]
in 2005. They considered star-supermagic and path-supermagic labelings of
some graphs. In [8], Lladé and Moragas gave Cj,-supermagic labelings of
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Figure 1: (a). a Cy-magic labeling of Ly (b). a Cy-supermagic labeling of Ly

wheels, windmills, prisms and theta graphs. Cycles-supermagic labeling of
chain graphs kC),-snake, triangle ladders T'L,,, grids P,, X P,,, for n = 2, 3,4, 5,
and books B,, can be found in [13]. Maryati et al. [9] proved that some classes
of trees such as subdivision of stars, shrubs, and banana tree graphs are P,-
supermagic for some h and prove that certain shackles and amalgamations of
a connected graph H are H-supermagic [10].

For H = P,, an H-supermagic graph is also called a super edge-magic graph.
The notion of a super edge-magic graph was introduced by Enomoto at al. [2]
as a particular type of edge-magic graph given by Kotzig and Rosa [6]. There
are many graphs that have been proved to be (super) edge-magic graphs,
see for instance [3, 11, 12, 14, 15]. For further information about (super)
edge-magic graphs, see [4]. The H-magic labeling is related to a face-magic
labeling of a plane graph introduced by Lih [7]. A total labeling f of a plane
graph is said to be face-magic if for every positive integer s, all s-sided faces
have the same weight. The weight of a face under a labeling f is the sum of
labels carried by the edges and vertices surrounding it. Lih [7] allows different
weights for different s. If a plane graph G contains only n-sided faces, then
face-magic labeling of G is also C),-magic labeling. Other results about this
labeling can be found in [1].

In this paper, we study C,, and Fj,-supermagic labelings of fans Fj,, and
Cy, and Ly,-supermagic labelings of ladders L, for all possible values of m
and n.

82. Supermagic coverings of fans

In this section we consider C,, and F,,-supermagic labelings of the fans F,.
We define the fans F,, = P, + {c} as a graph with

V(Fn) = {C,l’i|i = 1,2,3, PN ,’I’L}
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and
E(F,) ={cxili =1,2,3,...,n} U{zizi1]i = 1,2,3,...,n — 1}.

In [7], Lih proved that F), is Cs-supermagic for every n except n = 2 (mod 4).
Furthermore, Ngurah et al. [13] proved that F, is Cs-supermagic for any n > 2.
In the following theorem, we show that F), is Cj,-supermagic for any integer
4<m< [

Theorem 1. Let n > 4 be a positive integer. Then the fan F, is Cp-
supermagic for any integer 4 < m < L”T‘Mj

Proof. First, label every vertex in the following way.
e Label the vertex ¢ with 1.
Case 1: n =0 (mod m — 1)

e Label 1, Tm, Tom-1, T3m—2, Tam—-3, .., Tn—my2 With 2,3,4,5,6,.. .,
— + 1, respectively.

e For 1 < k < m — 2, label x4, $m+k, Tomik— 1 T3mk—25 964m+k 3,
e W K] +2, ) 3, Kgiy) k) +5
k(;5) +6, ..., (k+ 1)) +1, respectlvely

Case 2: n=1 (mod m — 1)

e Label x1, Tm, Tom—1, T3m—2, Tam—3, - -+ Tn-m+1, Tn With 2,3,4,5,6,
n—1 n—1 .
o =7 + 1, =5 + 2, respectively.

e For 1 <k <m-—2 label T1tk, $m+k, Tomtk—1, $3m+k 2, I4m+k 35
oy Tpe—maktl w1thk( )+3 R(2=Ly + 4, k(2=5) + 5, k(2=L) + 6,

k‘(mfl) +7, . B+ 1) ) + 2, respectively.

Case 3: n =t (mod m — 1), where t =2,3,4,...,m — 2

e Label 1, wm, Tom— L 963m 2 Tdm—3; -+ Tn—m—t+2, Tn—t+1 With 2,3,
4,5,6, ..., 7= 1 +1, = 1 + 2, respectively.
e Label Tn—t+2s Tn—t+3y Tp—t+4y -y Tn with 2( ) + 3 3( ) + 4,

4(2=5) +5, ..., t(2=E) + ¢ + 1, respectively.

e For 1 < k < ¢, label Z1yk, Tmiks Tomik—1, T3mik—25 Tadmtk—35 - -
Tn—m—tht2 With 47 +2, 9 +3, 97 +4, 77 +5, 97 +6, .., 2+ (5=F +1),
respectively, where 7§ = k:(;;—:tl +1).
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o Fort+1 <k <m-—2,label 11k, Trmik, T2mik—1, T3mik—25 Tdmtk—3 - - -
Tp—m—t+k+2 With 75—!—2 7§+3 75—}—4 7§—|—5, 75”—{—6, — 'yé“—{—(;é—:tl)—l—l,
respectively, where 7§ = k(A= ) + t.

Next, label every edge as follows.
e For 1 <i <n, label cx; with 3n 4+ 1 — 1.

For labeling the remaining edges, let ¢; = z;x;41, 1 < ¢ < n —1, and let
qg=n—1.

Case 1: ¢ =0 (mod m — 2)

e Label e, €n—1, €2m—3, €3m—5, €4m—7, - - -, €g—m+3 With n+2, n+3, n+4,
n+5n+6, ..., n+ —45 +1, respectively.

e For 1 <k <m-—3,label €14k, €m—11k, C2m—31k> €3m— Sk €4m— Tk -
€q—m+3+k With 7§+2 V43,75 +4, 95 +5, 7546, ..+ () + 1,
respectively, where 7% = k(55) + n.

Case 2: ¢ =1 (mod m — 2)

e Label €1, €m—1, €2m—3; €3m—5, €4m-7, - .-, €q with n + 27 n -+ 37 n + 47
n+5n+6,...,n+ 731__12 + 2, respectively.

e For 1 <k <m-—3,label 14k, €m_11k, €2m—31ks €3m—5+k> Cam— Tk
Cq-miatk withvﬁf+3 V4 %’f+5 W6, A +T, s+ () +2,
respectively, where 7§ = k(Z=%) + n.

Case 3: ¢ =t (mod m — 2), where t =2,3,4,...,m —3

o Label e1, €1, €2m—3, €3m—5, €am—7, - - -, €g—t+1 With n+2, n+3, n+4,
n+5mn+6,...,n+ 7‘3:2 + 2, respectively.

e Label ¢, t42) €q-t42, €q—t43, - > €q With n+2(15) +3, n+3(;15) +4,
n+4(:5) +5, . n+ (LS )+t+ 1, respectively.

e For 1 < k < t, label 11k, €m—11k, €2m—31ks €3m—51ks Cam—Tths -
eq—t—m+3+k’ with ’75k +27 ’Yéc +3a 7§ +47 7]5€ +5> ’75k +67 B 7]5€ + 7%12 + ]-7
respectively,y¥ = k(-2=5 + 1) + n.

e Fort+1<k<m-—3, label e1x, €m—11k, €2m—31ks €3m— S+ky €4m—T+ks
- Eq—t— m+3+k with 7g+2 ’)/é€+3 7§+47 ’Yg+5v ’Vg+6v © 76 + = 2+1
respectwely, W =k(LEL) +n+t.
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Let us denote the total labeling defined above by h. It can be checked that
h(V(F,)) =41,2,3,...,n+1};for 1 <i<n—m+1, h(z;) = h(zitm-1) — 1,
h(a:ia:iﬂ) = h(xi+m_2xi+m_1) — 1, and h(cx,) + h(Cl’H_m_Q) = h(C.’L’Z‘+1) -+
h(Cl‘i+m,1) + 2.

For 1 <i¢<n-—m+2, let C,(,? be the subcycle of F,, with V(C,(,?) =
{c,z]i <j <i+m—2} and E(C’%)) = {czj, cxizm—a}t U{zjzjpli <j<i+
m—3}. It is easy to verify that for 1 <i <n—m-+1, > h(C’,(?i)) =5 h(C’T(,iL—H)).
Thus, for 1 <i <n—-m+2,) h(C,(,?) is constant. Hence, F}, is C),-supermagic
for any integer 4 < m < [244]. O

Next, we consider fan-supermagic labelings of fan. Notice that F;, is C3 =
Fs-supermagic [13] and F), is trivially F,,-supermagic. In the following theorem,
we show that F), is Fj,-supermagic for all remaining possible values of m.

Theorem 2. Let n > 4 be a positive integer. The fan F, is F,,-supermagic
for every integer 3 <m <n —1.

Proof. Define a total labeling of F, as follows.
e For 1 <i<n-—1,label z;z;41 with n +1+1.
e For 1 <i <n, label cx; with 3n 4+ 1 — 1.
e Label the vertex ¢ with 1.

For the remaining vertices, we consider three following cases.

Case 1: n =0 (mod m)

e Label 1, Tmi1, Tom+1, T3m+ls - -5 Tnemtl With 2,3,4,5, ..., 2 4+ 1,

respectively.

n
m

e For 1 < k < m — 1, label T11k, Tmi11ks Tomaitks T3milik, -« -
Tp—mi14k With B(2)+2, k() +3,k(2) +4, k() +5, ..., (k+1)(2)+1,
respectively.

Case 2: n =1 (mod m)

. ~1
e Label T1, Tm+1, L2m+15 L3Im+1s - - -5 Tn—my Tn with 27 3747 57 SRR n? + 17
1 .
=2 + 2, respectively.

e For 1 <k <m—1,label X11r, Tmt1+k, T2m+1+ks T3mt1+ks - - -5 Tn—m+k
with k(2=2) 4+ 3, k(21) + 4, k(1) +5, k(1) +6,. .., (k+1)(1) + 2,
respectively.

Case 3: n =t (mod m), where t =2,3,4,...,m—1
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e Label x1, 41, Tom+1, T3mtls -- -5 Tn—t+1 With 2,3,4,5,...,% + 2,
respectively.
e Label o, ¢19, Tn_t+3, Tn_tid, .., Tp With 2(%) + 3, 3(%) + 4,

—t —t i
4("=5) +5, ..., t(%+) + t 4 1, respectively.

e For 1 <k <t label x11 %, Tmyitk, T2mi1+k, T3miltk, - Tnom—t+1+k
. —t —t —t —t
1)(“=t + 1), respectively.

e For t +1 < k < m —1, label Z14k, Tmi1+ks T2mt1+k, T3Imtitks -« -
Tp—mti 1k With B(%0) 842, k(00) + 14+ 3, k(%0) + ¢+ 4, k("0 +
t+5,..., (k+1)(%1) + ¢t + 1, respectively.

Denote the total labeling defined above by f. It can be checked that

f(V(F,))={1,2,3,...,n+1};for 1 <i<n-—m+1,

t+m—1 +m
D flay)=—1+ > flay),
j=i j=i+1
i+m—2 i+m—1
Yo fajrip)=1-m+ > flzzn),
j=i j=i+1
and
i+m—1 i+m
> flexs)=m+ Y flex)).
j=i j=i+1

Forl <i<n-—m-+1,let F,Si) be the subfan of F;, with V(Fﬁ)) = {c,z;]i <
j<i+m-—1}and BE(FY) = {zjz,1]i < j <i+m—2}U{exli <j <
i+m — 1}. It is a routine procedure to verify that for 1 < i < n — m,
> f(F,Snf)) = Zf(FT(,fH)). So, f is an Fj,-supermagic labeling of F;,. Hence,
F,, is F,,-supermagic. O

In Figure 2, we show a Cy-supermagic labeling of Fg and an Fj-supermagic
labeling of Fiy as defined in the proof of Theorems 1 and 2, respectively.

83. Supermagic coverings of ladders

Let L, = P, x P, denote the ladder of order 2n and size 3n — 2. Clearly L,
admits a cycle covering of some even order. As a direct consequence of Lladé
and Moragas’s result (see Theorem 7 [8]), L, is Cs-supermagic for odd n.
Later, Ngurah et al. [13] solved for the remaining cases. In the next theorem,
we show that L, is also Cy,,-supermagic for the remaining possible values of
m.
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(a) (b)

Figure 2: (a). a Cy-supermagic labeling of Fg (b). an Fy-supermagic labeling
of F10

Theorem 3. Let n > 4 be a positive integer. Then the ladder L, is Com-
supermagic for every integer 3 <m < |%| + 1.
Proof. First, let L, be a graph with

V(Ly) = {2yl <i<n}

and
E(Ln) = {ziziv1, yivir |1 <i<n— 1} U{zy|l <i<n}.

Next, label every edge in the following way.

e For 1 <i<n—1,label z;z;11 with 2n + 1.

e For 1 <i<n—1,label y;y;41 with 4n —1 — 1.
e For 1 <i < n, label z;y; with 5n — 1 — 4.

Label every vertex in the following way.

Case 1: n =0 (mod m)

e Label x1,¥m11, Tom+1, T3m+1, -+ -, Tn—m+1 With 1,2,3,4,... = respec-
tively.
o For1 <k <m—1,label 11k, Tmi14k T2m 14k T3mt14ks - - > Tnom+1+k

with k() +1, k(%) +2,k(%) +3, k(%) +4,..., (E+1)(2), respectively.
Case 2: n =1 (mod m)

e Label 1, ZTm+1, Tom+1, T3m+ls- - - LTnem,Tn With 1,234, ..., (%),
(”7_1) + 1, respectively.

e For 1 <k <m —1, label @144, Tmi14ks T2mt14k T3m+1+4ks - - - s Tn—m+k
with B(2=2) 4+ 2, k(%) 4+ 3, k(L) + 4, k(1) +5, .., (k+1)(21) +1,
respectively.
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Case 3: n =t (mod m), where t =2,3,4,...,m—1

e Label 1, Tymi1, Tomi1, T3mats- -+, Tn_tr1 With 1,2,3,4, . (%)—4—1, re-
spectively.

e Label xp_t12,Tn—t+3,..., 2y With 2(% +1), 3(% +1),... 7t(n7_t +1),
respectively.

e For 1 < k <t, label z14%, Tmi14k, $2m+1+k, T3mA14ks -+ Tnem—t+1+k

with k(2L t+1)+1 ("t 4+ 1)+ 2, k(% 4+ 1) + 3, k(2E +1)+4
k(Z=t 4+ 1) + 2=t respectively.

e For t +1 < k < m —1, label Z11k, Tmi1+k, Tomt1tks T3miltks - -
Tp—m—tg 14k With R(BE) + 1, R(Bh) +t4+2, k(B0) +t43, k(B2E) +t-+4,
. (k+1)(%1) + t, respectively.
Finally, for 1 < ¢ < n, label y; with n + (the label of x;).

Let us denote the total labeling defined above by f. It can be checked that
f(V(Ly)) =A{1,2,3,....2n}; for 1 <i <n—m,

flxi) + fyi) = f(@mti) + f(Ym+i) — 2,
f@ayi) + f(@mricYmrio1) = f(@ipyinn) + f(@mviymyi) + 25

for1 <i<n-—2,
f(@iwigr) + f(yiyiv1) = f(@inizive) + f(Yir1yize)-

Forlgign—m—kl,letC(l)

2m>

be the subcycle of L, with
V(CS) = {aj,ysli <j <i+m—1}
and
E(Céi))m) = {:L‘jZL‘jJrl, yjyj+1|i <j<i+m— 2} ] {xiyi, xi+m71yi+m71}.

It is easy to verify that V(Cé;)l) N V(C’g:l)) ={zjyjli+1<j<i+m-—1}
and E(C)) N E(CSH) = {zjwj 1, yjyjli+1 < j < i+m—2}.
By using these facts, for 1 < i < n — m, we obtain

SACSE) = S ) + flyg)] + SR () + Fyiyien)]
f(xiyi) + f(@itm—1Yitm—1)
= YT [F ) + Fup)] + 0 (i) + Fyii)]+
F(@iv1Yiv1) + [(@itm¥Yitm)
=Y f(C5i).

So, for 1 <i<n—-m+1, > f( 2m) is constant. Hence, f is a Cop-
supermagic labeling of L,,. O
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(b) 28 27 26 25 24 23

7 22 9 21 11 20 12 19 g8 18 10

Figure 3: (a). a Cg-supermagic labeling of Lg, (b). a Cs-supermagic labeling
of LG

In Figure 3 we show a Cg-supermagic labeling and a Cg-supermagic labeling
of Lg as defined in the proof of Theorem 3.

Next, we consider a L,,-supermagic labeling of L,. Notice that, L, is
Lo =2 Cy-supermagic and L, is trivially L,-supermagic. So, in the following
theorem, we consider a L,,-supermagic labeling of L,, for any integer 3 < m <
n— 1.

Theorem 4. Let n > 4 be a positive integer. Then the ladder L, is L,,-
supermagic for every integer 3 < m <mn — 1.

Proof. For proving this theorem, we define the ladder L, as a graph with
V(Lyn) = {zs,yi|l < i < n}and E(L,) = {zizit1, yiyit1|l < i <n—1} U
{7iynr1-4[1 < i <n}.

Define a total labeling of L,, in the following way.

e For 1 < i <mn, label z; as in the proof of Theorem 3.
e For 1 <i <mn, label y; with n + (the label of z,+1_;).
e For 1 <i<n—1,label z;z;11 with 2n + 1.

e For 1 < i <n, label z;yp4+1—; with bn —1 — 4.

For labeling y;y;+1, we consider two following cases. First, let ¢ =n — 2.
Case 1: ¢ =0 (mod m — 1)

o Label y1y2, UmUm+1, Y2m—1Y2m, Y3m—2Y3m—1, Ydm—3Ydm—2, - - -,
Yn—mYn—m+1s Yn—1Yn With 3n, 3n+1,3n+2,3n+3,3n+4, 3n+5, ...,
3n+ (45 — 1), 3n + (47), respectively.
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e For 1 <k <m — 2, label y141y21k Ym+kYmtk+1s Y2mtk—1Y2m+k>

Y3m+k— 2y3m+k 15 Yam+k— 3y4m+k 25 -+ Yn— m—l—kyn mk+1 With
3n+ k(=) +1, 3n+k( 1)+ 2, 3n+k(=5) + 3, 3n+ k(55y) + 4,
3n+k(=4)+5,...,3n+ (k‘ +1)(759). respectlvely

Case 2: ¢ =t (mod m — 1), where t =1,2,3,...,m — 2

e Label y1y2, Ym¥Ym+1, Yom—1Y2ms Y3m—2Y3m—1, Ydm—3Ydm—2, - - -
Yg—t—m+2Yq—t—m+3s Yg—t+1Yg—t+2 With 3n, 3n+1, 3n+2, 3n+3, 3n+4,
3n+5, ..., 3n+ (L5 — 1), 3n + (:1=4), respectively.

e Label yozyoz-i-la Ya+1Ya+2, ya+2ya+37 < Yatt—1Yatt With 3n+2(;15) +1,
3n+3(:15)+2, 3n+4(:15) +3, .., 3n+ (t+1) (%) +1, respectively,
wherea—q—t—|—2

e For 1 <k <t+1, label ypi1Yrt2: YmtkYmtk+1s Y2mtk—1Y2m—+k>

Y3m+k—2Y3m—+k—1, Ydm+k—3Ydm+k—2; - - Yg—t— m+k+2yq7tfm+k+3=With B,
BE+1, 88 +2, 88 +3, 88 +4,..., 68+ (— — 1), respectively, where

BF = k(:Z=5 + 1) + 3n.

o For t +2 < k < m — 2, label yk+1Yk+2, Ym+kYm+k+1, Y2m-+k—1Y2m+k:
Y3m+k—2Y3m—+k—1, Ydm+k—3Ydm+k—2; - - Yg—t— m+k+2yq7tfm+k+37With B,
g+ 1, gk —|— 2, 35 +3, 85 +4,..., 65+ (— — 1), respectively, where
B =k(LL) +3n+t+ 1.

Let us denote the labeling defined above by g. For 1 <i<n—m+41, it
can be checked that

1+m-—1 +m
Y 19@) + 9na-)] = =2+ > o)) + 9(Yni1-5)],
Jj=i Jj=i+1
i+m—2 i+m—1
> glzjmi) =1—-m+ Y glezin),
Jj=i j=i+1
i+m—2 i+m—1
Z I(Ynt1-jYn—j) =1+ Z I(Yn+1-jYn—j);
j=i j=i+1
and
i+m—1 i+m
Z g(xjynJrl J =m+ Z x]ynJrl ]
Jj=i Jj=i+1

For 1 <i<n-m+1,let LY be the subladder of L, with V(Lg,il)) =
{25, yns1-li < J < m+i—1} and BLE) = {22500 yn1-gyn-4li < j <
m+i— 2} U{zjyni1-4i <j <m+i—1}
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In a similar way as in the proof of Theorem 3, for 1 < i < n —m, it is easy
to verify that Zg(Lﬁ,?) = Zg(Lng)).

So, Zg(L%) ) is constant for all possible values of i¢. Hence, L, is L,-
supermagic for every integer 3 <m <n — 1. ]

An example of the labeling obtained in the above proof is showed in Figure 4.

1 19 4 20 7 21 2 22 5 23 8 24 3 25 6 26

43 42 41 40 39 38 37 36 35

10 34 13 30 16 33 11 29 14 31 17 28 12 31 15 27 qg

Figure 4: an Ls-supermagic labeling of Lg
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