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Abstract. This paper is concerned with Cauchy problems for the linear
Schrédinger evolution equation:

idu(z,t) + Au(z, t) + |z — a(t)| ulz, t) + Vi(z, tu(z, t) = f(z,t)

in RY x [0, T], subject to initial condition: u(z,0) = ug(x) € H*(R™N)N H2(RY),
where i := /=1, N >3, a: [0,T7] — R expresses the center of the Coulomb
potential, Vi and f : RN x [0,T] — R are another potential and an inhomoge-
neous term while

Hy(RY) := {v e L*(RY); |z|*v € L*(R"Y)}.

The strong formulation of this problem (with f = 0 and N = 3) has been solved
by Baudouin-Kavian-Puel (2005) partly with formal computation. In this paper
we reconstruct their argument with rigorous proofs. Moreover, we show that
the solution u satisfies the energy estimate

10l + lu®)g2nm, < Collluolluzam, +I1f11F),

where Cy > 0 is a constant depending on a, Vi and T, while || || is some norm

of f.
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8§1. Introduction
In this paper we consider Cauchy problems for the Schrédinger equation:

u(x,t)

1 0wu(z,t) + Au(z, t) + T —a)]

+ Vi(z, u(z, t) = f(z,1),
(z,t) € RN x [0,T7,

u(z,0) = up(z), reRN

(SE)

in L?(RN), N > 3, under the assumption (which is the same as in Baudouin,
Kavian and Puel [1]) that a : [0,7] — R" and the potential V; : RY x [0, T] —
R satisfy

(a) ac W20, T)N =wW?20,T;RY),
(V1) (z)=2Vy € WhH1(0,T; L>®(RYN)),
(V2) (z)72VV;y € LY(0,T; L= (RV)V.

Here we employ the usual notations of function spaces. Namely, we denote
the Lebesgue and L?-type Sobolev spaces by

P = IP(RY), pe[l,x], H*=H*RY), s=1,2,
with norm || - ||z» and
vl g = (ol + [Vol?)? = [[(1 = &) 20ll,  [lollg2 == [1(1 = A)o].

We define the vector valued Lebesgue and Sobolev spaces. Let X be a Banach
space with norm || - ||x. Then L!(I;X) is the class of measurable functions
uw: I — X such that

lull oz x) = /1 lu(t)]|x dt < oo,

while W™1(I; X) is the class of u such that (0/0t)Ju € L'(I; X) for every
0 < j < m. Also we use the abbreviation for L?-norm and inner product:

” ’ H = H ’ ”L27 ('7 ) = ('7 ')L2'
Setting () := (1 + |z[>)'/2, we define as
Hy = Hy(R"Y) := {v € L*(RY); (z)*v € L*(RM)}, s> 0.

It is easy to see that H, is the image of H® under the Fourier transform, with
norm ||v|| g, := |[{x)°v||. In this connection, it is useful to introduce

ollzrmasr, = (lollfm + lollF,)"? (m,s =1,2).

Before stating our result we review the main theorem in [1] and its proof.
In [1] they established the case where N = 3 in the following theorem:
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Theorem 1.1 ([1, Theorems 1 and 2]). Let f =0 and assume that a and V3
satisfy conditions (a), (V1) and (V2). Then the Cauchy problem (SE) with
indtial value ug € H*(RN) N Hy(RN) has a unique solution u such that

(1.1)  weWwb>(0,T; LA (RN)) N Cyw ([0, T); H*(RY) N Hy(RY)),

(1.2)  weL>®0,T; H*(RN) N Hy(RY)) n ([0, T); HY(RY) n H{(RY)),
where Cy (I; H) is the space of all weakly continuous functions on I into H.

Here we sketch their proof in [1]. For € > 0 set

Vi (2.t) = (& + o — a(t)]?) 7172,
(1.3) Vi (2,t) o= ((Te 0 Vi) * C) (2, 2)

_ / (Vi — ey, t — e5))x(s)p(y) dsdy,
RN xR

where T:(r) := |r|~'r min{|r|,e ™'} and y, p are the mollifiers on R and R",
respectively, and hence (. (z,t) := e~ (N y(t/e)p(x/e). Then they consider
the approximate problem

i 0ruc(x,t) + Aus(z,t) + Vi (2, t)us(x, t) + Vi(z, t)us(z,t) =0,
(1.4) (z,t) € RN x [0,T],
UE(.TU,O) :’LL(](I‘), iUGRN

with ug € H2(RY) N Hy(RY) and obtain its solution
(15)  ue € CN0,T; L2RY)) N C(0, T); H(RY) N Hy(RY)),
satisfying the energy estimates:

10 e (O + lue ()| 2np, < Clluollpzam, ¥t € [0,T].

Since C' > 0 is independent of ¢, they can extract a subfamily (u.) which
converges weakly™ to a solution to (SE) satisfying (1.1) and (1.2).

Now we are in a position to point out that two parts of their argument
should be modified (though the conclusion of Theorem 1.1 remains true).

On the one hand, to approximate V; they employ V¢ € C([0, T]; CZ(RY))
defined by (1.3), where C? denotes the space of all bounded C?-functions
with bounded first and second derivatives. They assert that “the norm of
V is bounded by the norm of Vi in the space where it is defined”. This
kind of boundedness is essential in [1, Sections 3 and 4.2]. However, it seems
impossible to derive such an estimate even if Vi (¢)(x) = Vi(z,t) is replaced
with its “extension by 0”:

Vi) = Vi(t), tel0,T],
2o, teR\ [0, 7).
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This means that the definition of V}° should be modified (as is done in (2.2)
below).

On the other hand, they set v.(y,t) = wuc(x,t), y := x — a(t), to get
the estimate of ||0¢u.| in the proof of [1, Lemma 8|. Then they employ the
equation

104(01ve) + AOwe) + (ly* + %) 7?00 + Vi (y + alt), £)(9;0e)
d*a da
2

=i C0) - Ve 1 5 1) - V@) — (1) - VVE(y -+ ()1

— (0:V7)(y + a(t), t)ve

(in which, actually, |y|~" and V; are used instead of (|y|?> 4+ €2)~'/2 and V7,
respectively). However, 0+(0¢v:) does not make sense in view of (1.5) and we
believe that 0;(9.v.) should be replaced with its difference quotient:

(Du(@e0:)) 1) = @l D))y, 0) = T1@rw) gt + ) = (@) (3,1)

for h > 0 (as is done in Lemma 3.4 below).

In this context the purpose of this paper is to rewrite the original proof in
[1] correctly and to establish Theorem 1.1 with an inhomogeneous term.

Theorem 1.2. In addition to (a), (V1) and (V2) assume that f satisfies
(1.6) fewhho,7; L2 (RY)) n LY(0, T; HY(RY) N Hy(RY)).

Then (SE) with initial value ug € H*(RN) N Hy(RYN) has a unique solution
satisfying (1.1), (1.2) and the energy estimate:

(1.7) 10cu(®)]] + [[u(®)l r2nm, < Collluoll r2nm, +11f11F),

where Cy > 0 is a constant depending on a, Vi and T, while ||f||F is given as
follows:

T
1f 117 = [1f oo 0,75 2) +/0 WO O + callf )l + [1f ()l 72,) s

ay > 0 is a constant depending on a.

This type of result has already been obtained by Wiiller [11] under the
conditions different from those in [1] and ours. Of course, he dealt with the
equation with time-dependent potential

(1.8) i0wu(x,t) + Au(z,t) + V(z, t)u(x,t) = 0.
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However, in the simplest case he assumes that
Vi(z,t) := |z —a(t)| " + va(z — a(t)),

where vy is a suitable bounded function. That is, comparing with the above-
mentioned potential V; satisfying conditions (V1) and (V2), this is a strong
restriction. By virtue of this restriction, setting w(y, t) = u(z,t), y = x — a(t),
one can get a new equation with time-independent potentials

da

(1.9) i8tw+Aw—i(E(t)-V)w+

w

+ v2(y)w = 0.
]

Then it is possible to prove the unique existence of solutions of (1.9) (and
hence of (1.8)) with initial value ug € H?(RN)NHy(RY) according to a general
theory of evolution equations developed by Kato [6], [7].

In a series of papers [12]-[14] Yajima has been considering the Schrodinger
evolution equation containing time-dependent (scalar and vector) potentials.
In [13] he discusses three methods such as energy method (Section 3.1),
method via semi-group theory (Section 3.2) and method by integral equation
(Section 3.3). At the end of Section 3.2 he comments that the main theo-
rem does not accommodate the Coulomb potential [z — a(t)|~! in R3, where
a(t) € R? is a smooth function. At the beginning of Section 3.3 he mentions
that the third method can handle more singular potentials than those treated
in Sections 3.1 and 3.2. In fact, he treated (1.8) with

V(x,t) = Wo(z,t) + |z — a(t)| ™"
as a typical case in which N = 3. Here Wy(-,t) € C°(R?) satisfies
|D*Wy(2,t)| < Co VaeZi (Ja>2),
while |z — a(t)|~! is decomposed as
(1.10) |z — a(t)| 7! = Wy(x,t) + Wa(z, 1),
where Wy € L4(0,T; L?(R?)) and Wy € L'(0,T; L>=(R?)) are given by

Wy t) i {|x —a® e —a(t)l <1,

0, otherwise
and Wa(x,t) := |z — a(t)|~! — Wi(z,t) (for this sufficient condition we refer
[12, Theorem 1.1] to avoid the use of Lorentz spaces in [13, Theorem 3.9]);
note that the idea of the decomposition (1.10) goes back to Kato [8, Section
V.5.3]. We feel that it is desirable to replace Wy(-,t) € C*°(R3) with some
weaker condition.
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Incidentally, we shall use a mixture of energy method and method via semi-
group theory in this paper. In fact, we use semi-group method to solve the
approximate problem, while energy method is used for the convergence of
approximate solutions. We note further that only energy method has been
used in [1].

Remark 1. If a, V] and f are defined on [T, T], then we can obtain a unique
solution satisfying

u € WH(=T,T; L2 (RM)) N Cy ([T, T]; H*(RY) N Hy(RY)),
u € L®(=T,T; H*(RY) N Hy(RY)) n C([-T,T); HY(RN) N H (RY))
(see, e.g., [10, Remark 1.3]).

Remark 2. Theorem 1.2 is rather unsatisfactory. In fact, strong solutions u
obtained in Theorem 1.2 or Remark 1 are expected to be C'-solutions:

u € CH([0, T]; L*(RY)) N C([0, T); H*(RY) N Ha(RY))

or

ue CH[-T,T); L2(RN)) n C([-T,T); H(R™) N Hy(RV)).

Roughly speaking, both Wiiller [11, Theorem in Section 5] and Yajima [13,
Theorem 3.10] have already established this assertion under stronger assump-
tions. We are planning to discuss this problem in a forthcoming paper.

In Section 2 we define V7, Vi and f. more carefully and prepare some
lemmas to consider our approximate problem. Here, not only Vi but also Vi
are different from those in [1], while f. is new. In Section 3 we prove that the
family {u.} of approximate solutions satisfies the energy estimate

10vue (O + llue ()l 2nm, < Collluollmzam, + 1f117)-

In the proof we have to show that
w0l = POl < [](Pa%) ) w5 s
+ /OtH(Dth)(- +ae(s), s)ue(s)|| ds

+AWamw+%@»wm

where a. is an approximation of a. By virtue of the estimate we can extract
a subsequence of {u.} which converges weakly* in L>(0,7T; L2(RY)). In this
way we can prove the existence and uniqueness of strong solutions to (SE)
satisfying (1.1) and (1.2).
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82. Preliminaries

For a Banach space X let ¢ € W11(0,7T; X). Then, as in Brézis [3, Théoreme
VIIL5], we define the extension operator P : W1(0,T; X) — W1Y(R; X) by

(o(t), t€[0,T],

(2— f) (2T —t), te (T,27),
(Pp)(t) ==

(1 + ) te [_T> O),

0, otherwise.

In fact, we can prove

Lemma 2.1. Let p € WH(0,T; X). Then Pp € WHY(R; X), with
(a) HPSOHLOO(R;X) = HSOHLOO(O,T;X)-

(®) 1Pl i, x) = 2llello o x) < 2T \¢ll Lo o,; x) -

< 2[|ll oo 0,1; x) +

c) H%(PSD )Ll(R X)" Hdt ‘Ll 0,T;X)

Now put Vo = Vp(z,t) := |z—a(t)|~'. Then we consider the approximations
of potentials Vj, V1 and inhomogeneous term f.

Let 0 < x € C°(R) and 0 < p € CP(RY) such that ||x|[z1 = ||pllz =1
and suppx C [~1,1], suppp C B(0;1) := {z € RY;|z| < 1}, respectively.
Let 0 < n € WH*(0,00) be defined as

1, re[0,1)
nr):=¢2—-r, rell,?2)
0, r € [2,00)

For € > 0 let x.(t) := e 'x(t/e), {(x,t) := e~ Ny (t/e)p(x/e) and n.(z) :=
n(elz|). Then by using the extension operator P we can define as

(2.1) Vi (w0) = (& ]z — ac ()2
(2.2) V(1) = ((1=(PV)) # ) 1)
1
= [ [ el = (P — et~ os)oty) ds] .
B(0;1) L) -1

(23) folwt) = ((Pf) * &) (.1
1
[ ] ezt =)oty dsdy.
B(0;1)

-1
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In (2.1) a. is defined as

as(t) == a(0) + /;((PZ(C:) * Xe) (s)ds.

As is well-known, {VF} and {f.} are families in C§°(RY x R), while {a.} is
a family in C§°(R). We shall see further that the properties of a., Vi and f.
reflect those of a, V1 and f, respectively.

Lemma 2.2. Assume that a satisfies condition (a). Put

(2:4) 4= H HLoo 0,1)

Then a. has the following properties:

H da.
1.
anE
H dt? L (Rr) 2a1+2Hdt2)L1(0T)'
d%a
/ €
(b) LOO(]R) H dt ’ LA(-1,1)
da. da
Proof. (a) Since E(t) ((Pa) * Xa) (t), we see from Lemma 2.1 (a) that
d
[ e <17 ety = [ i =
L= (R) L=(0.1)
(b) and (b)" are proved similarly. O

Lemma 2.3. Put X := L¥(RY™). Assume that Vy satisfies conditions (V1)
and (V2). Then the useful properties of VF are summarized as follows:

‘ Vl Lo (R; X) H o HLOODT X))
Hw% b S0 [HM(WX) [T P
‘m L'(R; X) <201+ [HVVI‘Ll(OTX H - HLOOOT X)}

This means that VF also satisfies conditions (V1) and (V2).

Proof. Let x € RV, y € B(0;1) and £ > 0. Then we see that

(2.5) (z —ey) <(1+e)(x).
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In fact, we can compute as
(@ —ey)? <1+ (|l +ely)? = (2)* + 2efa] +€° < (1 +€)*(2)*.

(a) Since 0 < ne(x) <1 on RY, we see from (2.5) that

| Vl?fié” < <xl>2 /B(Oﬂ) / el PPV 2t 28) (o)) ds] dy

1

§(1+e)2/3(0.1) [/1 PV —evt el ) ds| dy

-1 (x —ey)?

=(1+ 5)2HP<<;/;2>

§(1+5)2HP‘>/1

(x)? HLOO(R;X) HLoo(R;X)'

By virtue of Lemma 2.1 (a) we obtain the assertion.

(b) and (c) are proved in the same way as in (a). O
In the same way as in the proof of Lemma 2.3 we can obtain

Lemma 2.4. Let f. be as defined in (2.3) and let f satisfy condition (1.6).
Then

(@) [[fellorr; 22y < 20 fll 1o, 22)-
() | fell oo m; 2y < I fllLoe(0,7; £2)-
(b) 10¢fellprms 22y < 210 f 210,75 22) + 21 f | e 0,7; £2)-
(©) IVfellpr 22y < 2V fllpro1; L2)-
(d) Ifellprrs ma) < 20+ )2l L2 or; i) -

The following proposition has been established by Fujiwara [4]:
Proposition 2.5. Fore > 0 let V5, V7, f- be as above. Put

V€ = ‘/08 + Vf.

Then the approximate problem :

i 0rue(z,t) + Aug(x, t) + VE(z,t)us(x, t) = fe(z,t),
(SE)e (z,t) € RN x [0, 7],
u(z,0) = up(x), r € RN

with ug € H*(RN) N Hy(RN) has a unique solution

ue € CH([0, T]; LX(RY)) N C([0, T); H*(RY) N H(RY)).
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Here we verify this proposition from the view point of the abstract theory.

Proof. We apply [10, Theorems 1.2 and 1.4] by setting X := L2(R") and

A(t) =i A+ VER)],  g(6)(2) =07 fe(a, 1),
S:=1+A% +|z*, D(S):= H*RY)n HyRY).

We have to verify several conditions of [10, Theorem 1.2]. Here we show only
the key inequality:

(2.6)  |Re(Ac(t)u, Su)x| < BIISY2ul%, we D(S), 0<t<T.
In fact, we see from integration by parts that

Re (A (t)u, Su)x =4TIm (|z[*u, (z - V)u) + Im (AV5 (t)u + 2VV§ (t) - Vu, Au)
+ Im (AVF (t)u + 2VVE(t) - Vu, Au).

Then it follows from the properties of mollifiers that

| Re (Ae(t)u, Su)x|
3N —2
< P2l V2 + 2
[l gy el g2 TN 9 )HUHH2
Wi
R L B el
0+ 21 | o g Tl
V
1 1 3/20 11/2
Ot UVt 3 oy (e + 2l 5 7).
Putting
3N —2 1 _ i
g st |
5= 1= 3+ g + 5 e (8o + 31900 | s o e
and using Young’s inequality, we obtain (2.6). O

Finally, we prepare a Gronwall type lemma.

Lemma 2.6 (Brézis [2, Lemma A.5)). Let m(-) € L'(0,T) be a nonnegative
function, gy a nonnegative constant. Let ¢(-) € L>°(0,T) satisfy the integral
equality:

6O < ad+2 /0 m(s)|é(s)| ds ¥t € [0.T).

Then one has .
lo(t)| < ap +/ m(s)ds Vtel0,T).
0
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83. Strong solution of the Schrodinger equation

This section is a reconstruction of [1, Section 4]. First, we show some estimates
for the family {u.} of solutions to (SE). with initial value ug € H?(RY) N
Ho(RN). Next, we consider the convergence of {u.} and show that (SE) has
a unique strong solution satisfying (1.1) and (1.2).

3.1. Some estimates for approximate solutions

Let o be as defined in (2.4) and put

3 MO = [ el 12 ot oo

L>°(0,T; X) L1(0,T; X) LY(0,T; X)

The purpose of this subsection is to prove that ||0;uc(t)| and ||u(t)| g2np, are
bounded on [0,7] as ¢ tends to zero. Actually, the boundedness of ||0uc(t)]|
is reduced to that of ||uc(t)||g2nm,- That is, we have

Lemma 3.1. Let u. be a solution to (SE). with € € (0,1]. Then

(@) [lus(@)I < lluoll + 2[[fllLr(0/; £2) for t € [0, T].

(b) Put C1 :=1+ (N —2)" +4N(V3, (x)~2). Then

32) 0w < Cilluc(®)lg2nm, + 1l 22) V€ [0,T].
Proof. (a) We start with
1d

9 ds — |luc(s )i|2 = Re (asus(s)aus(s)) =Im (fs(s)’us(s))
<[ fe(s)] - Nue(s)]I-

Integrating this inequality on [0, ¢], we have

e ()1 < Iluo|* + 2/0 [ ()] - Juc(s)]l ds.

Thus the assertion is a consequence of Lemma 2.6 and Lemma 2.4 (a).

(b) The assertion is based on the following inequality:

[00e(6)] < Al + [[l2 — a=(t)| " uele)]| + IVE@ue(e)] + 15001
In fact, it follows from Hardy’s inequality that
Ml <
On the other hand, we see from Lemmas 2.3 (a) and 2.4 (a)’ that

(3.4) IVE (t)ue ()] < 4N (Vi (@) 72) |ue (t)]| 1,
and || fe(@)[| < ||l o 0,1 £2), respectively. Therefore we obtain (3.2). O

(3'3) ilix - aa(t)i_lus(t)ii <

5 l[ue(®)]l 2.
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The boundedness of ||0su.(t)|| and ||uc(t)||g2nm, is proved by using the
energy estimates for the family {u.}.

Proposition 3.2. Let u. be a solution to (SE).. Then for ¢ € (0,1] there
exists a constant Cy > 0 independent of € such that

(3.5) 10¢ue ()] + lue (Ol zr2nm, < Collluollmzam, + I1f1lF),

where || f||F is given by

T
(3.6) M fllr == lfllLe0,7; 12) +/0 WOef O + call F )l + [1f (8) |z, it

To prove Proposition 3.2 we prepare three lemmas (Lemmas 3.3-3.5). The
first (Lemma 3.3 yielding the estimate of ||us(t)| m,) simplifies the argument
n [1, Lemma 7]. The second (Lemma 3.4 yielding the estimate of ||0¢u.(t)]|)
is similar to [1, Lemma 8]. However, we will give a rigorous proof employing
difference quotients as in Kato [5, Lemma 4.2]. The third (Lemma 3.5) yields
the estimate of ||u.(t)|| 2 based on Lemmas 3.1 and 3.4. This leads us to (3.5).

Lemma 3.3. Let u. be a solution to (SE). with € € (0,1]. Then u. satisfies

1/2 1/2 1/2 1/2
BT T2 < Tl +2 [ a3 ds + 2V 11 1y
Proof. Put By(z) := (z)?(1 + n~1{x)?)~L. Then B,(r) < min{n, (x)?}. Not-
ing that V and V{ are real-valued, we see from (SE). that

1 d ||Bnu5( )H2 = Re (asus( ), B ue(s)) (13 Ue (s ),Biug(s))

= Im (_AUE( )+fa(s)v UE( ))
— I (4((1+ 10 (0)) %0 - V)uia(s) + Bafuls), Bute(s)):

We can use the following inequality:
2
(3.8) [l Vul|” < Jlu — Aull - [[2)?ull = ull g2l .

In fact, we have the equality Re(u — Au,u + |z|?u) = ||ul|® + [|[Vu + zul|* +
H |:c\VuH2 By virtue of (3.8) the Cauchy-Schwarz inequality applies to give

1%w%uw <[4 ue(s) 2 e ()37 + 1 F= ()] e (8) 1 s

Integrating this inequality on [0, ¢] and letting n — oo, we have

|ww@swwywémwmwwAH”+Mummwwmw
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It then follows from Lemma 2.6 and Lemma 2.4 (d) that
t
1/2 1/2
e (8) |, < [lwollzr, +/0 [4 e () 73 Nfeae ()11 327+ 1f=(5) | ] s

1/2 1/2
< luolls + 81171121 0.2 11 +4/ e () |42l ue ()| d

To obtain (3.7) we can again apply Lemma 2.6. O
Lemma 3.4. Let u. be a solution to (SE). with € € (0,1]. Then u. satisfies
(3.9) 107ue ()] — e[| Vue(B)]]

t
< (ea + C)lluoll p2nm, +/O Ne($)ue(S)l mnm, ds + 3| £l r,

where C is the same as in Lemma 3.1 (b), while v1 . € LY(0,T) is given by

(3.10) ,e(t) = d;?(t)‘ H8<V1 HLOO HV<V1 HLOO

Remark 3. Here ||y1¢|z1(or) is bounded as € tends to zero. In fact, we see
from Lemma 2.2 (b), Lemma 2.3 (b) and (c) that

(3.11) Ivellzromr) < M,

d2
where M := 201 + QHWS‘

We will give the proof of Lemma 3.4 in Section 3.2.

L) + 8[1 + a1 (1 +T)|N(V4, (z)72).

Lemma 3.5. Let u. be a solution to (SE). with € € (0,1]. Then u. satisfies

(3.12) uc(t)ll)s < (Vo1 + Cr + Ca)lluoll yyan s, + 2/ N(Vi, (@)D |lue ()| 7
¢ 1/2 1/2
(el lmom ds) 4200+ CIfI

where Cy > 0 and y1. € LY(0,T) are given in Lemma 3.1 (b) and (3.10),
respectively, while

2
02 —1+al+m

Proof. Since u. is a solution to (SE)., it follows from (3.3) and (3.4) that

[ue ()l 2 < [luc(@®)]] + | Auc (D)
< lue@ + [[0vue @) + Ve ()ue @) + (Vi (@)ue O] + [ £ (D]

< {100e(t)]| = ealI Ve (O]} + i) + (o1 + 57 ) Ve )]
(L PN, (@) e, + 1115
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Noting that
e ()] + (0 + 5725 ) IVe0)] < e ()]
< Callus (&) lu=(8) 72
we see from (3.9) that

lue(®) |2 < (a1 + CV) ol 2nmm, + Callue (8)]]M]|us(t)[|112
+(1+€)2N (Vi (@) D) [Jue(t) | 1,

t
4 /O () e () | iy ds + 4] -

Thus, completing the square, we have

lue ()33 < ¢a1+01\|uo|rH2nH2+Cz||ua<t>||1/2
+2¢/N(Vi, (@) 2)|us(t) | 2

1/2
([ el o ds) IS

Using Lemma 3.1 (a), we can obtain (3.12).
Now we are in a position to prove (3.5).

Proof of Proposition 3.2. First we show that

t
313)  fue(Olln, < 4C3exp( [ 20.(s) ds) (ol + SIF ).

where C3 > 0 and v € L*(0,T) are given by

C3:=1+Cy+ \/Ckl +Ci1+ 2\/N(V1, <.%'>_2),
2
Y0 (t) i=47c(t) + 32T 1+ 2/ NV, (@) )| .
It follows from (3.12) that

e ()l amgs, < Nue(lljga + lue ()1 2
< (Vi + 01 + 02) ol o,
+ 1+ 2V NV, (@) )] [ ()13

! 1/ 1/2
(el lmam ds) "+ 20+ CLA
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Here Hug(t)H}{f is estimated by (3.7). Thus we have

1/2 1/2 1/2
e ()1 am sz, < Callollyyans, +2V2IF1H)

+2[1—|—2 N(V1,<x>—2)]/0 ”ua(S)HgQQdS
+ (/0 M,e(8) |ue ()| mram, d8)1/2.

. . . : ! 1/2 ¢ 1/2
Applying the integral inequality |ue(s)l 2 ds < \/E( |lue (8)|| 2 ds) ,
0 0

we obtain

t
e (Ol mr2nm, < ACT(luoll r2em, + 811F11p) +/O 10,(8)ue ()l 2nm, ds-

This yields (3.13). Now let M be as in (3.11). Then 4C3 exp(|[70./l11(0.7)) is
bounded by

2 2 2
Cy == 4C2 exp (4M + 32T [1 +2¢/N(V4, <x>—2)} )
We see from Lemma 3.1 (b) that

10 ¢uell + lue (W)l 2nm, < (1+ CCa(lluollm2nm, + 8l FlIF) + 11 F-
This completes the proof of (3.5) with Cp := 1+ 8(1 + C1)Cy. O

3.2. Proof of Lemma 3.4

The argument is completely different from that in [1]. The proof is divided
into three steps.

First step. We use the new unknown function
Ve(y, t) = ue(z,t) = us(y + a=(t),t).
It follows from (2.4) that
(3.14) [01ve(t) — Drue(t)[| < cr[[Vue ()| = ar||Vue(t)]]-

Since wu. is a solution to (SE)., v. € C*([0,T]; L>(R™)) N C([0,T]; H*(RN) N
Ho(RN)) satisfies

Ve
(ly[* + )1/

+ VE(y + ac(t), t)ve = fo(y + ac(t),t), (y,t) € RN x [0, 77,
ve(y,0) = uo(y + ac(0)), y € RY.

dac

9 A _.(
10tV + Ave — 1 7t

(t) - v)vg +
(3.15)
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Let 0 < h < min{e, T}. Then we define for ¢ € [0,T — h],

(Dp)(y.0) = 1y 1+ B) = (3. 1))
In this step we show that
(3.16) [(Droe) (O < [(Drve)(0)[| + 11 (h) + I2(R) + I3(h),

where

ds,

e (Y-t

I(h) == / HDh(Vf(. +ac(s), s))ve(s)|| ds,

/th f(- + ac(s), 5))] ds.

Let s € [0,t]. Then we have

Sl (D)@ = Re 1 / (9e0:(y, 5+ h) = Drve(y, ) (Dave) (y, ) dy.

Using the symmetry of —A, ¢V and the real-valuedness of potentials, we see
from (3.15) that

sl PO = Re [ (DnT) ) Foulno) Do)

~Im / D(VE(W + ac(s), 8))ve (v, ) (Do) (7, 5) dy
RN

1 [ Dyl + ac(s), ) D) :0) dy,
R
It follows from the Cauchy-Schwarz inequality that

D)) < | (D2 %2) ) - Do) - D)o

+Dr(Vi (- + a=(s), 8))ve(s)]] - [|(Dnve) ()]l
+ [ Dr(fe(- + ac(s), ) - [[(Drve)(s)]]-

Integrating this inequality on [0, t], we have

1) (B2 = I(Dree) O)]
/ [ (2a%2) (5) - Fe5)| + DRV + (), )5

+ 1 Dn(fe(- + ac(s), )| - [1(Dnve) ()| dr-

Therefore (3.16) is a consequence of Lemma 2.6.
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Second step. Letting i | 0 of (3.16), we shall obtain the L?-estimate of 9v.:

(3.17) 100 ()] < (|00 (0)]
+/ M) IVue() + lue(s)lm) ds + 2| f1| 7,
0

where v, . € L1(0,7) is defined as (3.10). First we note in (3.16) that
10¢ve(t) = (Dpve)(0)]l = 0 (A L0) ¥iEel[0,T],

where we have set v.(t) ;= v-(T) + (t = T)(0we)(T), T <t <T +e¢.
Now we consider the convergence of I (h), Iz(h) and I3(h).

d2aE t
(318)  lmn(h H G () V)| ds < [ mic)|Vuc(s)] s

319) i) = /0 H £%€(-+as(s),8)}vs(S)Hds

< / 128 e | dis.

(3.20) hmlg /Hd fe(- +ac(s Hds <2|flle-

Let us show (3.19). To this end we can proceed as follows:

v+ acts),5)]els) - Da(VEC + aclo), s))ues)| ds
/0 H {ds

IN

/0 Gr(s)[I{- + ac(s))*ve(s)|| ds

IN

T
e -y [ Gi(s) ds
0

0<r<T

where we set

o) it -t
= lea(sw [%Vf(‘ + ac(s),s) — :L/:Jrhjvl (- 4+ as(r),r) dr} HLOO.
Setting
U-(s) = T gy gV ax(9).9)
1 dac
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we can write as

/(;T Gh(s) ds S Jl(h) + Jg(h),

where

1 s+h
Ue(s) — h/ Ue(r) aZTHLOo ds,

Ji(h) = /OT)

= [ [ 0]

Since U. € L>®(0,T; L>(R")), we can conclude that Jy(h) + Ja(h) — 0 as
h | 0. In fact, we have that for y € RN and r € [s,s + h],

[{y + ac(r))? — (y + ac(s))’|
(y + ac(s))?

<lac(r) = ac(s)| + lac(r) — ac(s)*
<a1h(1 + ayh).

This proves the equality in (3.19). Now we show the remaining inequality in
(3.19). Noting that || [(d/ds)VE(-+as(s), s)] ve(s)|| < |U:(s)]|Loe ||ue(s) |z, and

S, <

AT

we obtain (3.19).

In the same way as in the proof of (3.19) we can show (3.18) and (3.20)
(use Lemma 2.2 (b)" and Lemma 2.4 (b), (c)).

Therefore by virtue of (3.18)—(3.20) we obtain (3.17).

Third step. We obtain the L2-estimate of ;u.. Thus we see from (3.14) and
(3.17) that

10 ¢ue(t)] — cal[Vue(t)]]
<10 (B)] < [|9¢ve(0)] + /Dt Ve ($)ue($)lmrnm, ds + 2| f]p-
Using again (3.14) with ¢t = 0, we have
[0¢ue ()] — on||Vue(t)||

t
<[10¢uc (0[] + || Vuo| +/0 Ve ($)ue(s)lmnm, ds + 2| £l r-

Therefore by virtue of (3.2) with t = 0 we obtain (3.9); note that ||Vug| <
[[woll 2, -



SCHRODINGER EVOLUTION EQUATIONS 173

3.3. Convergence and existence of strong solution

For € > 0 let u. be a unique solution as in Proposition 2.5. Now let {&,} be
a null sequence: &, > 0 and €, — 0 (n — 00). Then we denote u., by uy.
Accordingly, we have
i 0tun(x,t) + Aup(z,t) + V(2 t)up(z,t) = folz,t),
(3.21) (z,t) € RN x [0,T],
Up(2,0) = up(z), r € RV,
where V" := V' + V{". In Section 3.1 it is proved that {u,} is bounded in
Wtoo(0,T; LA(RYN)) N L°°(0, T; H*(RY) N He(RY)). Since L°°(0, T; L?(RY))
is the dual space of L'(0,T; L2(R")) and L'(0,T; L?(R")) is separable, there
exists a subsequence {u,, } C {u,} and u € L>(0,T; L*(R")) such that

u=w*limu,, in L>(0,T; LA(RM)).

k—oo

Therefore we conclude that

(3.22) u € WHe(0,T; LA(RN)) N L>=(0,T; H*(RN) N Hy(RY))

(see Lions [9, Section 1.4]). Next we want to show that u is a solution to
problem (SE). To do so we need the following convergences:

Lemma 3.6. Let a, be a. with € replaced with €. Let V', V* and f, be as
in (3.21). Then

(a) ap — a in W3Y(0,T), with

d*a

W‘ Ll(o,T))’

(b) V@u — |z — a(t)|"tu in L0, T; L2(RY)) ¥V u e HY(RY).
(c) V*u — Viu in L*(0,T; L2(RY))  V u € Hy(RY).

(d) fn — f in L>=(0,T; L2(RY)).

Proof. (a) is a consequence of the properties of mollifier x.. In fact, for ¢ €
[0,T] we have

(3.23) |a(t) = an(®)] < 4en (0‘1+H

d

la(t) — an(t)| < /Ot [/11 /:E”T %(P%) (T)’dT‘X(T) dr} ds
t psten a
LU e
t+en T+en a
<[ () @) g(ri)e]e

(73]

<2,

LY(R)
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By the property of the extension operator P we can obtain (3.23).

(b) Set ¢ = |z — a(t)|'u € L2RY) for v € H'(RY) and ¢ fixed. Then
¢ € L2(RY) and

lle = a(t) " u = Vg (@, Hul| = | = o = a(®)| V5 (@ )¢

Here we want to show that |z — a(t)|Vy'(z,t) is bounded with respect to n. In
fact, since |x — a(t)| < |x — an(t)] + |an(t) — a(t)|, we see from (3.23) that

\l’—a(t)\
V0T —an#)? +e2

Since H'(RY) is dense in L2(RY), it suffices to show that

|z —a(t)|V5' (2, 1) =

<1 +4(a1+H dtQ ‘

Ll(o,T))'

(3.24) lim [|(1— [z — a(t)|Vg*(z, 1)¥]| =0

for each ¢ € H'(RY). By virtue of (3.23) we can compute as follows:

11— [z — a(t)|Vg' (z, 1)

o= an®P + 22 o - a(®)?

TV O £+l al)

\/|$—a )P +ep + |z —a(t)]
|z —an()|+ |z —alt)

\/|:c—a \2+€2+]m—a(t)\

Vo' (1)

: 5nvbn(xa t)

< — 1)z - -1
_5n<1 +4aq + 4” 2 H)\:U an(t)]

Therefore (3.24) is a consequence of the Hardy inequality:

(1= |z = a(®)[V5'(z, 1) |
< ]\[25_"2 (14 s +4HWH)”W” 0 asm— oo

(¢) and (d) are a consequence of the properties of mollifier (. and cut-off
function 7. O

Thus w is a solution to problem (SE) in the sense of distribution satisfying
(3.22). The energy estimate (1.7) is a consequence of (3.5) and the weak*-
convergence of {u,}. Now (1.7) guarantees the uniqueness. In fact, let v and
v be strong solutions to (SE) with respective initial values up and vg. Then
(1.7) yields that ||u(t) — v(t)|| g2nm, < Colluo — voll m2nm,-
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It remains to derive the continuity of v as in (1.1) and (1.2). We see from
u € Whee(0,T; L2(RM)) that

(3.25) u e C([0,T]; L*(RM));

more precisely, u is Lipschitz continuous on [0,7]. Since ||Aul|, |[{x)?u| are
bounded on [0, 7] and H?(R™) N Hy(RY) is dense in L?(RY), we can show
that —Au, (z)?u € Cy ([0, T]; L2(RY)). It turns out that

u € Cy ([0, T); H*(RY) N Hy(RY)).
Finally, (3.25) implies together with u € L°°(0,T; H*(RY) N Hy(RY)) that
we C([0,T); H' (RY) N Hi (RY)).

This completes the proof of Theorem 1.2.
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